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PREFACE. 



Ik the revision of the author'a work on Plane amd 
Solid Geohetsy, maay important improvements have 



With a class just commencing the stndy of Geometry, 
too much emphasis cannot be laid on the form, in which an 
oral or written demonstration should be presented. 

The beginner requires a certain amount of practice before 
he can acquire the art of putting a proof in a clear and 
logical form. 

To give this drill, the author has, through the whole of 
Rook I., placed directly after each step in the proof the 
full statement of the reason, in smaller type, enclosed in 
brackets. 

But too much asaistance of thia nature is open to aerioua 
objectiona, aa it haa a tendency to make the pupil a mere 
automaton, and confirm biin in indolent habits of study. 
It has seemed advisable, therefore, in Books II. to V., in- 
claaive, to give only the number of the section where the 
required authority ia to be found. 

The above plan has been submitted to a large number of 
representative teachers, and in nearly every case has met 
with the most unqualified approval. 

In the Solid Geometry, referencea are given in full in the 
first sixteen propositions of Book VI., and by section num- 
bers only through the remainder of the work. On pages 
ix, X, and xi of the Introduction will be found a few prop- 
ositions put in a form which is recommended for black- 
board work. 



iv PREFACE. 

Particular attention has been given to the arrangement 
of the propositions and corollaries in a form for convenient 
reference. The statement of the corollary has in every case 
been printed in italics ; and in nearly every proposition in 
which more than one truth is stated, the various parts are 
distinguished by numerals. Thus, when reference is made 
to a preceding section, the pupil will readily find the pre- 
cise statement which is to be quoted. 

The exercises are upwards of eight hundred in number, 
and have been selected witli great care. In certain exer- 
cises which might otherwise present difficulties to the 
pupil, reference is made to a previous section or exercise 
which may be used in the solution. The exercises in each 
Book are numbered consecutively. 

In the Plane Geometry, the new exercises are largely 
numerical ; but in the Solid Geometry, there is a consider- 
able increase in the number of both numerical exercises 
and original theorems. A number of the exercises are in 
the nature of alternative methods of proof for preceding 
propositions. 

In the Appendix to the Plane Geometry will be found 
an additional set of exercises of somewhat greater difficulty 
than those previously given. 

The pages have been arranged in such a way as to avoid 
the necessity, while reading a proof, of turning the page for 
reference to the figure. 

The attention of teachers is specially invited to the 
explanations given in the Introduction, commencing on 
page vii. 

The author desires to express his thanks to the many 
teachers, in all parts of the country, wlio have furnished 
him with valuable suggestions and criticisms. 

WEBSTER WELLS. 
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TO TEACHERS. 



Ahono the most important objects of the study of Geom- 
etry are the development of the reasoning facilities, and the 
cultivation of the power of clear and accurate expression. 

To attain these ends, the pupil should be required to state 
the various parts of a demonstration in concise and l(^cal 
language, and to give after each statement of a proof tk* 
reaton in full. 

Throughout Book I., and in the first sixteen propositions 
of Hook VI., the required authority is printed in each case 
directly after the statement, in smaller type, 'enclosed in 
brackets. 

In the remaining portions of the work, the formal state- 
ment of the reason is omitted, and there is given, in paren- 
thesis, only the nujnber of the section where the authority 
is to be found- 
In every such case, the pupil should be held, as in 
Book I., to the full statement of the reason. 

The statements of the corollaries are in all cases printed 
in italics ; so that when a previous section is referred to in 
a proof, the pupil will always find printed in italics the 
precise statement to be quoted. 

Thus in I'rop. II., Book II., reference is made to S 143 ; 
this calls for the following statement: — 

All radii of a circle are equal. 

While in general the complete statement of the reference 
should 1)0 insisted on, if the proposition referred te states 
more than one truth, that portion only need be quoted 
which applies to the case under consideration. 
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INTHODUCTION. 



Thus, in the proof of § 29, reference is made to S 28 ; here 
the complete reference is not given, but only the portion 
actually used. 

In most cases, the various parts of a proposition are indi- 
cated by numerals ; and when reference is made to a sec- 
tion, the numeral following the number of the section shows 
which portion of the statement is to be quoted. 

Thus, in Prop. XXI., Book II., Case I., reference is made 
to S 83, 1 ; this calls for the following statement : — 

An exterior angle of a triangle is equal to the sum, of the 
two opposite interior angles. 

If a previous case of the same proposition is referred to, 
the reference given should be the statement of the theorem, 
followed by the statement of the previous case. 

Thus, on page 92, the reference " § 189, Case I." calls for 
the following : — 

In the same circle, two central angles are in the same ratio 
as their intercepted arcs, when the arcs are commensurable. 

Considerable practice should be given in writing demon- 
strations on the blackboard ; the authority for each state- 
ment being given in full, just as when the proof is given 
orally. The symbols given on page 4 should be used when- 
ever possible. The following abbreviations will also be 
found of use : — 

Ax., Axiom. 

Def., Definition. 

Hyp., Hypothesis. 

Cons., Construction. 

Rt., Right, 

Str., Straight. 

Adj., Adjacent. 

The author has thought that it would be an aid to 
teachers to put a few propositions in a form which is 
recommended for blackboard work. 



Sup., Supplementary. 
Alt,, Alternate. 

Int., Interior. 
Ext., Exterior. 
Corresp., Corresponding. 
Rect, Rectangle, 



INTRODUCTION. ix 

Pkop. XIII. Book I. 

A straight line perpendicular to one of two parallels is per- 
pendicular to the other. 



Let the lines AB and CD be II , and let AC he ± to AB. 
To prove AC 1. CD. 

If CD is not ± to AC, let CE be drawn J. to AC. 

.-. AB II CE. 
[Two J to the same str. line are II .] 
But by hyp., AB II CD. 

.■. CE must coincide with CD. 

[But one str. line can he drawn through a given point II to 
a given str. line.] 
But AC X CE, and .-. AC ± CD. 

Prop. XXVI. Book I. 
The sum of the angles of any triangle is equal to two right 




Let ABC be any A. 
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GEOMETRY. 
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Note. The attention of teachers is particularly called to the 
explanations given in the Introduction, commencing on p. vii. 



PRELIMINARY DEFINITIONS. 




/17 



A material bodp. 



A ffeometrieal toUd, 



1. A material body, such as a block of wood, occupies a 
limited or hounded portion of space. 

The boundary which separates such a body from sur- 
rounding space is called the surface of the body. 

2. If tlie material composing such a body could be con- 
ceived as taken away from it, without altering the form or 
shape of the bounding surface, there would remain a portion 
of space having the same bounding surface as the former 
material body. 

This is called a geometrical solid, or simply a solid. 
The bounding surface is called the surface of the solid. 



3. If two surfaces cut each other, their 
common intersection is called a line. 

Thus, if the surfaces AB and CD cut 
each other, their common intersection, 
EF, is a line. 




2 GEOMETRY. 

4. If two lines cut each other, theit commoQ inteisection 
is called a point. 

Thus, if the lines AB and CD cut each 
other, their common intersection, 0, ia a 
point. 

5. A solid hae extension in every direction ; but this is 
not true of suifaces and lines, 

A point has extension in no direction, but sim[>ly position 
in space. 

6. A surface may be conceived as existing independently 
in space, without reference to the solid whose boundary it 
fonns. 

In like manner, we may conceive of lines and points as 
having an independent existence in space. 

7. A straight line is a line which has the same direction 
throughout its length ; as AB. 

A straight line is also called a right line. 
NoTB. The word " line" will be UMd hereafter m Blgnlfylog a 
ttrattht line. 



A curved line, or simply a curve, is a line no portion of 
which is straight ; as CD. 

A broken line is a line which is comixjsed of different 
successive straight lines; as KFGH. 

8. A plane surface, or simply a plane, ia a surface such 
that the straight line joining any 

two of its jioints lies entirely in the ^ Q-y 

surface. /\^ — "/^ 

Thus, the surface MN ia a plane / P /L 

if the straiglit line PQ joining any 

two of its jxjints lies entirely in tlie surface. 



PRELIMINARY DEFINITIONS. . 3 

9. A curved surfaee is a surface do portion of which is 
plane. 
U. We may conceive of a atradght line aa being of 
• nnlimited extent in regai**! to length ; and in like manner 
we may conceive of a plajie as being of unlimited extent in 
regard to length and breadth. 

11. A yeometrieal figure is any combination of points, 
lines, surfaces, or solids. 

12. A plane figure is a figure formed by points and line^ 
all lying in the same plane. 

13. A geometrical figure is called reetilinear, or right- 
lined, when it is composed of straight lines only. 

14. Geometry treats of the proiierties, construction, and 

measurement of geometrical figures. 

15. Plane Geometri/ treats of plane figures only; Solid 
Geometry, also called Geometry of Space, or Geometri/ of 
Three Dimensions, treats of figures which are not plane. 

16- An Axiom is a truth assumed as self-evident. 

A Theorem is a truth which requires demonstration. 

A Problem is a question proposed for solution. 

A Proposition is a general term for either a theorem or a 
'problem. 

A Postulate is an assumption of the possibility of solviug 
a certain problem. 

A Corollary is a secondary theorem, which is an imme- 
diate consequence of the proposition which it follows. 

A Scholium is a remark or note. 

An Hypothesis is a supix>sition made either in the state- 
ment or the demonstration of a proposition. 

One proposition is said to be tlie Converse of another 
when the hypothesis and conclusion of tlie first are respec- 
tively the conclusion and hypotliesis of the second. 



I GEOMETRY. 

17. Postulates. 

1. A Btraiglit line can be drawn between any two points. 

2. A straight line can be produced indetinitely in either 



2& Axioms. 

1. Thiiiffs which are equal to the same thing, 



to equals, 

be performed upon equals, the 



are equal to each other. 

2. If the same operati 
results will be equal. 

3. The whole is equal to the sum of all its parts. 

4. Tlie whole is greater than any of it^ parts. 

5. But one straight line can be drawn between two points. 

6. A straight line is the shortest line between two points. 

19. A straight line is said to be determined by any two 
of its points. 

SYMBOLS. 

20. The following symbols will be used in the work : 
X, multiplied by. Z, angle. 

— , minus. <, is less than. 

+, plus. >, is greater than. 

=, equals. A, triangle. 

<■, is equivalent to. 
In addition to these, the following are useful in writing 
demonstrations on the blackboard, or in exercise books : 



A, angles. 
A, triangles. 
X, perpendicular, 
^, perpendiculars. 

11 , parallel. 

lis, parallels. 



O, parallelogram. 
IB, parallelograma. 
0, circle. 
®, circles. 
.*., therefore. 



PLANE GEOMETRY. 
BOOK I. 

BECTILINBAB FiaURES. 

DEFINlTIOira AND GENERAL PRINCIPLES. 

2L If two straight lines be dr.i^m from the same point 
in different directioiis, the figure formed 
is called aa Angle. / 

Thus, if the straight lines OA and OB / 

be drawn from the same point in dif- / 
ferent directions, the figure AOB is an q/ j 

angle. 

The point is called the v^ex of the angle, and the 
lines OA and OB are called its sides. 

The symbol Z is used for the word "angle." 

22. If there is but one angle at a given vei-tex, It may be 
designated by the letter at that vertex ; but if two or more 
angles have the same vertex, it is necessary, in order to 
avoid ambiguity, to name also the letters at the extremities 
of the sides, placing the letter at the vertex between the 
others. 

Thus, we should call the angle of the preceding article 
" the angle " ; but if thei* wen^ other angles having the 
sn,me vortex, we should read it eitlwr AOU or BOA. 

Another method of designating an angle is by means r)f 
a letter placed between its sides ; an example of this will 
be found in § 71. 
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23- Two geometrical fi^ires are said to be equal when 
one can be applied to tba other so that they shall coincide 
throughout. 

24, To prove that two angles are equal, It is not necessary 
to consider the lengths of their 
sides. ,A. yD 

Tims, if the angle ABC can / / 

be applied to the angle DEF so / / 

that the point B shall fall on ^ q g- j. 

E, and the sides AB and BC on 

J)E and EF, respectively, the angles are equal, even if the 

sides AB and BC are not equal in lei^h to DE and EF, 

respectively, 

2& Two angles are called adjacent 
when they have the same vertex, and a 
common side between them ; as AOB 
and BOO. 

26. Two angles are called vertical, or 
opposite, when the sides of one are the 
prolongations of the sides of the other; 
as DIfF and GITE. 

PERPE?rDICULAR LINES. 

27. If through a given point in a straight line a line be 
drawn meeting the given line in such a way as to make the 
adjacent angles equal, each of the equal angles is called a 
riffht angle, and the lines are said to be perpendicular to 
each other. 

Thus, if ^ be any point in the line 
CD, and the line AB be drawn in such a 
way as to make the angles BAC and 
BAD equal, each of these angles is a 
right angle, and the lines AB and CD 
are perpendicular to each other. 




RECTILINEAR FIGUlttS. 



Proposition I. Theorem, 
28. At a given point in a straight line, a 
the line can be drawn, and but one. 



Let C be the Riven point in the straight line AB. 

To prove that a perpendicular can be drawn to AB at C, 
and but one. 

I>raw CD, making Z BCD <_ZACD; and let CD be re- 
volved about the point C as a pivot towards the position C.-J. 

Then, Z BCD will constantly increase, and Z ACD will 
constantly diminish ; and there must be one position of CD, 
and only one, where the angles are equal. 

Let CS be this position ; then CB is perpendicular to AB. 

Hence, a perpendicular can be drawn to AB at C, and 
but one. 

29. CoK. All rig/it angles are equal. 
Let ABC and DBF be right angles. 
To proved ^j5C = Z DBF. 

Apply Z ABC to Z DBF in such 
a way that AB shall fall upon DE; A~ 
the point B falling at B. 

Then BC will fall upon EF\ for otherwise we should 
have two perpendiculars to DB at B, which is impossible. 

[Al a given point In a strait[lit line, but one perpend Icnlar to llic 
line pun be drawn.] ' (S 28.1 

Wlicnce, Z ABC = / DBF. 




8 PLANE GEOMETRY. — BOOK I. 

DEFINITIONS. 

30- An acute angle is an angle wliieli 
is less than a right angle ; as ABC. 

An obtuse angle is an angle which is 
greater than a right angle ; as DEF, 

Acute and obtuse angles are called 
oblique angles; and intersecting lines 
which are not perpendicular, are said to 
be oblique to each other. 

3L An angle is measured by finding how many times It 
contains another angle, adopted arbitrarily as the unit of 
measure. 

The usual unit of measure is the degree, which is the 
ninetieth part of a right angle. 

To express fractional parts of the unit, the degree is 
divided into sixty equal parts, called minutes, and the min 
ute into sixty equal parts, called seconds. 

Degrees, minutes, and seconds are represented by the 
symbols, ", ', ", respectively. 

Thus, 43° 2a' 37" represents an angle of 43 degrees, 22 
minutes, and 37 seconds. 

32. If the sum of two angles is a right angle, or 90", one 
is sailed the complement of the other; and if their sum is 
two right angles, or 180°, one is called the supplement of 
the other. 

Thus, the complement of an angle of 34° is 90° — 34°, or 
56°; and its supplement is ISC — 34°, or 146°. 

Two angles which are complements of each other are 
called complemetitnri/ ; and two angles which are supple- 
ments of each other are called supplementary/, 

33. It is evident that 

1. Tfie (•i>mpleni''nts of equal angles are equal. 

2. The supplements 'if equal angles are equal. 



^^^^^■■1 





RECTILINEAR FIGURES. 



EXERCISES. 

1. How man; degrees are there in the complement of 47° ? of 
83°? of 80°? 

S- How many degrees are there [n the supplement of 31° ? of 
W? of 178°? K , 

Proposition II. Theorem. 

Ci 34- If one straight line meet another, the sum of tfie adjo' 
centangha formed is equal to two Hght angles. 



Let the straight line CD meet the straight line AB at C. 
To prove Z ACD + Z BCD = two right angles. 
Draw C£ perpendicnlar to AB at C. 

[At a given point In a straight line, a perpendicular to the line 
can tie drawn.] (5 28.) 

Then, Z ACD + Z BCD = Z ACE + Z BCE. 
But each of the angles ACE and BCE is a right angle. 
Hence, ZACD+ Z BC^i) = two right angles. 

35. ScH. Since ea«h of the angles ACD and BCD is the 

supplement of the other (S 32), the theorem may be stilted 
as follows : 

//" one straight line meet another, each of the adjacent 
angles formed is the supplement of the other. 

Such angles are called stipplementary-adjacent. 

36. Cor. I. The sum of all the angles formtd on the same 
side of a straight line at a given point is equal to two right 
angles. 
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37- Cob. II, The sum of all the angles formed about a 
point tn a plaiie is equal to four riglU angles. 

Let AOB, BOC, COD, and DOA be 
angles formed about the point 0. 

To prove that the sum of the angles 
AOB, BOC, COD, and DOA is equal 
to four right angles. 

Produce AO to B. 

Then, the sum of the angles AOB, 
BOC, and COB is equal to two right angles. 

[The sum of all the angles formed on the same side of a Btndght 
line at a given point is equal to two right angles.] (£ 38.) 

In like manner, the sum of the angles EOD and DOA is 
equal to two right angles. 

Therefore, the sum of the angles AOB, BOC, COD, and 
DOA is equal to four right angles. 




Ex. 3. If in the above figure the angles AOB, BOC, and COD 
are respectively 40°, 88°, and f of a right angle, bow manj degrees 
are there in.40D? 

Fro POSIT I ON III. Theorbh. 

3a (Converse of Prop. II.) ^ the sum of two adjacent 
angles is equal to two right angles, their exterior sides lie in 

the same straight line. 



Let the sum of the adjacent angles ACD and BCD bo 

equal to two right angles. 

To i)rove that AC and BC lie in the same straight liue. 



tm^mas^u^mmm 
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Let CE be ia the same straight line with AC. 
Then, Z ECB is the supplement of Z ACD. 
[If one straight line meet another, each of the adjacent angles 
fonned is the supplemtint of tbe other.} (g 85.) 

But by hypothesis, 

Z ACD + Z BCD = two right angles. 
Whence, Z BCD is the supplement of Z ACD. 
Therefore, Z HCD = Z BCD. 

[The aupplements of equal angles are equal.] (§ 33.) 

Hence, HC coincides with BC, and AC and BC lie in the 
same straight line. 

Pkoposition IV. Theorem. 
39. If two straight lines intersect, the vertical angles are 




Let the stnught lines AB and CD intersect at 0. 
To prove Z AOC = Z BOD. 

Z AOC is the supplement of Z ADD. 

[If one straight line meet another, each of the adjacent angles 
formed Is the supplement of the other] (S 35.) 

In like manner, Z BOD is the supplement of Z AOD. 
Therefore, ZAOC = Z BOD. 

[Tlie supplements of equal angles are eqnaL] (S 330 

III like manner, we may prove 

ZAOD=Z.BOC. 



= 137", how many degrees 
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' Pboposition v. Theobbm, 

40- If a perpendicular be erected at the middle point of a 
ttraight line, 

I. Any point in the perpendicular is equaUy distant from 
the extremities of the line. 

II. Any point without the perpendicular is unequally dis- 
tant from the extremities of the Kn«. 




rig. 1. rtg. a. 

L Let CD (Fig. 1) be perpendicular to AB at its middle 
point, D. 

Let B be any point in CD, and draw AE and BE. 

To prove AE = BE. 

Let the figure BDE be superposed upon ADE by folding 
it over about DE as an axis. 

We have, Z BDE = Z ADE. 

[All right angles are eqoal.] (S 29.) 

Then the line BD will fall u]x>n AD ; and since, by 
hypothesis, BD = AD, the point B will fall at A. 

Then the line BE will coincide with AE. 

[But one straight line can be drawn between two points.] (Ajc. 5.) 

Therefore, AE = BE. 

II. Let CD (Fig. 2) be perpendicular to AB at its middle 
point, D. 

Let E be any point without CD, and draw AF and BF. 



RECTILINEAR FIGURES. 
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To prove AF > BF. 

Let AI' intersect CD at E, and draw SB. 

Then, SE + EF> BF. 

[A straight line la the shortest line between two points.] (Ax. 6.) 

But, BE = AE. 

[If a perpendicular be erected at the middle point of a straight 
line, any point in the perpendicular is equally distant from the 
extremities of the line] (3 40, L) 

Substituting AE for its e^ual BE, we have, 
AE-{-EF> BF, 
or, AF > BF. 

4L CoK. I. When the figure BDE ia superposed upon 
ADE, in the proof of § 40, I., Z EBD coincides with 
/. EAD, and Z BED with Z AED. 

That is, Z EAD = Z EBD, and Z AED = Z BED ; 
therefore, 

If lines be drawn to the extremittea of a straight line 
from any point in the perpendicular erected at its middle 
point, 

1. TAey make equal angles with the line. 

2, Thetf make equal angles with the perpendicular, 

42. Cor. II. Every point which is equally distant from 
the extremities of a straight line, lies in the perpendicular 
erected at the middle point of the line. 

43. CoR. III. A straight line is determined by any two 

of its points {§ 19) ; hence, by § 42, 

Tiro 2>oints, each equally distant from 
t/iii extremities of a straight line, deter- 
mine a perpendicular at its middle point. 

Thus, if each of the points C and D ia 
eqiially distant from A and B, the line 
CD is perpendicular to AB at its middle 
point. 




^ 
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Proposition VI. Theokrh. 



44- From a given point without a straight line, but one 
perpendioular can be drawn to the line. 



Let C be the given point without the line AB, aud draw 
CJ) perpendicular to AB. 

To prove that CD is the only perpendicular that can be 
drawn from C to AB. 

If possible, let CE be another peri>endicular from C 
to AB. 

Produce CD to C, making CD = CD, and draw EC. 

Then since ED is perpendicular to CC" at its middle 
point D, 

Z CED = Z C'ED. 

[If lines be drawn to the extremities o( a straight line from any 
point In the perp^ixl'cular erected at Its middle point, they make 
equal angles with the perpendicular.] (g 41.) 

But by hypothesis, Z CED is a right angle. 

Then its equal, Z C'ED, is also a right angle. 

"Whence, Z CED+Z C'ED = two right angles. 

Therefore, CEC is a straight line. 

[It the eum of two adjacent angles is equal to two right angles, 
thalr exterior sides lie In the same straiglit llni^.] (§ 38.) 

But this is impossible, since, l)y construction, CDC is a 
straight line. 

[But one stralglit line can be ilrawn lietween two points.] (Ax. .-..) 
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Hence, CE cannot be perpendicular to AB, and CD is 
the only perpendicular that can be drawn. 

K 

PBOFOaiTION VII. THEOREM. 

45- The peijiendicidar is the slioHest lijie that can hs 
drawn from ajtoini to a straigJit line. 



V 

Let CD be the perpendicular from C to the line AB, and 
CB any other Hue drawn from C to AB. 

To prove CD < CE. 

Produce CD to C, making CD = CD, and draw EC. 

Then since ED is perpendicular to CC at its middle 
point D, 

CE = CE. 

[It a perpeniticular be erecWd at the middle point of a straight 
lire, any point In tlie perpendicular la equally distant from the 
extremities of the line.] (j 40.) 

But CD + DC <CE+ EC. 



[A straight line la the shortest line between U 
Therefore, 2CD<:2CE, 

>i CD < CE. 



) point*.] (Ax. 6.) 



46. ScH. The di'stnnre of a point from a line is under- 
stood to mean tlie length of tlie perpendicular from the 
point to the line. 
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EXERCISES. 

5. How man; degrees are there in the complement, and In the 
snpplement, o( an angle equal to j^ of a right angle ? 

6.' How many degrees are there [n an angle whose supplement 
Is equal to )f of Its complement ? 

7. Two angles are complementary, and the greater eiceeda the 
less by 37°. How many degrees are there in each angle ? 

8. Two angles are supplementary, and the greater is seven times 
the less. How many degrees are there in each angle ? 

9. Find the number of degrees in the angle the sum of whose 
supplement and complement Is I9S°. 

l(k The straight line which bisects an angle bisects also Its verti- 
cal angle. (§39.) 

11. The bisectors of a pair of vertical angles lie in the same 
straight line. 

U. The bisectors of two supplementary adjacent angles are pei^ 
pendicular to each other. 

13. The line passing throngh the vertex of an angle perpendicu- 
lar to Its bisector bisects the supplementary adjacent angto. 

— 1 Proposition VIII. Theorem. 

47. Tf turn lines be drawn from a point to the extremities 
of a straight line, their sum is greater than the sum of two 
otiier lines simiiarly drawn, but enveloped by them. 




Let the lines AB and AC be drawn from the point A to 
the extremities of the line BC ; and let DB and DC be two 
other lines similarly drawn, but enveloped by AB and AC. 

To prove AB + AC>BD-\- DC. 
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^.■'•"■' Produce BD to meet AC aX E. 

Then, BA-\-AE> BE. 

[A straight lioe is the shortest line between two pointe.] (Ax. 0.} 

Whence, the broken line BAC is greater than BEC. 

In like manner, DE + EC > DC. 

Whence, the broken line BEC ia greater than BDC. 

Therefore, the broken line BAC ia greater than BDC. 

That is, AB + AC>DB-{- DC. 

PEorosiTiON IX. Theobbm. 

48' Jf oblique lines be drawn front a point to a straight 
line, 

I, Two oblique lines cutting off eqval distances from, the 
foot of the perpeTtdimlar from the point to the line are 

II. Of two oblique lines cutting off unequal distances from 
the foot of the perpendicular, the more remote ia the greater. 



>. 




JTe 



I. Let CD be the perpendicular from C to AB. 

Let CE and CF be obliqae lines drawn from C to AB, 
cutting off equal distances from the foot of the per- 
pendicular. 

To prove CE == CE. 

Since CD is perpendicular to EF at its middle point D, 
CE = CF. 

[If a perpendicular be erect«d at the middle point of a itnlght 
line, any point In the perpendicular ia equaU; dlstuit from the 
extremities of the line.] (| M.) 
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II. Let CD be the perjwndiciilar from C to AB. 

Let CE and CF be oblique lines drawn from C to AS, 
cutting off unequal distances from tlie foot of tlie perpen- 
dioular, CF being the more remote. 

To prove CF > CE. 

Produce CD to C, making CD = CD, and draw C'E 
and CF. 

Then since AD is perpendicular to CC at its middle 
point D, 
^ • CF= CF, and CE = CE. 

[If a perpendicnlar be erected at the middle point of a straight 
line, anjr point Id the perpendicular is equally distant from the 
extremities of the line.] (g 40.) 

But, CF-\- FC > CE+EC. 

[If two lines be drawn from a point to llic extremities of a 
straight line, Iheir sum is greater than the sum of two other lines 
ifmilarlj drawn, but enveloped by them.] (j 47.) 

Therefore, 2CF> 2 CE, or CF > CE. 

NoTR. The theorem holds equally if tlic oblique line CE Is on 
the opposite side of the perpendicular CD from CF. 

49. CoK. Slit two equal oblique lines can he drawn from 
a point to a straight line. 

EXERCISES. 
* 14. If the bisectors of two adjacent 
angles are supplementary. 

15. A line drawn through the vertex of an angle perpendicular 
to ibt bisector makes equal angles with the sides of the given angle. 



fl perpendicular, the 



r -• jT-^^ 
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Proposition X. Theoreh. 

50. (Converse of Prop. IX., I.) If oblique lines be drawn 

from a point to a straight line, Uvo equal oblique lines cut off 

equal distances from, the foot of the perpendicular from the 

. point to the line. 




Let CD bo the perpendicular from C to AB. 

Let CE and CF be equal oblique lines drawn from C to 
AB. 

To prove 2>E = DF. 

If DE -were greater than DF, CE would be greater 
than CF. 

[If oblique lines be drawn from a point to a straight line, of two 
oblique lines cutting off unequal ilistances from tbe foot of tbe per- 
pendicular, the more KmoK Is the greater.] (S 46.) 

And if DE were less than DF, CE would be less than 
CF. 

But ea<^h of these conclusions is contrary to the hypothe- 
sis that CE = CF. 

Therefore, DE = DF. 

NoTR. The method of proof exemplified In the above proposition 
Is linown as the "Indirect Method,"' or the " Reductio ad A1>mtr- 
duiii" ; the trutii of a theorem is proved by supposing it to be fftlse, 
and Btiowing that the hypothesis Icada to a false conclusion. 

5L Ci.H. (Converse of Prop. IX., II.) If two unequal 
oblique lines be drawn from a point to a straight line, the 
greater cuts off the greater distance from the foot of the 
perpendicular from tlie point to the line 



€ 
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PARALLEL LINES. 

52. Definition, Two straight lines are said to be par- 
allel wlien they lie in the same plane, 

and cannot meet however far they may -^ * 

be produced ; as AB and CD. C D 

53. Axiom. But one straight line can be drawn through 
a given point parallel to a given straight line. 

Pbopobitioh XI. Theobbh. 

54. Two perpendiealart to the tame straight line are 
parallel. 



Let the lines AB and CD be perpendicular to AC. 

To prove AB and CD parallel. 

If AB and CD are not parallel, they will meet in some 
point if sufficiently produced (§ 62). 

We should then have two perpendiculars from the same 
point to AC, which is impossible. 

[From a given potnt without a straight line, but one perpendicular 
can be drawn to the line] (3 44.) 

Therefore, AB and CD cannot meet, and are parallel 

PaoposiTioM XII. Tbboseu. 

55- Two straight lines parallel to the tame straight line 
are parallel to eueh other. 
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Let the lines AB and CD be parallel to HF. 

To prove AB and CD parallel to ea«h other. 

If AB and CD are not parallel, they will meet in some 
point if sufficiently produced (§ 52), 

We should then have two lines drawn through the same 
point parallel to SF, which is impossible. 

[But one straight line can be drawn through a given point par- 
allel U> a given straight line.] ( j 53.) 

Therefore, AB and CD cannot meet, and are parallel. 



Pboposition XIII. Theoeem. 



56. A straight line perpendicular 
U perpendicular to the other. 



■■ of two paralleU 



Let the lines AB and CD be parallel, and let AC be per- 
pendicular to AB. 

To prove AC perpendicular to CD. 

If CD is not perpendicular to AC, let CE be drawn 
perpendicular io AC. 

Then AB and CE are parallel. 

[Two perpendiculars to the game straight line are parallel.] (§fi4.) 

But, by hyiiothesis, AB and CD are parallel. 

Then CF miist coincide with CD. 

[But one atratgltt line can be drawn through a given point parallel 
to a given straight line.] (g 53. ) 

But AC is perjjeudicular to CJS, and therefore AC is per- 
pendicular to CD. 
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TRIANQLES. 
Dbfinitioks. 

57. A triangle is a portion of a plane bounded by tluee 
sttaight lines; as ASC. 

The bounding lines, AB, BC, and CA, 
are called the aides of the triangle, and 
their points of intersection, A, B, and C, 
are called the vertices. 

The anfflea of the triangle are the 
angles CAB, ABC, and BCA, fonned by the adjacent sides. 

An exterior angle of a triangle is 
the angle formed at any veri«x by 
any side of the triangle and the 
adjacent side produced; as ACD. 

The symbol A is used for the 
word "triangle." 

58. A triangle is called scalene when no two of its sides 
are equal; taoaceles when. two of its sides are equal; equi- 
lateral when all its sides are equal ; and equiangular when 
all its an^ee are equal 






59. A right triangle Is a triangle which has a right 
angle; as ABC, which has a right 
angle at C. 

The side A B opjiosite to the right 
angle is called the hypotenuse, and the 
other sides, AC and BC, the legs. 
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€0. The bate of a triangle is the side upon which it is 
supposed to stand. 

In gsDerdl, any side may be taken as the base ; but in an 
isosceles triaugle, unless otherwise specified, the side which 
is not one of the equal sides is taken as the base. 

When any side has been taken as the base, the opposite 
angle is called the vertical an^le, and its 
vertex ia called the vertex of the triangle. 

The altitude of a triangle is the per- 
pendicular drawn from the vertex to the 
base, produced if necessary. 

Thus, in tlie triangle ABC, BC is the 
base, BAC the vertical angle, and AD the altitude. 

6L Since a straight line is the shortest line between two 
points (Ax. 6), it follows that 

Either itde of a triangle is less than the sum of the other 




two sides. 



y- 



Proposition XIV. Theorem. 



62. Either side of a triangle i 
of tlie other two sides. 



greater than the difference 




In the triangle ABC, let 5(7 be greater than AC. 
To prove AB > BC — AC. 

We have AB + AC> BC. 

[A straight line is the shortest line between two points.] (Ax. 6.) 
Subtracting AC from both members of the inequality, 
AB > BC ~ AC. 
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PitOPOBITION XV. ThEOBBH. 

63- TVo triangles are equal when two sides and the in- 
cluded angle of one are equal respectively to two sides and the 
included angle of the other. 




In the triangles ABC and DEF, let 

A£ = DE, AC = DF, ajiA A A = Z D. 

To prove A ABC = A DEF. 

Superpose the triangle ABC upon DEF in such a way 
that Z A shall coincide with its equal Z D; the aide AB 
falling upon DE, and the side AC upon DF. 

Then since AB = DE and AC = DF, the point B will 
fall at E, and the point C at F. 

Whence, the side BC will coincide with EF. 

[But one straight line can be drawn between two points.] (Ax. 6.) 

Therefore, ABC and DEF coincide throughout, and are 
equal. 

64. Cor. Since ABC and DEF coincide throughout, we 
have 

ZB=ZE, ZC=ZF,aLndBC = EF. 

65. Sen. I. In equal figures, lines or angles which are 
similaily placed are called homologous. 

Thus, in the figure of Prop. XV., Z A is homologous to 
Z D; AB is homologous to DE; etc, 

66. ScH. II. It follows from § 65 that 

In equal figures, the homologous parts are equal. 
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G7- Sen. III. lu eqaal triangles, the equal angles lie 
opposite the equal sides. 

Bx. 16. If, In the flgure of Prop. XV., AB = EF, BC — DS, and 
ZB = Z E, which ODgle of the triangle DEF Is equal ta A? 
which angle la equal to C? 



C^ 



Pro POSITION XVI. Theobem. 



68- Two triangles are eqital when a side and two a^acent 
angles of one are equal respectively to a side and two adja- 
cent angles of the other. 




In the triangles ABC and DEF, let 

AB = DE, ZA=Z.D,&ndi Z B=ZE. 

To prove A ABC = A DEF. 

Superpose the triangle ABC upon DEF in such a way 
that the side AB shall coincide with its equal DE; the 
point A falling at D, and the point B at E. 

Then since Z A^/.D,i\i& side AC will fall upon DF, 
and the point C will fall somewhere in DF. 

And since Z B = ^ ^, the side BC will fall upon EF, 
and the point C will fall somewhere in EF. 

Then the point C, falling at the same time in DF and 
EF, must fall at their intersection F. 

Therefore, ABC and DEF coincide throughout, and are 
equal. 

]3x. 17. If, in the flgure of Prop. XVI., AC=DF, Z A^ZF, 
and ZC= LD, which side of the triangle DEF is equal \a AB^ 
which Bide 1b equal to .BC? 
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Proposition XVII. Thbobeh. 

69. Two trioTUftes are equal when the three sides of one 
are equal respectively to the three sides of the other. 




In the triangles ABC &\\di DEF, let 

AB = DE, BC = EF, and CA = FD. 

To prove A ABC = A DEF. 

Place the triangle DEF in the position AKF' ; tlie side 
DE coinciding with its equal AB, and the vertex F falling 
at F', on the opposite side of AB from C. 

Draw CF'. 

Then since, by hypothesis, AC = AF' and BC ^ BF', 
AB is perpendicular to OF' at its middle point 

[Two points, eiicb equally distant from the extremities of a straight 
line, determine the perpendicular at ita middle point.] (§ 43.) 

Whence, Z BAC = Z BAF'. 

[If lines be drawn to the extremities of a straight line from an; 
point in the perpendicular erected at its middle point, they make 
equal angles with the perpendicular.] (§ 41.) 

Therefore, A ABC = A ABF'. ■ 

[Two triangles are equal when two sides and the included angle 
of one are equal respectively to two sides am] the Included angle of 
the other.] (S 03.) 

That is, A ABC = A DEF. 



l-' 



^ 
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PeOPOSITION XVIII. TttEOBEM. 

70- Two right trianfftes are equal when the hypotenuse 
and an adjacent angle of one are equal respectively to the 
hypotenuse and an adjacent anifle of the other. 




In the right triangles ABC and DBF, let the hypote- 
nuse AB be equal to DE, and ZA=ZD. 

To prove A ABC = A DBF. 

Superpose the triangle ABC upon DEF in such a way 
that the hypotenuse AB shall coincide with its equal DJS; 
the point A falling at D, and the point B at F. 

Then since ZA=ZD, the side AC will fall upon DF. 

Whence, the side BC will fall upon EF. 

[From a given point without a strsigbt line, but one p«rpendicu- 
Ur can be drawn to the line.] (S 44.) 

Hence, ABC and DEF coincide throughout, and are equal 

71- Drf, If two straight lines, AB 
and CD, are out by a line EF, called 
a secant line, the angles formed are 
named as follows : — 

c, d, e, and / are called interior 
angles, and a, b, g, and k exterior 
angles. 

e and /, or d and e, are called alter- 
nate4nterior angles. 

a and A, or b and g, are called alternate-exterior angles. 

a and e, b and /, c and g, or d and h, are called corre- 
sponding angles. 




28- Vf 
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PbOPOSITIOS XIX. TaBOBBH. 



72. If two par&lUls are cut by a tecant line, the alternate- 
interior angUt are equal. 




Let the parallels AB mid CD be cnt bj the secant line 
EF in the points G and H, respectively. 

To prove Z AGH = Z GHD, and ZBGH = A CHG. 

Through A', the middle point of GH, draw LM perpen- 
dictilar U> AB. 

Then LMis also perpendicular to CD. 

[A Btnigbt line perpendicular to one of two pureUels Is per- 
pendicular to tbe other.] _ CS58-) 

Then in the right triangles GKL and HKM, we have 
GK = HK. 

Also, Z GKL = Z HKM. 

[If two Btralgbt lines Intersect, the vertical angles are equal.] 

(§30-) 

Hence, A GKL = A HKM. 

[Two riglit triangles are equal when the hypotenuse and an 
adjacent angle of one are equal reipectivelj to the hypotenuse and 
an adjacent angle of the other.] (g 70.) 

Therefore, Z KGL = Z KffM. 

[In equal figures, the homologous parts are equal.] (J 86.) 

Again, Z AGHis the supplement of Z BGH, and Z GHD 
is the supplement of Z CHG. 

[If one iitral);ht line meet another, each of tbe adjacent angles 
formed is the supplement of Che other] (| 85.) 
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But, /.AGH = ^GRD. 

Whence, Z BGH = Z CHG. 

[The supplements ol equal angles ore equal.] 



Proposition XX. 



Theorem. 



73. (CoRTerBe of Prop. XIX,) If two straight lines are 
cut by a secant tine, making the altemate4nterior angles 
equal, the two lines are parallel. 




Let the lines AB and CD be cut by the secant line SF 
in the points G and H, respectively, making 
ZAGH^ZGHD. 

To prove AB and CD parallel. 

Through iTdraw KL parallel to AB. 

Then since the parallels AB and KL ave cut by £F, 
ZAGH = Z GHL. 

[If two parallele are cut by a secaut liue, the alternate-Interior 
angles are equal.] (S 72.) 

Butbyhypothe8is,Z^Gff=Z GHD. 

Whence, Z GHL=Z GHD. 

[Things which are equal to the same thing are equal to each 
other.] (Ax. 1.) 

But this ie impossible unless KL coincides with CD. 

Therefore, CD is parallel to AB. 

In like manner, it may be proved that if AB and CD are 
cut by KF, making Z BGH = Z CHG,\\ieTi AB and CD 
are parallel. 
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Proposition XXIII. Theossh. 
78- Two parallel linea are everywhere equally dittant. 
A E 




Let AB and CD be parallel lines, and E and F any two 
points on AB. 

To prove E and F equally distant from CD. 

Draw EQ and FH perpendicular to CD. 

Also, draw FG. 

Kow EG is perpendicular to AB. 

[A straight line perpendicular to one of two parallels U perpen- 
dicular to the other.] (§ 06.) 

Then in the right triangles EFG and FGH, FG is 
conunon. 

And since the parallels AB and CD are cut by FG, 
Z EFG = Z FGH. 

[If two parallels are cut b; a secant line, the alternate-Interior 
angles are equal.] CS 72.) 

Hence, A EFG = A FGH. 

[Two rigbt triangles are equal when the hypotenuse and an 
adjacent angle of one are equal respectively to the hypotenuse and 
an adjacent angle of the other.] (S TO.) 

Therefore, EG = FH. 

[In equal figures, the homologous parts are equal.] (S 66. ) 

Hence, B and F are equally distant (§ 46) from CD. 

Bx. la If, In the figure ot Prop. XIX.,Z ^IGif^ 68°, how many 
degrees are there In BGH'i in GHDi in DBFi 
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Peoposition XXIV. Thkoeebl 

79. Two angles whose sides are parallel, each to eaek, are 
equal if both pairs of parallel sides extend in the same direo- 
tion, or in opposite directions, from their vertices. 




Let AB be parallel to Dff, and BC to KF. 

I. To prove that the angles ABC and J)I!F, whose sides 
AB and DE, and also BC and HF, extend in the same 
direction from tlieir vertices, are equal. 

Let BC and DH intersect at Q. 

Then since the parallels AB and DE are cut by BC, 

/iABC = ZDGC. 

[If two ptiralleU kre cut by a Meant line, the corresponding anglei 

»re equal.] (5 74.) 

In like manner, Z DGC = /. DBF. 

Whence, /. ABC = Z. DEF. (1 ) 

II. To prove that the angles ABC and HEK, whose sides 
AB and EH, and also BC and EK, extend in opposite 
directions from their vertices, are equal 

From (1), ^ ABC = Z DEF. 

But, Z DEF = Z HEK. 

[If two straight lines intersect, tke vertical angles 



Whence, 



Z ABC s= Z HEK. 



{S39.) 
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80. Cor. Two angles whose sides are parallel, each to 
each, are supplementary if one pair of 
parallel sides extends in the same di- 
rection, and the otiier pair in opposite 
directions, from their vertices. 

Ijet ABhR parallel to DH, and BC 
to KF. 

To prove that the angles ABC and 
DEK, whose sides AB and DE ex- " 

tend in the same direction, and BC and EK in opposite 
directions, from their vertices, are supplementary. 

We have, Z ABC = Z I>EF. 

[Two angles whose Bides ore panllel, eftch to ekch, are equal if 
both pairs of parallel sides extend In tbe same direction from their 
vertices.] CI 79.) 

But Z SEF is the supplement of Z 1>EK. 

[If one straight line meet another, each of the adjacent angles 
formed is the supplement of the other.] (§ 36.) 

Whence, Z ABC is the supplement of Z DEK 

|- , ■- ■ EXERCISES. 

19. If, Id the flgnre of Prop. XXIV., Z ABC = 59°, bow many 
degrees are there In each of the angles formed about the point £7 

20. If 01} and OE are the bisectors of two complementary- 
adjacent angles, AOB and HOC, how many degrees are there in 
/IDOEr 

21. If the bisectors of two adjacent angles make an angle of 45^ 
with eajli other, the angles are complementary. 

'^22. If from a point O in a straight Une AB the lines OC and 
OD be drawn on opposite sides of AB, making Z AOC = ^BOD, 
prove that OC and ODIle in the same sb^ight line. (§36.) 

23. It, In a triangle ABC, Z A = Z B, % line parallel to AB 
makes equal angles wllb tbe sides AC and BC. 

34. Two straight lines are parallel If anjr two points of either are 
equally distant from the other. 

25^ Any side of a triangle Is less than the haU-snm of the aides 
of the trUngle. (|61.) 



ia*i" 
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Proposition XXV. Theorem. 

8L Tko angles whose sides are perpendicular, etuA to 
each, are either equal or supplementary. 




Let AB be perpendicular to DE, and -BC to FG. 

T» prove i\\a.t Z. ABC is equal UiADEF, aiid supple- 
mentary to Z DEG. 

Draw EU and EK porpendicutar to DE and EF, respec- 
tively. 

Then Ells-wiS. EKate jiarallel to -47? and BC, respectively. 

[Two pcrpendlcnlara to the same BtntigUt line ar« par4le).] (9 54.) 

Therefore, Z HEK = Z AliC. 

[Two angles whose sides are parallel, each to each, aM eqtul If 
both pairs of parallel sides extend in the same direction from their 
vertices.] (§78.) 

But each of the angles HEK and DEF is the complement 
of FEH. 

W hence, Z HEK = Z I>EF. 

[The complements of equal angles are equal.] (} 33.) 

Therefore, Z ABC = Z DEF. 

Again, Z DEF is the supplement of Z DEG. 

[If one straight line meet another, each of the adjacent angles 
formed is tbo supplement of the other.] (g 35.) 

But, ZABC = ZDEF. 

Whence, Z ABC is^ supplement of Z DEG. 

Note. The angles are equal If they are both acute or both obtuse; 
and tupplcmentaiy if one li acute and the other obtuM. 



V-^, 
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Fropositio:< XXVI. Thboreu. 

82. The stim of the angles of any triangle i» equal to two 
right angles. 




Let ABC be any triangle. 

To prove ZA+ZB -\-ZC = two riglit angles. 

Produce AC to D, and draw CE parallel to AB. * 

Then since tlie parallels AB and C£! are cut by AD, 
ZECD = ZA. 

[It two parallels arc cut by a secant line, the corresponding angles 
are equal.] (S 74.) 

Again,* ZBCE = ZB. 

[If two parallels are cut by a secant line, the altemat«-lnterfor 
angles are equal.] (§ 72.) 

But, Z BCD + Z BOB + ZACB = two right angles. 

[The sum of all the angles formed on the same side of a stnlgfat 
line at a given point isequal to two right angles.] (j 86.) 

Putting Z BCD = Z A, and Z BCE =ZB,-we have 
ZJ+ZS+Z^CB = two right angles. 

83. CoK. I. It follows from the above demonstration 
that ZBCD=ZECD + ZBCB = ZA+ZB; heme, 

1. An exterior angle of a triangle is equal to the sum of 

the 'two opjHmite interior angles. 

2. An exterior urtijle of a triangle is greater t/tan eit/ier of 
the opposite interior angles. ^ 

84. Cor. II. A triangle cannot Itave two right angles, 

nor two obtuse angles. 
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86- Cor. III. The sum of the acute angles of a right 
trUingle is equal to one right angle. 

86. Cor. IV. If two triangles have two angles of one 
equnl respectii'elg to two angles of the other, the third angle 
of the first is equal to the third angle of the second. 

87. Cor. V. Two right triangles are equal when a leg and 
an acute angle of one are equal respectively to a leg and the ho- 
mologous acute angle of the other ; for the remaining angles 
are equal by § 86, and then the theorem follows by S 68. 

Proposition XXVII. Theorem. 

88. Two right triunqles are equal when the hypotenuse 
and a leg of one are equal respectioely to the hypotenuse 
and a. leg of the other. 




In the right triangles ABC and DEF, let the hypote- 
nuse AD be equal to DE, and the leg BC to EF. 

To prove A ABC = A DEF. 

Superpose ADC n\xm DEF in such a way that BC shall 
coincide with EF; the point B falling at E, and C at F. 

Then since ZC^/.F,AC will fall upon DF. 

But the equal oblique lines AB and DE cut off upon DF 
equal distances from the foot of the perpendicular EF. 

[If oblique llnra be <1ran'n from a point to a straight line, two 
equal oblique lines cut off equal distsqces from the foot of the per- 
pendicular from Ihe point to the line.] (S 50.) 

Whence, the point A falls at D. 

Hence, AB C and DEF coincide throaghout, and are ei^ual. 



§^C:r 
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Fko POSITION XXVIII. Theorbh. * 

89. ^ two triangles have two sides of one equal retpeetively 
to two sides of the other, hut the included angle of the first 
greater than the included angle of the second, the third aide 
of the first is greater than the third side of the second. 




In the triangles ABC and DEF, let 

AB = DE, AC = I>F, and Z BAC> Z EDF.' 

To prove BC> EF. 

Place the triangle DEF in the position ABG ; the side 
DE coinciding with its equal AB, and the vertex F falling 
at G. 

Draw AH bisecting Z CAG; also draw GH. 

Then in the triangles ACIl and AGH, AH is common. 

Also, by hypothesis, AC = AG; 
and by construction, Z CAH = Z GAH. 

Therefore, AACU=AAGff. ' 

[Two triangles arc equal wlien tiro Bides and the included angle 
: equal respectively to two sides and the included angle of 



the other.] 

Whence, Cff = GH. 

[In equal figures, the homologous parts an 
But, BH+GH> IIG. 

[A straight line Is the shortest line b<>tweci; 
Substituting for GJl its i-qiud Clf, v 



(l« 



two points.] (Ax, 6.) 
e have 



JiJI + 67/ > BG, wBC> EF. 



^^■I^^^Hi 
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Pkoposition XXIX. Theokem. 

90- (Converse of Prop. XXVIII.) If two triangles have 
two sides of one equal respectively to two sides of the ot/ier, 
but the third side of the first greater than the third side of 
the second, the included angle of the first is greater than 
the included angle of the second. 




In the triangles ABC and DEF, let 

AB =DE,AC = DF, aud liC > EF. 

To prove ZA>Z.D. 

If ZA were equal to ZI>, the triangles ABC and DEF 
would be equal. 

[Two triangles are equal when two aides and tho Inclnded angle 
of one are equal respectively to two aides and the included angle of 
the other.] <S«3.) 

Then BC would be equal to £F. 

[In equal flgures, the hotnologoos parts are eqnal.] (} 66.) 

Again, it ZA were less than Z D, BC would be less 
than EF. 

[if two triangles have two sides of one equal respectively to two 
sides of the other, but the included angle of the lirst greater than 
the included angle of the second, the third aide of the first is greater 
than the third side of the second] (5 SB.) 

Each of these conclusions is contrary to the hypothesis 
that -BC is greater than EF. 

Therefore, ZA>ZD. 
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Proposition XXX. Thborbbl 

9(L In an Uoscele* triangle, the angles oj^xmte the equal 
sidu are equoL 




Let AC and BC be the equal Bides of the isosceles tri- 
angle ABC. 

To prove ZA=ZB. 

Draw CZ> perpendicular to AB. 

Then in the right trianglea^CD and BCD, CD is common. 

And by hypothesis, AC ^ BC. 

Therefore, ^ AGD = A BCD. 

[Two right trianglea are equal when the hypotenuse and a leg of 
one are equal respectively to the hypotenuse and a leg of the other.] 

(188.) 



Whence, ZA=ZB. 

[In equal figuree, the homologom parla a 






C5M-) 



92. CoR. I. From the equal triangles ACD and BCD 
we obtain, 

AD = BD, and ZACD=ZBCD. 

Hence, the perpendicular from the i-ei-tex to the base of an 
isosceles trtamjle bisevts the base, and also bisects the vertical 



93. Cor. II. An equilateral triangle i 



equiangular. 



- Ex. 36. The angles A and B of a triangle ABC are 57° and & 
respectively; how mauy degrees are there In the exterior angle i 
the vertex C ? 



t- 
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Proposition XXXI. Theorem. 



94. (Converse of Prop. XXX.) If two angles of a trian- 
gle are equal, the sides opposite are equal. 




In the triangle ABC, let 

ZA=ZB. 

To prove AC=BC. 

Draw CD perpendicular to AB. 

Then in the right triangles ACD and BCD, CD is common. 

And by hypothesis, ZA =ZB. 

Therefore, A ACD = A BCD. 

[Two right triaogles are equal when a leg and an acute angle of 
one are equal respectively to a leg and the homologous acute angle 
of the other.] (587.) 

Whence, AC ^ BC. 

[In equal (tgureB, the homologous parts are equal.] (§ 66.) 

95. OoR. An equiangular triangle is also equilateral. 
EXERCISES. 

. 27. The angle i) of a triangle ABC Ib three times the angle A, 
and the angle C is hve times the angle .^I; how many degrees are 
there in eacli angle ? 

* 28. The exterior angles at the vertices A and B of a triangle 
ABC are 148° and 83° respectively; how many degrees are there In 
each angle of the triangle ? How many degrees are there In Iho 
exterior angle at the vertex C? 

* 39. How many degrees are there In each angle of an equiangu- 
lar triangle ? 
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Pbopdsition XXXII. Tiieoseu. 

96- In any triangle, the greater angle lie* opposite the 
greater side. 




In the triangle ABC, let ^(7 be greater than AB. 

To prove Z ABC > Z C. 

Lay off AD = AB, and draw BD. 

Then, ZABD=ZAJ)B. 

[In An IsOBceles triangle, the angles opposite the equal sides are 
equal.) C5 81.) 

But, Z ADB >ZC. 

[An exterior angle of a triangle Is greater than cither of the 
opposite interior angles.] (S 83.) 

Whence, ZABD>ZC. 

Therefore, Z ABC > Z C. 

Proposition XXXIII. Theorem. 

97. (Converse of I'rop. XXXII.) In any triangle, the 
greater side lies ojiposite the greater angle. 




In the triangle ABC, let Z ABC be greater than ZC. . 
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To prove AC>AB. 

Draw BD, making Z CBI> = Z G 

Then, BI) = CD. 

[If two angles of a triangle are eqoa), the sides opposite are 

But, AI)-\-BD> AB. 

(A straight line Is the shortest line between two points.] (A 

Substituting for BD its equal CD, we have 

AD-\-CD>AB. 
Thatia, AC>AB. 

PK0P09ITI0N XXXIV. THEOREM. 



equal.] 

(§W.) 



9B- If straight lines be draimi from a point mthin a 
triangle to the extremities of any side, the angle included by 
them, is greats than the angle inclitded by the other two sides. 




Let D be any point within the triangle ABC, and draw 
BD and CD. 

To prove ZBDC>ZA. 

Produce BD to meet AC at E. 

Then, Z BDC > / DEC. 

[An exterior angle of a triangle Is greater than either of the 
opposite interior angles.] (§ 83.) 

In like manner, we have 

Z DEC >ZA. 

Therefore, Z BDC > Z.A. 



• Ex. 3a Prove Prop. XXX. by drawing CD so as to bisect ^ ACB. 
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Proposition XXXV. 

99. Any point in the llsector of 
tantfrom. the sides of the angle. 



j^' 



Theoreu. 
tn angle is equally dia- 




Iiet P be any point in the bisector BD of the angle ABC, 
and draw PM and PiV perpendicular to AB and BCy res- 
pectively. 

Tq prove FM = FN. 

In tlie right triangles BFM and BFN, BP is 

And by hypothesis, Z PBM=Z PBN. 

Therefore, A BFM = A BFN. 

[Two right triangles are oqiial when the hypotenuse and a 
cent angle of one are equal [%spectively t4> the hypotet 
bdjacent angle of the other.] 

^Vheuce, FM = FN. 

[In equal flgurea, the homologous parts are equal.] 



(5 70.) 



{§00.) 

EXERCISES. 
31. The angle at the vertex of an isosceles triangle A BC Is equal 
to Ave<thirds tlic suni of the eqmil angles D and C. How many de- 
grees are there in each angle ? 

( 32. If the equal sides of an isosceles triangle be produced, the 
exterior angles fonued with the base arc equal. ' 

* 33. The bisector of the vcrljcal angle of an isosceles triangle 
bisects the baHe at right angles. 4 

. 34. The line joining; the verti'x of an isosceles triangle to the 
middle point of the base, Is xierpendicular tp the base, and bisects 
the vertical angle. 
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Proposition XXXVI. Theorem. 

100. (Converse of Prop. XXXV.) Ever// point which is 
within an angle, and equaily distant from its sides, lies in 
the bisector of the angle. 




Let the point P be within the angle ABC, and equally 
distant from its sides ; and draw BP. 
To prove that BP bisects ZABC. 
Draw FM and FIf perpendicular to AB and BC, respec- 

Then in the right triangles BBM and BFN, BF is com- 
mon. 

And by hypothesis, FM = FK 

Tlierefore, A BFM = A BPJV. 

[Two right triangles are equal when the h7pot«nase and a leg of 
one are equal respectively tc the hypotennse and a leg of the other] 

(S88.) 

Whence, ^ FBM = Z PBN. 

[In equal figures, the homologous parts are equal.] (S 66.) 

Therefare, BP bisects Z ABC. 

EXERCISES. 

36. The exterior angle at the vertex of an Isosceles triangle is 
101°; how many degrees are there in the exterior angles at the 
extremities of the base? 

36. If the perpendicular troni the Tertei to the base of a triangle 
bisects the Ifose, the triangle is isosceles. 



y 
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^ quadrilaterals. 

Definitions. 

KXI. A quadrilateral is a portion of a plane bounded by 
four straight lines ; as ABCD. 

The bounding lines are called the 
sides of the quadrilateral, and their 
points of intersection the vertices. 

The angles of the quadrilateral are 
the angles formed by the adjacent 
sides. 

A diagonal is a straight line joining two opposite ver- 
tices; aa AC. 

102. A Trapezium is a quadrilateral no two of whose 
sides are parallel. 

A Trapezoid is a quadrilateral two, and only two, of 
whose sides are parallel. 

A Farallelogram is a quadrilateral whose opposite sides 
are paralleL 



Trapttivni. Trapaoid. FtBrtdMagram. 

The bases of a trapezoid are its parallel sides ; the altitude 
is the perpendicular distjiuce between them. 

The lasea of a paratlelogi-ain are the side on which it is 
supposed to stand and the jjarallel side ; the altitude is the 
perpendicular distanc* between them. 

103- A Rhomboid is a parallelogram whose angles are not 
right angles, anrl whose adjacent sides are unequal. 

A Rhomhus is a jKirallelograni whose angles are not right 
angles, and wliose a<1jnceiit sides are equal. 

A Rectangle is a parallelogram whose angles are right 
angles. 
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A Square is a rectangle whose aides are equal. 
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Proposition XXXVII. Treokeu. 
iXH. The opposite sides of a parallelogram, are eqwU. 




Let ABCD be a parallelogram. 

To prove AB = CD, and BC = AD. 

Draw the diagonal AC. 

Then in the triangles ABC and ACD, AC is common. 

Again, since the parallels BC and AD are cut by AC, 
Z BCA = Z CAD. 

[If two pBralleU are cut by a secant line, the alternate-Interior 
angles are equal.] (§ 72.) 

And since the parallels AB and CD are cut by AC, 
ZBAC = ZACD. 

Therefore, i^ABC = t^ACD. 

[Two triangles are equal when & side and two adjacent angles of 
one are equal respectively to a side and two adjacent angles of the 
other.] (S%.) 

Whence, AB = CD, and BC = AD. 

[In equal flgures, the homologous parts are equal.] (} 06.) 

105. Cor. I. Parallel lines included between parallel 
tinea are equal. 

106. Cor. II, A dhitjunal of a iiaruUeloijrain, divides it 
into two equal triangles. 
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Peoposition XXXVIII. Theokeh. 
107- The opposite angles of a parallelogram are equal. 



Let ABCD be a parallelogram. 

To prove ZA=ZC,Sia<i ZB= ZD. 

Since AB is parallel to CD, and AD to BC, we have 
ZA^ZC. 

[Two angles wlioee sides are parallel, each to each, are equal If 
both pairs of parallel sides extend in opposite directions from their 
vertices.] (S "9) 

In like manner, we may prove Z B =Z D, 

PROPOSiTtoN XXXIX. Theorem. 

108. {Converse of Prop. XXXVII.) If the opposite sides 
of a qtiadrilateral are equal, the Jigiire is a parallelogram. 




In the quadrUateral ABCD, let AB = CD and BC = AD. 
To prove ABCD a parallel "gram. 
Draw AC. 

Then in the triangles JBC and ACD. AC is eommon. 
And by hypothesis. Ali = CD, and BC = AD. 
Therefore, A AllC - A ACD. 

[Two triangilea are equal when the three sideg of one are equal 
ceipeclively to the three sides of the other.] (J 69.) 
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Whence, /. BCA = Z CAD, nui Z. BAC = ^AClr. 
[In equal figures, the homologouB parts are equal.] (i 60.) 

Then BC is parallel to AD, and AB to CD. 
[If two straight lines are cut by a secant Hue, loakiiig the alter- 
nate-interior angles equal, the two lines are paralleL] (5 73.) 
Tbeiefore, ABCD is a parallelogram. 

Proposition XL. Theoeeh. 

109. 1/ two sides of a quadrilateral are equal and par- 
allel, the figure is a parallelogram,. 




In tlie quadrilateral ABCD, let BC be equal and parallel 
to AD. 

To prove ABCD a parallelogram. 

I>raw AC. 

Then in the triangles ABC and ACD, AC is common. 

And by hypothesis, BC = AD. 

Also, since the parallels BC and AD are cut by AC, 
Z BCA = Z CAD. 

[If two parallels are cut by a secant line, the alternate-Interior 
aiijlea are equal.] ({ 72.) 

Therefore, A ABC = A ACD. 

[Two triangles are equal when two sides and the included angle 
of one are equal respectively to two sides and the included angle of 
the other.] CS630 

Whence, AB = CD. 

[In equal figures, the homologous parts are equal.] (5 60.) 

Therefore, ABCD is a parallelogram. 

[If the opposite sides of a quadrilateral are equal, the figure Is a 
parallelogram.] (| lOB.) 



«,^ 
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Pboposition XLI. Theoreh. 
UO- The diagimals of a parailelogram bisect each other. 




Let the di^onals A C and BD of the parallelogram ABCD 
intersect at E. 
To prove AE = EC, and BE = ED. 
In the triangles AED aud BEC, AD = BC. 
[Tlie opposite sides of a parsMeloBrani are equal.] (S 104.^ 

And since the parallels AD and 5Care cut by AC, 

Z EAD = Z ECB. 

e cut by a, secant line, tUe sltemntc-lnterlor 
(5 72.) 

Z EDA = Z EBC. 

AAED = ABEG. 



[It two parallels i 
angles are equal.] 
In like manner, 
Therefore, 
[Two triangle) 



i[tial when a side and two adjacent angles of 



e equal respectively to a side and two adjacent angles of Uie 
other.] (§ 88.) 

Whence, AE = EC, and BE = ED. 

[In equal figures, tlic lioniologous parts arc equal.] (5 M.) 

NuTK. The point E Is called the rtnlre of tlie parallelogram. 

EXERCISES. 

37. It one angle of a parallelogram Is 119°, how many degrees* 
are there in each of the others ? 

38. If one angle of a parallelogram Is a right angle, the figure Is 

39. It from any point in the base of an Isosceles triangle perpen- 
diculars to the equal sides be drawn, they make equal angles with 
the base. 




j^:^.rv» 5J W^^ 
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Frofosition' XLII. Theorem. 



Ill (Converge of Prop. XLI.) If the diagonals of a 
qaadrilateral bisect each other, the figure is a parallelogram. 




Let the diagonals A C and BD of the quadrilateral ABCD 
bisect each other at E. 

To prove ABCD a parallelogram. 

In the triaDglen ABD and BEC, by hypothesis, 
AE = EC, and DE = EB. 

Also, ZAED=ZBEC. 

[If two straight lines Intersect, the vertical angles are equal.] 

(S80.) 

Therefore, A AED = A BEC. 

[Two triangles are equal when two sides and the included angle 
of one are equal respectively to two sides and the Included angle of 
tlic other] CI 03.) 

Wlience, AD = BC. 

[In equal figures, the homologous parts are equal.] (9 0(t.) 

In like manner, A AEB = A GED, 
and AB = CD. 

Thercfiiro, ABCD is a pariilh'logmiu. 

[If tlie opi>ORUe sideE of a quadrilateral arc eqtial, the figure is a 
, i>uralU'logram.] (S 108.) 

EXERCISES. 

f ' 40. If the angles adjarent to one l)nse of a trapezoid are equal, 
those adjacent to tln' oiIht liase are also equal. 

• 41. If two parallels are eut by a socaiit line, the bisectors of the 
four interior angles form a rectangle. Cjf. tV, ^<^ 
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Phoposition XLIII. Theobsh. 

112. Tieo parallelogratns are equal when two adjacent 
sides and the included angle of one are equal respectively to 

two adjacent aides and the included angle of the other. 



In the porallelograins ABCD and EFGH, let 
AB = EF, AD = EH, and ^A = LE. 

To prove 

parallelogram ABCD = parallelc^am EFGH. 

Superpose the parallelogram ABCD upon EFGH in such 
a way that Z A shall coincide with its equal /. E; the side 
AB falling upon EF, and the side AD upon EH. 

Then since AB = EF and AD = EH, the point B will 
fall at F, and the point D at H. 

Now since BC is parallel to AD, and F6 to EH, the side 
BC will fall upon FG, and the point C will fall somewhere 
in^G. 

[But one straight line can be drown through a given point parallel 
to a given straight line.] (9 &3.) 

In like manner, the side DC will fall upon HG, and the 
point C will fall somewhere in HG. 

Therefore the point C, falling at the same time in FG 
and HG, must fall at their intersection, G. 

Hence, ABCD and £/"(?//" coincide throughout, and are 
equal. 

113. Cor. Ttco rectangles are equal when the base and 
altitude of one are equal Tespectleeli/ to the base and alti- 
tude of the other. 
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Pbopositios XLIV. Theorem. 
114. Tkt diagonal* of a rectangle are equal. 




Let ABCD be a rectangle. 

To prove du^onal AC = diagonal BD. 

In the right triangles ABD and ACB, AD is common. 

Also, AB = CD. 

[The opposite sides of a parallelogram are equal.] (S 101.) 

Therefore, A ABD = A ACD. 

[Two triangles are equal when two sides and the Included angle 
of one are equal respectively to two sides and the Incloded angle of 
the other.] (§63.) 

Whence, AC = BD. 

[In equal figures, the homologous parts are equal.] (S 66.) 



US CoE. The diagonals of a * 



EXERCISES. 



e equal. 



■ 43. If the diagonals of a parallelogram are equal, the figure is a 
rectangle. 

• 43. If two adjacent sides of a quadrilateral are equal, and tlie 
diagonal blHCCts their included angle, the otlier two sides are equal. 

• 44. The bisectors of the Interior angles of a parallelogram form a 
rectangle. 

45. The bisectors of the Interior angk^s of a trapezoid form a 
quadrilateral, two of whose angles are right angles. 
\_* 46. If the angles at the base of a trapezoid are equal, the noa- 
parallel sides are also ui[iial. 

47. If the non-parallel sides of a trapezoid are equal, the angles 
vhlch they make with the bases are equal. 
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Proposition XLV. Theokkm. 

116. The diagonaU of a rhombat bUect each otiier at right 
angles. 




Let ABCD be a rhombus. 

To prove that its diagonals JC and BD bisect each other 
at right angles. 

Since the adjacent sides of a rhombus are equal, 
AB = AD, and BC = CD. 

Wlience, AC is perpendicular to BP at its middle point. 

[Two points, each eijually dUtant from \hv extremities of a 
straight Hue, delenuinc a perpendicular at its middle point.] (S 43.) 

In like manner, it may be proved that BD is perjjendicu- 
lar to AC at its middle point. 

Hence, AC and BD biaect each other at right angles. 

1 x^'^'S"^ POLYGONS. 

}^r Definitions. 

117- A polygon is a portion of a plane bounded by throe* 
or more straight lines; as ABCDE. jf 

The bounding lines are called the 
sUles uf the polygon, and their stim is 
called the perimeter. 

The angles of tlie polygon are tlie 
angles JUAB, ABC, etc., formed by the 
adjacent sides ; and their vertices are called the rerttees i 
the polyRon. 

A dt'iijonnl of a {Kilygon is a straight line joining an 
two vertices which are nut consecutive ; as AC. 
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lift Polygons are classified with reference to the num- 
ber of their sides, as follows : 



No. OF 
Sides. 


Designation. 


No. OF 
Sides. 


Designation. 


8 

. 4 
5 
6 

7 • 


Triangle. 

Quadrilateral. 

Pentagon. 

Hexagon. 

Heptagon. 


8 



10 

11 

12 


Octagon. 

Enneagon. 

Decagon. 

Undecagon. 

Dodecagon. 




119. An equilateral polygon is a polygon all of whose 
sides are equal. 

An equiangular polygon is a polygon all of whose angles 
are equal. 

120. A polygon is called convex when no side, if pro- 
duced, will enter the space enclosed by 
the perimeter ; as ABODE. 

It is evident that, in such a case, 
each angle of tlie polygon is less than 
two right angles. 

A polygon is called concave when at 
least two of its sides, if produced, will 
enter the space enclosed by the perim- 
eter ; as FGHIK. 

It is evident tliat, in such a case, at 
least one angle of the polygon is greater than two right 
angles. 

Thus in the polygon FGIIIK, the interior angle whose 
vertex is H is greater than two right angles. 

Such an angle is called re-entrant 

All polygons considered hereafter will be understood to 
be convex, unless the contrary is stated. 



« 




PLANB GEOMETHT. — BOOK L 



121. Two polygons are said to be mutwiUy equilateral 
when the sides of one ate 



equal respectively to the 
sides of the other, when 
taken in the same order. 

Thus the polygons ABCD 
and EFGH are mutually 
equilateral if 

AB = BF, BC = FG, CD m, GH, and DA = 



■^n 



HE. 



■a:C[ 



123. Two polygons are said to be mutuaUy equiangular 
when the angles of one ^.re 
equal respectively to the an- 
gles of the other, when taken 
in the same order. 

Thus the polygons ABCD 
and EFGffaTB mutually equi- 
ajigular if 

^A=/.E, ZB^/IF, ZC = ZG, and ZD=Zir. 

123. In polygons which are mutually equilateral or 

mutually equiangulai', sides or angles which aie similarly 
placed are called homologous. 

If two triimglea are mutually equilateral, they are also 
mutually equiangular (§ tt9) ; hut \vitli this exception, two 
polygons may l)e mutually equilateral witliout being mutu- 
ally equiangular, or mutually equiangular without being 
mutually equilateral. 

121. If two j>nlgijon» are both miitualh/ equilateral and 
mMtualhj eqitiniigubir, they are equal. 

For they can evidently be applied one to the other so as 
to coincide throughout. 

125. Two polygons are equal when they are composed of 
the same number of triangles, e(|unl each to each, and simi- 
larly placed; for they can evidently be applied one to the 
other so as to coincide throughout. 
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pKOPOsiTios XL VI. Theorem. 

126. The sum of the angles of any polygon is equal to 
two right angles taken as many times, less two, as tlte poly- 
gon has sides. 




Any polygon may be divided into triangles by drawing 
diagonals from one of its vertiwa ; the number of triangles 
being equal to the number of sides of the polygon, less 
two. 

The sum of the angles of the polygon is equal to the sum 
of the angles of the triangles. 

And the sum of the angles of each triangle is equal to 
two right angles. 

[The aiuu of the angles of any triangle le equal lo two right 
anglCB.] (5 82.) 

Hence, the sum of the angles of the polygon is equal to 
two right angles taken as many times, less two, as the 
polygon has sides. 

127. CoK. I. 
eijiiitl to twice 
aide*, less four right angles. 

Thus, if R represents a right angle, and n the number of 
sides of a polygon, the sum of its angles is expressed by 
2nR-AR. 

128. CoK. II. The mm of the angles of a quadrilat- 
eral is equal to four right angles; of a pentagon, six right 
angles ; of a hexagon, eight right angles ; etc. 



The sum of the angles of any polygon is 
many right angles as the polygon has 
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Pkopobition XLVII. Thkohem. 

129- If the sides of any polifgnn be produced to as to form 
an exterior antjle at each vertex, the sum of these exterhr 
unifies is equal to four riejht angles. 




Tho HTim of tlie exterior and interior angles formed at 
any one vertex is equal to two right iiugk'S. 

[It one straight line meet ftnoUu'r, the sum of llie adjacent angles 
fonueil i8 equal to two right angtvs.] (§ ^14.) 

Hence, the stini of uU the exterior and interior angles is 
eqiiiil to twice as many right angles as the polygon has 

But the Kuin of the interior luigles jihme is equal to twiw 
OS many right angles as the polygon has sides, less four 
right angles, 

[Tlie Hum of tli<- niigles of any polygon is equal to twice as many 
right angles as the iiolygun has sides, leas four right nnglrs.] (^ Vll.') 

Whence, the snni of the exterior angles is equal to four 
right angles. 

EXERCISES. 

48. How many <1egrrcs are there in eai'h angle of an eqnlnn);nlar 
hexagon? of an tHgulangiilnr oetagnn ? of an equiangular decagon V 
of an ettuiangnlar doilccagon ? 

49. How many degn'cs are tlitTu In the cxliTlor angle at each 
vertex of an equiangular i>eiitagi>n t 

50. If two angles of a quadrilateral are supplementary, the other 
two angles arc supplementaiy. 
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130' The line joininij the yiiiddlfi. points of tivo sides of a 
triangle ia parallel to t/ie third side, atid equal to one-half 
of it. 




Let DE biseut the sides AB and A C of the triangle ABC. 
To prove DE iiarallel to BC, and eqinil to JiJC. 
Draw BF parallel to AC, meeting ED prnduocd at F. 
Thoiiiii the triangles ^/»; and ^/J/^'./vl =ZDBF. 
[If two parailc;U are cut by a secant line, the alLemat«-int 



(S 78.) 



(S 30.) 



aogles are equal.] 

Also, / A1>E=ZBDF. 

[If two straight lines iiiteracct, the vertical aiiglca 

And by hypothesis, AD = BD. 

Therefore, A ADF. = A BDF. 

[Two trinngleB ftre equal when a side and two ailjacent angles 
of one are equal respectively to a side and two adjacent angles of 
the other.] (I OS-) 

Whence, DE = DF, and AE = BR 

[In equal fi^ires, the homologoim parts are equal.] (g Ofl.) 

Then, since AE = EC, BF is equal and parallel to CE. 

Whence, BC'EF is a parallelogi-ani. 

[If two siiles of a quadrilateral arc equal and parallel, the flgnre 
Is a paraltelu^rani.] (§ 100.) 

Hence, DE is paralhd to BC, and DE = ^ FE = i BC. 

[The opposite sides of a parallelogram are equal.] (§ 101.) 
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131 Cor. The line which bisects one side of a triangle, 

and is parallel to another side, bisects 
also tlie third side. 

In the triangle ABC, let DE be par- 
allel to BC, and bisect -4£. 

To prove tbat DE bisects AC. 

A line drawn from D to the middle 
point oi AC will be parallel to BC. 

[The line joining the middle points of two sides of a 
Is parallel to the third side.] 

Tben this line will coincide with DE. 

[But one straigbt Hue can be drawn througli a given point parallel 
to a given straight line.] (§ 53.) 

Therefore, DE bisects AC. 




EXERCISES. 

51. The bisectors of the equal angles of an isosceles triangle form, 
with the base, another isosceles triangle. 

52. Either exterior angle at the tiase of an Isosceles triangle Is 
equal to the aum of a. right angle and one-half the vertical angle. 

53. The straight lines bisecting Ibc equal angles of an Isosceles 
triangle, and terminating in the opposite aides, are equal. 

54. The i>crpendioulanj from the extremities of the base of an 
taoscelea triangle to the opposite sides are equal. 

55. The angle between the bisectors of the equal angles of an 
Isosceles triangle ia equal to the exterior angle at the baie of the 
triangle. 

56. If through a iralnt midway between two parallels two secant 
lines he drawn, they intercept equal portions of the parallels. .,. 

57. If a line joining two {>arallels be bisected, any line drawn 
through the point of bisection and included between the parallels 
will be bisected at the point. 

58. It peri>eiidic!ul:irfl HE and hF be drawn from the vertices B 
and D of the immlli'logram ABVT) to the diagonal AC, prove that 
BE = }>F. 

59. The lines joining the middle points of the sides of a triangle 
divide it into four equal triangles, (§ 130.) 
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Proposition XLIX. Theokem. 

132. The line joining the middle points of the non^aral- 
lei sides of a trapezoid is parallel to the bases, and equal to 
«ne-hal/ their sum- 



Let the line EF bisect the non-parallel sides AB and CD 
of the trapezoid ABCD. 

I. To prove EF parallel to AD and BC. 

Let EK be parallel to AD and BC; and draw BD, inter- 
secting EF at G, and EK at H. 

Then in the triangle ABD, EH is parallel to AD and 
bisects AB ; it therefore bisects BD. 

[The line which blaecla one i\Ae of a triangle, and U parallel to 
anotber siJe, bisects also the third side] (| 131.) 

In like manner, in the triangle BCD, HK is parallel to 
BC and bisects BD; it therefore bisects CD. 

But this is impossible unless EK coincides with EF, 

Hence, EF is pariillel to AD and BC. 

II. To prove EF = J {AD-\-BC). 
Since EG bisects AB and BD, 

EG= \AD. (1) 

[The line Joining the middle points of two Bides of a triangle 
is equal to one-half the third side.] (S 130.) 

And since QF bisects TiD and CD, 

GF= \BG. (2) 

Adding (1) and (2), we have, 

EO-^ GF=]sAD+iBC. 
That is, EF = i (AD + BC). 
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133. Cor. The line- which h jximUel to the bases of a 
tfiipezoid, aiul bisects one of the iioii-jjtiitillel sides, bisects the 
other also. 

rBOPOsiTiow L, Theorem. 

134. The bisectors of the angles of a triangle meet in a 




Let AD, BE, and CF be the l»isei'tor3 of the angles A, 
if, and C of tlie triangle ABC. 
To prove tliat AD, BE, and CF intersect in a common 

Let AD and BE intersect at 0. 

Then sinRe O is in tin; liiseetor AD, it is equally distant 
from the aides AB ami AC. 

[Any p'lint ]n lUe bisector of an angle is eqnally distant from the 
Bides of tlie aiiflu.] (§»e.) 

In like mniiner, since ia in the hiseetor BE, it is 
equally distant iwm tJie sides AB an<l JiC. 

Then is equally distant from the sides AC and BC, 
and therefore lies in tin; liiseetor CF. 

[Ever; (Miinl wtiirli is wltliiii an angle, ani] equally distant from 
its aides, iies In iXu: lilHi'dor of tlie nn^Ie.] (§ 100.) 

Hence, AD, BE, and CF nieet in the common point 0. 

13S. Con. The j,ol>,i if intersection of the bisectors of 
the angles of a triomjle is r'/iiat/i/ ilisliint from tlie sides 

of the tri'inij/e. 
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Proposition LI. Theorem. 

136. The perpendiculars erected at the middle points of 
the sides of a triangle meet in a eominort point. 




Let DO, EH, and FK be tlie perpendiculars erected at 
the middle points of the sides liC, CA, and AB, of the 
triangle ABC. 

To prove that DG, EH, and FK iutereeot in a cumtnon 
point. 

Let DG and EH intersect at 0. 

Then since is in the perpendicular DG, it is equally 
distant from B and C. 

[If a peq>enilicular be erected at the middle point of a straight 
lini?, any point in tlic perpendicular is equally distant from the ex- 
trvmltleaof the line.] (g 40.) 

In like manner, since is in the perpendicular EH, it ia 
equally distant from A and C. 

Then is equally distant from A and B, and therefore 
lies in the perpendicular FK. 

[Every point nhlcli is equally distant from the extremities of a 
jtralglit line, lies in the i)er|>endicular erected at the miditle point of 
tbellne.] (1 42.) 

Therefore, DG, EH, and F'K meet in the common 
point O. 

137. C(ni. The piiinf. of infp.riip''tinn of the perpendicu- 
lars erected <it the uiiflrlle points of the sides of a triangle, 
is e-qitally distnnt from the vi-rtices of the triauifle. 
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Fboposition LII. Theorem. 

138- The perpendiculars from the vertices of a triangle to 
the ojiposlte sides meet in a common point. 




Let AI>, BE, and CF be the perpeudiculars from the yer- 
tices of the triiingle ABC to the opposite sides. 

To prove that AI>, BJS, and CF meet in a common point. 

Through A, B, and C, draw 7/A', A'C?, and GH, parallel, 
respectively, to BC, CA, and AB. 

Then since AD is perpendicular to BC, it is also per- 
pendicular t<i HK. 

[A straight line per[)cndicular to one of Ino parallels la perpen- 
dicular to the other.] (| 66.) 

Now since ABCII and ACBK are parallelograms, 
AH = BC, and AK = BC. 

[The opposite sides of a parallelogram are equal.] (g 104.) 

Wlience, AH = AK, and A is the middle point of HK. 

Then Al> is perpendicular to HK at its middle point. 

In like manner, BE and CF are the perpcTidiculara erected 
at the middlf^ ])«ints of KG and GH, res]iectively. 

Hence, AD. BE, and CF meet in a common jwint 0. 

[The i>prpendiouIars erccteil at the middle points of the sides of 
a trlanfilo meet in a common point.] (S 130.) 

139. Dbf. a mctH'iii of a triangle is a lino drawn from 
any vertex to the middle jwint of the opposite aide. 
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Proposition Lin. Theorek. 
140. The mediant of a triangle meet in a eommon point. 




Let AD, BE, and CF be the medians of the triangle ABC. 

To prove that AD, BE, and CF meet in a common point 

Let AD and BE intersect at 0. 

Let G and H be the middle points of OA and OB, 
respectively, and draw ED, GH, EG, and DH. 

Then since ED bisects AC and BC, it is parallel to AB, 
and equal to ^ AB. 

[The line jotniug the middle poinU of two sides of * triangle Is 
pantile! to the third aide, and equal to one-half of it.] (S 130.) 

In like manner, since GH bisects OA and OB, it is par- 
allel to AB, and equal to ^ AB. 

Therefore, ED and GH are equal and parallel, and 
EDHG is a parallel ogiara. 

[If two sides of a quadrilateral are equal and parallel, the flgure 
Is a parallelogTBm.] (S 109.) 

Then GD and EH bisect each other at 0. 

[The diagonaln of a, parallelogram bisect each other.] (} 110.) 

But by hypothesis, G is the middle point of OA. 

Hence, AG = OG = OD, and 0A = % AD. 

That is, BE intersects AD two-thirds the way from A 
to BC. 

In like manner, it may be proved that CF intersects AD 
two-thirds the way from A to BC. 

Hence, AD, BE, and CE meet in the common point 0. 
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141. Def. If a series of points, all of which satisfy 
a given condition, lie in a certain line, that line is called 
the locus of the points. 

For example, every point which satisfies the condition of 
being equally distant from the extremities of a straight 
line, lies in the perpendicular erected at the middle point 
of the line (S 42). 

Hence, the perpendicular erected at the middle point of a 
Mtraight line is the locos of pointa ivhieh are eqiiallj/ dis- 
tant from the extremities of the line. 

Again, every point which ttatiafies the condition of being 
within an angle, and equally distant from its sides, lies in . 
the bisector of the angle (§ 100). 

Hence, the bisector of an angle is the loevs of points which 
are within the angle, uTid equally di»t<int from its sides. 

EXERCISES. 

60- Wbat is the locus of points at a given distance from a given 
straight line ? 

61- What Is the locus of points equally distant from a pair of 
Intersecting straight lines? 

62. What is the locus of points equally distant from a pair of 
parallel straight lines? 

63. Two isosceles triangles are equal wlicn the l>ase and vertical 
angle of one arc equal resiM?ctively to the base and vertical angle of 
the other. 

64. If from any point in the base of an Iiiosceles triangle parallclH 
to the equal sides Ik> drawn, the pcrinietiT of llie iHiralh'logram 
funned Is equal lu the sum of the equal sides of the triangle. 

65. If an exterior angle he formed at the vertex of an isosceles 
triangle, its bisector Is parallel to the base. 

66. Tiie meilians <lrjw[i from (he extremities of the base of an 
isosceles triangle are equal. 

67. Stale nn:l i>rovc the converse of Ex. 54, p. 00, 

68. The diagonals of .i rhombus bisect Its angles. 
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69. If trom the vertex ot one of the equal angles of an Isoacelei 
triangle a perpendicular be drawn to the opposite side, It makes with 
the base an angle which Is equal lo one-half the vertical angle of the 
triangle. 

70. Every point within an angle, and not in the bisector, Is un- 
equally distant from the sides of the angle. 

71. It from any point In the bisector of an angle a parallel to one 
of the iidte be drawn, the bisector, the parallel, and the remaining 
side form an isosceles triangle, 

72. If the bisectors of the equal angles of an Isosceles triangle 
meet the equal sides at D and E, prove that DE Is parallel to the 
base of the triangle. 

\/' 73. If the exterior angles at the vertices A and B of a triangle 
ABCak bisected by lines which meet at D, prove that 
Z ABB =9(f-iC. 

74. If at any point D in one of the equal sides AB of the isosceles 
triangle ABC, DE Is drawn perpendicular to the base BC meeting 
CA produced at E, prove that the triangle ADE is isosceles. 

75. From C, one of the extremities of the base BC of an Isosceles 
triangle ABC, a line is drawn meeting BA produced at D, making 
AB — AB. Prove that CD Is perpendicular lo BC. C§ 01- ) 

76. If the non-paraltel sides of a trapesotd are equal, its diagonals 
are also equal. 

77. If ADC Is a re-entrant angle of the quadrilateral ABCI), 
prove that the angle ADC, exterior to the Bgure, is equal to the sum 
of the interior angles A, B, and C. 

78. If a diagonal of a quadrilateral bisects two of its angles. It Is 
perpendicular to the other diagonal. 

79. If two lines are cut by a third so as to make the sunu of the 
interior angles on the same side ot the secant line less than two right 
angles, the lines will meet if sufficiently produced. 

80. If exterior angles be formed at two vertices of a triangle, 
their bisectors will Intersect on the bisector ot the Interior aiule at 
the third vertex. (§ 134.) --.WMf^ .«,,■ 

» 81. In a quadrilateral ABCD, the angles ABD and CAD are 
equal to ACD and BDA respectively; prove that BC is parallel 
to AD. 

B2. ABCD Is a trapezoid whose parallel sides AD and BC ai« 
perpendicular to CD. If E Is the miildle point of AB, prove that 
i:C'=^ED. 
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83. StaM and prove the coaverae of Prop. XLT. 

84. State and prove the conTerse of Ex. 65, p. 60. 

85. Prove Prop. XXYl. by draniDg tbrougb B a parallel to AC. 

86. Prove Prop. XXX. by drawing CD to the middle point of AB. 

87. Prove Prop. XXXI. by drawing CD «o aa to bisect Z ACB. 
V8a The middle point of the bypotennse of a right triangle la 

7 natty distant frobi tbe vertices of the triangle. 
89. Tbe bisectors of tbe angles of a rectangle form a square. 

90. If Z) is the middle point of the side BC of tbe triangle ABC, 
and BE and CF are the perpendiculars from B and C to AD, pro- 
duced It necessary, prove that BE = CF. 

91. The angle at the vertex of an Isosceles triangle ABC is equal 
to twice tbe sum of the equal angles B and C. If CD be drawn pei^ 
pendicular to BC, meeting BA produced at D, prove that the triangle 
ACD is equilateral. 

93, Tbe bisector of the vertical angle A of an equilateral triangle 
ABC is produced to D, so that AD = AB. If BD and CD be 
drawn, prove that Z BDC Is 30° or 150°, according as D lies above 
or below the Irase. 

93. If tbe angle B of the triangle ABC is greater than the angle 
C, and BD be drawn to AC making AD = AB, prove that 

Z JDH = J(B-|-C),ftadZ t'BD = l(B-C). 

94. The sum of the lines drawn from any point witbin a triangle 
to tbe vertices Is greater tlian the half-sum of the three sides. (| 61. ) 

95. The sum of the lines drawn from any point wltbln a triangle 
to tbe vertices is less than the sum of tbe tbroe sides. 

V^ 96. How many aides are there in the polygon the sum of whose 
Interior angles exceeds the sum of its exterior Angles by 540° ? 

97. If D, E, and F are points on the aides AB, BC, and CA of an 
equilateral triangle A BC, such that AD = BE = CF, prove that the 
figure DEF is an equilateral triangle, 

9a H B, F, a, and // are points on tbe aides AB, BC, CD, and 
DA of a parallelogram AllVD, sucb tbat AE = CO and BF^ DII, 
prove that the figure KFGTI is a parallelogram. 

99. If E, F, G, and U are points on tbe sides AB, BC, CD, and 
DA of a square ABCD, sucb that AE — BF =C0 = DII, prove tbat 
tbe figure EFGII is a square. 
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100. If on Hie diagonal SD of a square ABCD a dlsUnce BE it 
taken equal to AB, and EF is drawn perpendicular to BD, meeting 
AD at F, prove that AF= EF= ED. 

101. Prove the theorem of g 127 bj drawing lines from anj point 
within the polygon to the vcrticca. 

102. State and prove the convene of Ex. 08, p. OS. 

103. State and prove the convene of Prop. XXXVIIL 

104. State and prove the convene of Ex. 76, p. 07. 

105. If AD is the perpendicular from the vertex of Che right 
angle to tlie hypotenuse of the right triangle ABC, and AE is the 
bisector of the angle A, prove that ZDAE la equal to one-half the 
difference of the angles B and C. 

106. D Is any point in the base BC of an isosceles triangle ABC. 
The side AC is produced below C to £, so that CE = CD, and DE is 
drawn meeting AB at F. Prove that Z AFE=% Z AEF. 

107. If^BC and ^fii) are two triangles on the same base and on 
the same side of it, such that .AC = ifi( and .^D = BC, and ^i) and 
BC intenect at O, prove that the triangle OAB is isosceles. 

108. If D is the middle point of the side AC of the equilateral 
triangle ABC, and DE be drawn perpendicular to BC, prove that 
EC = i BC. 

109. If in the parallelogram ABCD, E and F are the middle 
points of the sides BC and AD, prove that the lines AE and CF 
trisect the diagonal BD. 

110. If jlJJIsthc perpendicular from the vertei of the right angle 
to the hypotenuse of the right triangle ABC, and E is the middle 
point of BC, prove that Z DAE is equal to the difference of the 
angles B and C. 

111. If one acute angle of a right triangle is double the other, the 
hypotenuse ig double the shortest leg. 

113. If AD be drawn from the vertex of the right angle to the 
hypotenuse of the rlghL triangle ABC so as to make Z DAC^- Z C, 
it bisects Che hypotenuse, 

113. If 7> is the middle point of the side BC of the triangle 
ABC, provethal AI>>-i(AB + AC- BC). (§62.) 



Note. For addiclonal 



n Book I., see p. 221. 



BOOK II. 

THE CIBCLB. 




DEFINITIONS. 

142. A circle is a iwrtiou of a plane bounded by a c 
called a circumference, all iK>iiits of 
whicli are equally distant from a ]x>int 
within, called the centre; as ABCD. 

Any portion of the circumference, as 
AB, is called an arc. 

A radius is a straight line drawn 
from the centre to tlie circumference ; 
aaOvl. 

A diameter is a straight line drawn through the centre, 
having its extremities iu the circumference; as AC. 

143. It follows from the definition of § 142 that 
All radii of a riivle are e/pml. 

Also, all it» diameters are equal, since each is the sum of 
two radii. 

144. Tifo circles are equal when their radii are eqmil. 
For they can (.'vidently bf ajiplitfl one to the other so 

that their circumferences shall coincide tliroughout. 

145- Conversely, the radii nf equal circles are equal. 

146. A semi-firrumfcre?)ce ia an arc equal to one-half the 
ciroumfereiice ; aiul a quadrnnt is an arc ('({ual to one-foui-th 
the ciit;nmfeii!nce. 

CoHfenfric circhx iii-e circles having the same centre. 
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a straight line joining the extremities of 




147. A chord is 
an arc ; as AB. 

The arc is said to be subtended by its 
chord. 

Every chord subtends two arcs ; thus 
the chord AS subtends the ares AMB and 
and ACDB. 

When the arc subtended by a chord is 
spoken of, that arc which is less than a 
semi-circumference is understood, unless the contrary is 
specified. 

A segment of a circle is the portion included between an 
arc and its chord ; as AMBN. 

A semicircle is a segment equal to one-half the circle. 

A sector of a circle is tiie portion included between an 
are and tlie radii drawn to its extremities ; as OCD. 

148- A central angle is an angle whose vertex is at the 
centre, and whoso sides are radii ; as AOC. 

Au inscriiied angle is an angle whose ver- 
tex is on the circumference, and whose 
sides are chords; as ABC. 

An angle is said to be inscribed in a 
segment when its vertex is on the arc of 
the segment, and it^s sides pass through the 
extremities of the subtending chord. 

Thus, the angle B is inscribed in the segment ABC. 

149. A straight line is said to toiirh, or be tangent to, i. 
circle when it has but one point in com- 
mon with the circumference ; as AB. 

In such a case, tlic circle is said to 
be tangent to the straight line. 

The common point is called the 
point of contact., or point of tangency. 

A sec'int is a straiglit line which 
intersects the circumference '.a two points ; 
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ISA Two circles are said to be tangent to each other when 
tliey are both tangent to the same straight line at the same 
point. 

They are said to be tangent internalti/ or extemallt/ 
according as one circle liea entirely within or entirely with- 
out the other. 

A common tangent to two circles is a straight line which 
is tangent to both of them. 

151- A polygon is said to be inscribed 
in a circle when its vertices lie on the 
circumference ; aa ABCD. 

In such a case, the circle is said to be 
circumscribed ahout the polygon. 

A polygon is said to be inscriptible 
when it can be inscribed in a circle. 

A polygon is said to be circumscribed 
ahout a circle when its sides are tangent 
to the circle ; as EFGH. 

In such a case, the circle is said to'be 
Uiscribed in the polygon. 




• pROPOalTIOy I. ThEOREU. 

152. Every diameter bisects the circle and its circumference. ' 




Trft AC be a dif.inM-er of the circle ABCD. 

To jirove that AC bisi-cts the circle and its circumferenca 
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Superpose the segment ABC ui>on AI>C, by folding it 
over about AC as au iixis. 

Then, the arc ABC will coincide witli the arc ADC; for 
otherwise there would be points of the circumference 
unequally distant from tlie centre. 

Hence, the segments ABC and ADC coincide throughout, 
and are equal. 

Therefore, AC bisects the circle and its circumference. 

Propositiom II. Theorem. 

153. A straight line cannot intersect a circumference in 
more than two points. 



Let be the centre of a circle, and MNxaj straight line. 

To prove that MN cannot intersect the circumference in 
more than two points. 

If possible, let MN intersect the circumference in three 
points. A, B, and C; and draw OA, OB, and OC. 

Then, OA =0B = OG. (§ 143.) 

We should then have three equal straight lines drawn 
from a point to a straight line, which is impossible. (S 49.) 

Therefore, MN cannot intersect tlie circumference in 
more than two points. 

■^^ EXERCISES, 

1. Wbat is tbe locus of points at a given distance froma given point? 
3. If two circles Intersect each other, the dlstancq tetween their 
centres is greater than the difference of their radii. (S 62.) 
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Proposition III. Theorem. 



X54. In equal circles, 
angles intercept equal 



the same circle, equal central 

the eircuviference. 




Let C and C" be the centres of the equal circles AMB and 
AM'S" ; and let Z AGB = Z AC'ff. 

To prove arc AB = arc A'B". 

Superpose the sector ABC \\\>on A'ffC in sncli a way 
tliat Z C shall coincide with its equal Z C". 

Now, ' AC = A'C',^.i\d.BC ^-B-C. (§145.) 

Wlience, the point A will fall at A', and B at if. 

Then, the arc AB -w'\\\ coincide with the ai'c A'S"; for 
all ])ointa ill each are equally distant from the centre. 

Tlicrefore, arc AB = arc A'^. 



1'roposition IV. Theorem. 

X55- (Converse of I'rop. III.) /» equal rirrhfi, or in the 
same circle, equal arcs are intercepted bi/ equal central angles. 





Let C and C 1)6 tlie centres of the equal circles A3IB 
and A'U'B ; and let arc AB = are A' If. 
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To prove Z ACB = Z A'C'B'. 

Siiice tlie circles are equal, we may superpose AMB upon 
A'M'B" in such a ivay that the point A shall fall at A'; 
the centre C falling at C. 

Then since arc AB = arc A'B", the point B will tall at B". 

Whence, the radii AC antl BC will coincide with A'C 
and B'C", respectively. (Ax, 6.) 

Therefore, Z ACB will coincide with Z A'C'B". 

Whence, Z ^CB = Z ^'C'B'. 

1S6. Sou. In eqti^l circles, or in the same circle, the 
greater of two central angles intercepts the greater arc on 
the circumference ; and conversely. 



157- Tn equal circles, 
subtend equal arcs. 



PKOPOSITIOJf V. TlIKOREM. 

the same circle, equal chords 





In the equal circles AMB and A'M'ff, let 

chord AB = chord A'ff. 
To prove arc AB = arc A'B". 

Jjet C and C lie the centres of the circles ; and draw 
AC, BCA'CandB'C 
Then in the triangles ABC and A'B'C, by hypothesis, 

AB ^ A'B". 

Also, AC=^ A'C',wiy\BC = iyC' (§145.) 

Therefore, A ABC = A A'B'C. (§ 69.) 

Wlience, ^C = ZC'. (§ 66.) 

Therefore, arc -4i( = arc A'ff. {§ 164.) 
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I'eopositiox VI. Theorem. 



158- (Converse of Prop. V.) In equal circles, or in the 
lame circle, equal arvs are subtended by equal chords. 





In the equal circles AMB and A'M'B", let 

arc AB = are Ali". 
To prove chord AB = chord A'ff. 

Since the circles are equal, we may superpose AMB upon 
A'M'B' in such a way that the jwint A shall fall at A'. 
Then since arc AB = arc A'B', the ]K)int B will fall at B'. 
Therefore, chord AB will coincide with choi-d A'B'. 

(Ax. 5.) 



Whence, 



chord AB = chord A'B". 



rRoroaiTioN- VII. Theokeh. 



~^■- 



159. In equal circle, or in the same circle, the greater of 
two arcs I's suhteiided fii/ the ijreater chord ; each arc beitig 
less than a semi-circumfereTtee. 





Let AMB and A'M'B' be equal circles. 
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Let arc AB be greater than arc A'B' ; each arc being less 
than a semi-circumference. 

To prove chord AB ^ chord A^B^, 

Let C and C" be the centres of the circles ; and draw AC, 
BC, A'C, and JTC". 
Then in the triangles ABC and A'B'C, 

AC^ A'C\ and BC = B'C, (§ 145.) 

And since arc AB > arc AB', 

/.C>Z.C\ (§ 156.) 

Therefore, chord AB > chord ABf, (§ 89.) 



Proposition VIII. Theorem. 

160. (Converse of Prop. VII.) In equal circles, or in the 
same circle, the greater of two chords subtends the greater 
arc ; each arc being less than a semi-circumference. 





In the equal circles AMB and A'M'B', let chord AB be 
greater than chord AB\ 

To prove arc AB ^ arc A^B '; 

each arc being less than a semi-circumference. 

Let C and C be the centres of the circles; and draw AC, 
BC, AC, and B'C\ 
Then in the triangles ABC and A'B'C, 

AC = AC, and BC = B'G\ 

And by hypothesis, AB > A'B'. 

Therefore, ^ C > Z C\ 

Whence, arc AB > arc A'B\ 



(§ 145.) 



(§90.) 
(§ 156.) 
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16L ScH. If each arc is yreater thau a semi-circum- 
ference, the greater arc is subtended by the less chord; 
and conversely tlie greater chord subtends the less are. 

Proposition IX. Theorem. 

162- The diameter perpendicular to a chord bhsfts the 
chord and its subtended ares. 




In the circle ADB, let the diameter CD be perpendicular 
to the chord Alt. 

To prove tluat CD bisects AB, and the arcs ACB and 
ADB. 

Let be the centre of the circle, and draw OA and OB. 

Then, OA = OB. (S 143.) 

Hence, the triangle OAB is isosceles. 

Therefore, CD bisects AB, and the angle AOB. (§ 92.) 

Whence, Z AOC=Z BOC. 

Therefore, arc ^C = are BC. (g 154.) 

But, arc CAD = arc VBD. {% 152.) 

Whence, 

are CAD — arc ^(7 = arc CBD — arc BC. 

That Ih, arc AD = are BD. 

Hence, CD bisects AB, and the arcs ACB and ADP. 

163. CoK. The perpendi<:iil"r emrtiil at the middle jmint 
of a chord passes fhroiii/h the rriitre of the circle, and bisa-ta 
the arcs aubfendeil bij the vhiinl. 

l' ■ - 
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EXERCISES. 

3. The diameter which bisects a chord is perpendicular to it and 
bisects its subtended arcs. 

4. The diameter which bisects an arc bisects its chord at right 
angles. 

5. The straight line which bisects the arcs subtended by a chord 
bisects the chord at right angles. 

6. The straight line which bisects a chord and its subtended arc 
is perpendicular to the chonl. 

7. The perpendiculars to the sides of an inscribed quadrilateral at 
their middle points meet in a common point. ^ 

Proposition X. Theorem. 

164. In the savie circle, or in equal circles ^ equal chords 
are equally distant from the centre. 




Let AB and CI) be equal chords of the circle ABB. 

To prove AB and CD equally distant from the centre 0. 

Draw OE and OF perpendicula-r to AB and CD, re- 
spectively, and draw OA and DC. 

Then E is the nuddle point of AB, and F oi CD. (§ 162.) 
Now in the right triangles OAE and OCFj 

AE =. CF, 
being halves of equal chords. 
Also, OA - OC (§ 143.) 

Therefore, A OAE = A OCF. (§ 88.) 

Whence, OE = OF. (§ 66.) 

Then AB and CD are equally distant from O. 
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Fbofosition XI. Theorem, 

165- (Converse of Prop. X.) In the game circle, or in equal 
circles, chords equalli/ distant from the centre are equal. 




Let be the centre of the circle ABD\ and draw OE 
and 07*" perpendicular to AB and CD, respectively. 

To prove that if OE = OF, chord AJ} = chord CD. 

Di-aw OA BJid OC; then in the right triangles OAJS and 
OCF, 



OA = OC. 



a 143.) 



And by hypothesis, OF = OF. 
Therefore,- ^OAK = AOCF. . (5 88.) 

Whence, AE = CF. (S 66.) 

Hut E is the middle jioint of Ali, and F of CD. (§ 162.) ' 
Therefore, 2AE = 2 CF, or AB = CD. 

Proposition XII. Thf.orp.h. 



166- Tn the game circle, 
chords is at the grentei 



in eqttal circlefi, the less of two 
■efnim the centre. 




In the circle ABD, let chord AB he less than chord CD, 
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Draw OF and OG perpendicular to AB and CZ>, respec- 
tively. 

To prove 0F> OG, 

Since chord AB < chord CD, arc AB < arc CD, (§ 160.) 
Lay off arc CE = arc AB, and draw CE, 

Then, chord CE = c hord ^g. ^158.) 

Draw OH perpendicular to CE, intersecting CD at K, 

Then >— -^^ = ^^- (^ ^^^•) 

But, . / ^Jf > OA'. 

And, / ^^^K > Oj; (§ 45.) 

Whence, C[IL/^\\a equal ^^^/^s greatekthan OG, 



Proposition XIIL Theore: 

'167. (Coilverse of Frop. XIT.) In the sa\e circle, or in 
equal dirclesXif two Jbhords are unequally dls^nt from the 
centre^ the vi(\e renwte is the less. 



E\ 



ii 



O 



In the circle ABD, let chord AB he 
the centre than chord CD. 

To prove chord AB < chord 

Draw OG and OH perjiendicula/ to AB and CD, respec- 
tively, and on OG lay off OK — 

Through K draw the chord Ef perpendicular to OK, 
Then, c^iord EF = chord CD, (§ 165.) 

Now, chord AB is parallel to chord EB\ (§ ^.) 

\Vhence, arc ^^ < arc EF, 

Therefore, chord AB < chord EF. (§ 159.) 

Whence, chord AB < chord CD, 




remote from 
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Case II. When both lines are secants. 




In the circle AJiD, let AB and CD be parallel secants. 
To prove arc ^ C = arc liD. 

Draw EF parallel to AB, taugeut to tlie circle at G. 
Then £F is pavallel to CD. (§ 65.) 

Now, arc AC = arc BG, 

and are CG = arc DG. (§ 172, Case I.) 

Subtracting, we have 

arc AC = arc BD. 

Case III. When both lines are tangents. 




In the circle EF, let the lines AB and CD be parallel, 
and tangent to the circle at E and F, respectively. 

To prove arc EGF = arc EHF. 

Draw the secant OH parallel to AB. 

Then GH is par;ill,'l to CD. 

Now, arc EG = arc EH, 

and arc T^G = arc FII. 

Adding, we liavf arc EGF = arc EIIF. 



a 56.) 

(5 1T2, Case I.) 
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173- CoK. The straight Vine joining the points of contact 
of two parallel tangents is a diameter. 



1'boposition XVII. Theorem. 



174. The two tangents to a 



rclefrom an outsidepoint a 




Let AB and AC be tangent at the points B and C, re- 
Bjwctively, to the circle wliose eeuti-e is 0. 

To prove AB = AC. 

Draw OA, on, and OC. 

Then OB and OC are perpendicular to AB and AC, 
respectively. (S 170.) 

Now in the right triangles OAB and OAC, OA is eonunon. 

Also, OB = OC. (U43.} 

Therefore, AOAB=AOAC. (S 8«.) 

Wlience, AB =-A C. (S 0(5.) 

175- Coa. From the equal triangles O^Band OAC, we 
have 

Z OAB = Z OAC, and Z AOB = Z AOC. 

That is, the line Joining the centre nf a circle to the jwint 
of intersection of tivi tungents. bisrcts the angle Miceen /he 
tangents, and also bisects t/ie angle between the radii drawn 
to thejMints nf contact. Vx- 

Ex. 10. The straight Vmp. dntun from t]i<' centre of a circle to 
the point of intersection (if two langcuts biscets at right angles 
the chord joining their points of c 



4- 
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PROi'osiTios XVIII. Theorem. 



176. If two cimtinf'-i-miirx intersect, the slraiffht line Join- 
ing their centres biserta their common chord at right angles. 




Ijet and (7 I»e the centres of two drclrs whose oircum- 
fetences intersect at A and IS; and draw Oty and AB. 
To prove that 0(y bisects AB at riglit angles. 
The point is equally distiint from A and B. (§ 143.) 
In like manner, (/ is equally distant from A and B. 
Therefore, Off bisects AB at right angles. (§ 43.) 

Proposition XIX. Theorem. 

X77. If tiro rirr/i-s are tangent to each other, the utrnight 
line joinivg their centres passes t/irough t/ieir puint of contact. 




Let and (7 \>e the centres of two circles, which are 
tangent to the straight line A II at A (S IS**). 

To iin>vi! that the stmight Hue joining O and </ passes 
through A. 

Draw the ladii OA and ffA. 
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Then OA and O'vl are ]tcTi>endi«ular to AB. (S 170.) 

Hpiiec, OA anil O'A He in the same straight line. (§ 38.) 
But only one straight line can be drawn between and (/, 
(Ax. 5.) 
Therefore, the straiglit line joining and 0' passes 
through A. 

EXERCISES. 

11. If the inscribed and circumscribed circles of a irituigle are 
concenlric, prove that the triangle is eiiuilateral. ( ( t S" ' 

12. Two intersecting clionls wtiich make equal angles wltb the 
diameter passing through their point of intersection are equal. 
(5 105.) 

13. In an inscribed trapezoid, the non-parallel sides are equal, 
and also the diagonals. (§158.) V\~l'^ 

14. It An and ./tr are tlie tangents from the i)olnt..l to the circle 
whose centre is O, prove that Z JivlC = 2 Z OIW. (Sv^) I^'TS^ 

ON MEASUREMENT. '^^^'^ 

178- Ratio is the relation with respect to magnitude 
wliic^li one qniintity boars to another of the same kind; 
and is expressed by writing the first quantity as the nume- 
rator, and the second as the denominator, ()f a fraction. 

ITiiis, if a and 6 are fiuantities of the same kind, the 
ratio of a to 6 is expiTssed j ; it may also be expressed a : b. 

179. A geonietrieal magnitude is menstired by finding its 
ratio to another magnitude of the same kind, called the 

Tims, the measure of the line AJi, A' ' ' ' 'b 

referred to the line CD as the unit, 

is^^ <^'^^ 

CI) 

If the quotient can be obtained exaetly as an integer or 
traction, the result is called the numerical measure of the 
given magnitude. 

Thus, if CD is contained 4 tiiunH in AB,t]\e numerical 
measui-e of AB, with respect to CD as the unit, is 4. 
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180. Two geometrical maguitudea of the. same kind are 
said to be commensurable wlien there 

is another magnitude of the same 'a} ' ^ — ' 'B 

kind which is contained an integral 

number of times in each. C' ' ' ' D 

Thus, if the line EF is contained 

4 times in the line AB, and 3 times E' 'f 

in the line CD, AB and CD are 
commeitsurable. 

Again, two lines whose lengths are 2j Inches and S| inches 
are commensurable ; for the unit of measure ^ inch is con- 
tained an integral number of times in each ; i:e., 55 times 
in the first line, and 76 times in the second. 

ISL Two geometrical magnitudes of the same kind are 
said to be incommensurable when no magnitude of the same 
kind can be found which is contained an integral number 
of times in each. 

For example, let AB and CD be two lines such that 

CD 

Since the value of y/2 can only be obtained approxi- 
mately as a decimiil, it is evident that no line, however 
small, can be found which is contained an integral number 
of times in each line. 

Then All and CD arn incommensurable. 

182. Although a magnitude which ia incommensurable 
with respect to tlie unit has. strictly S]>eakitig, no numerical 
measure (§ 179), still if CD is the unit of measure, and 
~y = V2, we shall speak of V2 as the numerical meas- 
ure of AB. 

163- It is evident from the above that the ratio of .two 
magnitudes of tlie same kind, whether commensurable or 
incommensurable, ia e(iual to the ratio of their numerical 
measures when referred to a common unit. 
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THE METHOD OF LIMITS. 



184. A variable quantity, or simply a variable, ia a. quan- 
ti^ wb,ich mav aaaume, under tlie conditions imposed upon 
it, an indefinitely great uumber of different values. 

185- A eonttant is a quantity whicli remains unchanged 
througliout the same discussion. 

185. A limit of a variable is a constant quantity, the 
difference between which and the variable may be made 
less than any assigned quantity, however small, without 
ever becoming zero. 

In other words, a limit of a variable is a fixed quantity 
which the variable may approach as near as we please, but 
cau never actually reach. 

The variable is said to approach its limit 

187. Suppose, for example, that a point moves from A 
towards B under the condition that ^ c D E B 

it shall move, during successive equal ' ■ - i ■ i ' 

intervals of time, first from ^ to C, half-way from A to B; 
then HR D, half-way from C to i* ; then to A", half-way from 
Z> to B; and so on indefinitely. 

In this case, the distance from A to the moving point is a 
. variable which approaches the constant value AB as a limit; 
for the distance between the moving jxiiut and B can be 
made less than any assigned quantity, however small, but 
cannot be made actually equal to zero. 

Again, the distance from B to the moving point is a vari- 
able which approaches the limit 0. 

As another illustration, consider the series 

where each term after the first is one-half the preceding. 

In this case, by taking terms enough, the last tenn may 
be made less than any assigned number, however small, but 
cannot be made actually equal to 0. 
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Then, the last term of the series is a variable which 
approaches the limit when the number of terms ia in- 
definitely increased. 

Again, the siun-of the first two terms is IJj 
the sum of the first three terms 'j Ij ; 
the sum of the first four terms is Ij ; etc. 

In this case, by taking terms enough, tlie sum of the 
terms may be made to differ from 2 by less tlian any as- 
sign<>d number, however small, but cannot be nuide actually 
equal to 2. 

Then, the sum of the terras of tlie series is a variable 
which approaches tlic limit 2 wlien tlie number of terms 
is indefinitely increased. 

188- The TiiKoitKM OF Limits. If tiro variables are 
always equal, and e<ick approaefieg a limit, tlie limits are 



Let AM and A'M' be two variables, which are always 
equal, and approach tlie limits AB and A'Jf, respectively. 

To prove AB = A'B". 

If possible, let AB be greater than A'B", and lay off 
AC = A'B'. 

Then tlie variable A3I may assume values between AC 
and AB, while the variable A'M' is i-estrieted to values less 
tlian AC; whii'h is pontrary to the hypothesis tliat the 
Tarial)lt's are always <'i|ual. 

Henee, AB canm.t lie nn'atiT than J7f. 

Ill like uianncr, it may Iil- proved that AB cannot be less 
than A'ir. 

Tlierefore, AB = A'B'. 
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MEASUREUEM' OP ANGLES. 

PKOrosiTioN XX. Theorem. 

Iftg In the same circle, or in equal circles, two central 
angles are in the same ratio as their intercepted arcs. 



Case I. When tlie a 



e commensurable (§ 180). 




In the circle ABC, let AOB and BOC be central angles, 
intercepting the commensurable arcs AB and BC, respec- 
tively. 

Z AOB ^ arc AB 

ZBOC arcBC" 



To prove 



Let AJ) be a common measure of the arcs AB and BC; 
and supjKise it to be contained 4 times in AB, and 3 times 
inBC. 



Then, 



arc BC 3 ' 

Drawing radii to the several points of division, Z AOB 

will be divided into 4 parts, and Z BOC into 3 {mrts, all of 

which parts will be equal. (S 155.) 

ZAOB _i 

Z BOC 3 ■ 

From (1) and (2), we have 

Z AOB ^ arc AH 
ZBOC arc/fC' 



Whence, 



(2) 



(Ax.l,) 
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Case II, When the arcs are incomm^nsuToble (§ 181). 




In the circle ABC, let AOB and BOC be central angles, 
intercepting the incommensurable arcs AB and BC, respec- 
tively. 

Z.AOB ^sacAB 

ZBOC~ ntcBC' 



To prove 



Let tbe arc AB be divided into any number of equal 
parts, and let one of these parts be apjilied to the arc BC 
as a measure. 

Since AB and BC are incommensurable, a certain num- 
ber of tlie parts will extend from B to C, leaving a 
remainder CC" less than one of the par^s. 

Draw OC. 

Tlien since tbe arcs AB and BC are commensurable, we 



ZAOB 



aAB 

ZBOC areBC' 



J9, Case I.) 



Now let the number of subdivisions of tbe arc AB be 
indetinitely increased. 

Then the length of each part will be indefinitely dimin- 
ished ; and the remainder CC, being always less than one 
of the parts, will approach the limit 0. 



Th 



-—; will approach the limit 



A AOB 
ZBOC 
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Now, ^^^ and Hi^ are two variables which are 
Z hoc arc BC 

always equal, and approach the limits and ^^ , 

■espectively. " ^«"<^ ""'"^ 

By the Theorem of Limits, these limits are equal. (S 188.) 

Thei^fore, ^AOR ^^^^AB 

/.BOC arcJiC 

190. ScH. The usual unit of measure for arcs is the 
degree, which is the ninetieth jiart of a quadrant (§ 14C). 

The degree of arc is divided into sixty equal parts, 
called minutes, and the minute into sixty eqnal parts, 
called seconds. 

If the sum of two arcs is a quadrant, or 90°, one is called 
the complement of the other; if their sum is a semi-circum- 
ference, or 180°, one is called the supplement of tJie other. 

191. Cor. I. Hy § 154, equal neutral angles, in the same 
circle, intercept equal arcs on the circumference. 

Hence, if the angular magnitude about the centre of a 
circle be divided into four equal parts, each part will inter- 
cept one-fourth of tlie circumfei-enee ; that is, 

A right een/ral angle intercepts a quadrant on the eireuvi- 
ferenc.. 

192. Cor. II. By § 189, a central angle of n degrees 
bears the same ratio to a right central angle as its inter- 
ceptetl arc bears to a (pnidrant. 

But a central angle of « degrees is "^ of a right central 
angle. 

Hence, its intercepted arc is ,„ of a quadrant, or an arc 
of n deKrees. 

The alKJve i>rinciple is usnally expressed as follows : 

A central angle ix measured hij its intercepted arc. 

This means simply that the number of degrees in the 
angle is equal t« the numbi-r of degrees in its intercepted 
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I'rop 



XXI. Theorem. 

! M ineaaured by one-half Us 



193- An inscribed anijh 
intercepted arc. 

Case I. When one aide of the angle is a diameter. 




Let AC be a diamotf r, and AB a. chord, of the circle ABC. 
To prove that Z.BAC is measured by \ arc DC. 

Draw the radius OB ; then, OA = OB. (§ 14;;.) 

Whence, ZB=ZA. (§91.) 

Hut, ZJiOC=ZA+ZJl. (§83,1.) 

Therefore, Z BOC =2ZA,oi ZA = i/. JiOC. 
But, / BOC is measured by arc BC. (§ 192.) 

Whence, Z A i» measured by ^ arc BC. 



Cask II. IHicn the centre ii within the. angle. 




Let AD be a dianietor of the circle ABC. 
To prove that tlie inscribed angle BAC i; 
4 arc BC. 
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Now, Z BAD is measured by i are BP, 

and Z CAD is measured by J arc CD. 

(§ 193, Case I.) 

Therefore, the sum of the angles BAD and CAD is meas- 
ured by one-half the sum of the arcs BD aud CD. 

Hence, Z BAC is measured by } arc BC. 

Case III, JfAew iAe centre is without the angle. 




Let AD be a diameter of the circle ABC. 

To prove that the inscribed angle BAC is measured by 
) arc BC. 

Now, Z J?v<i> is measured by \ arc BD, 

and Z C-Ji* is measured by \ are CZ). 

(S 193, Case I.) 

Therefore, tlie difference of tlie angles BAD and CAD is 
measured by one-half the differeni-e of the arcs BD and CD. 

Hence, Z BAC is measured by \, arc BC. 

194. ScH. As explained in $ 192, this proposition means 
simply that the number of degrees in an inscribed angle is 
one-half the numtier of degrees in its intercepted arc, 

19& Cult. I. All angles inserUied in the 
name sfginent are ej/nril. 

Thus, if th« Jinnies A, B, and C ai'e 
ins(;ril)e(l in the segment ADK, then eath 
angle is measured by ^ arc DK. (g 193.) 

Whence, ZA=kB=ZC. 
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angle itucrUted in a iemieircle i 



196. Cor. II. 
right angle. 

Let BC be a diameter of the circle 
ABD, and BAC an angle inscribed in 
the aeiuicircle ABC. 

To prove BAC a right angle. 

ABAC is measured by \ arc BDC. 

(§ 193.) 

But, J arc BDC is a quadrant 

Whence, Z BAC is a right angle. 

Proposition XXII. Theoiikm. 

197. The angle between a tangetit and a chord is 
vred by one-half its intenepled arc. 




^ f 




Let AE be tangent to tlie circle BCI> at B, «nd let BC 
be a chord. 

To prove that Z ABC is measured by J arc BC. 

Draw the dianietPr BD. 

Then BD is perpendicular to AE. (S 170.) 

Now since a right angle is measured by one-half a semi- 
circumference, 

Z ABD is measTired by i arc BCD. 

Also. Z C/f7> is measured by I arc CD. (§ 193.) 

l-Tence, 
Z ABD—/. CBD is measnred by i (arc .BCi> — arc CD). 

That is, Z^5C is measured by i arc 5C. 

In like manner, Z .^.fiC is measured by \ arc BDC. 
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Proposition XXIII. Theoreu. 

19ft Tlie angle between two chords, intersecting toithm 
the circttviference, is measured by one-half the sum. of itt 
intercepted are, and the arc intercepted by its vertical angle. 




In the circle ABC, let the chords AB and CD intersect 
sAK 
To prove that 

Z AEC is measured by i (arc AC -r arc BD). 

Draw BC. 

Then, Z AEC = Z B + Z C. (§83, 1.) 

But, Z J? is measured by ^ aie AC, 

and Z C is measured by J arc BD. (§ 193.) 

Whence, 

Z AEC is measured hy ^ (arc ^iC + arc BU). 

EXERCISES. 

15. If, In the flgure of g lD-'>, tbe arc DE Is ^ of the circumfer- 
ence, how many degrees are there in the angle A ? 

16. If, In the figure of g 197, arc BC = 107°, how many degrees 
are there in the angles ABC and EBC? 



la If, in the above fignre, arc AD = 04°, and ^ AEC =■ 51°, how 
many degree* are there in tlie arc BC? 

19. Prove Prop. XXTI. by drawing a radius perpendicular to BC. 
30. Prove Prop. XXIll. by drawing through B a chotd pantUel 
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Proposition XXIV. Theorem. 

199, The angle between two secants, intersecting without 
the circumference, is measured by one-half the difference of 
the intercepted arcs. 




In the circle ABC, let the secants AK and CE inter- 
sect the circumference in the points A and B, and C and D, 
respectively. 

To prove that A E is measured by ^ (arc AC — arc BD). 

Draw BC. 

Then, Z ABC = Z E + Z C. 

Whence, ZE=Z ABC ~ Z C. 

But, Z ABC is measured by ^ arc AG, 
and Z C\» measured by ^ arc BD. 

Wlience, Z E is measured by J (arc AC - 



(§ 83, 1.) 



(S 193.) 
- arc BD). 



EXERCISES. 

21. If, in the above figure, th« ores AC and BI) »re respectively 
two-nlntlis (inrl oiie-sixtt^entli of tlie circumferenee, how many de- 
greea ar« there In the angle E ? 

22. If. In Ibe above Kmire, nrc JC= lir, and Z C= 14», how 
many <1e];rees are then- in the anslt' B? 

23. If, ill the aliove fiRure, A C Is a quadrant, and Z B= 39", how 
many dcgreea are there In the arc HI)? 

24. Prove Prop. XXIY. by drawing through Jl a chonl parallel 
to CD. 
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Proposition XXV. Tiieokbm. 

aOO' The ungle hntwetfii a semni and a tant/ent is meat- 
ured by one-half the difference of the intercepted area. 




Let AE be tangent to the circle BDC at B; and let SO 
be a secant, intersecting the civciiiuference in the points 
C and D. 

To prove that 

Z E is inejisnred by i (arc DFC — arc BD). 

DrawiiC. 

Then, Z ABC = Z E + Z C. 

Whence, ZE=Z ABC — Z C. 

But, Z ABC ia measured by i arc BFC. 

And, Z C is raeasuied by J are BI>. 

Whence, Z ^ is measured by ^ (arc BFC - 



(§ 83, 1.) 



C§ 197.) 
(S i93.) 
re BJ)). 



EXERCISES. 
. If, In llie above figure, »rc BFC= 107°, and a 



C CD = 75", 
how many degrees are there in the angle £? 

26. If, In the above figure, Z K = r<f, ami the arc B D ia one-Bfth 
of the elrciunte pence, how many degrees are there In the are BFCt 

27. Prove Prop. XXV. by drawing through D a chord parallel 



5»»u.^ 



) AE. 



B. If two ehorJs iiilcrnect at right angles within the circumtet^ 
i of a circle, the num of the oppocite Intercepted arcs fs equal to 
m i-ci rcumf eren ec. 



^^^^^^^^^p ^>6^ ^^g 
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Pboposition XXVI. Theoreh. 

201. The angle between two tangents it measured by one- 
half the difference of the intercepted area. 




Let AE and CE be tangent to the circle BDF at B and 
D, respectively. 

To prove that 

Z £ is measured by ^ (arc BFD — arc BGD). 

Dia.w BJ). 

Then, Z ABD= Z E + ^ BDE. (§83,1) 

Wlience, ZE = Z ABB - Z BDE. 

But, Z ABB ia measured by \ arc BED, 

and Z BBE is measured by i arc BGB. (§ 197.) 

Whence, 

ZE'\s measured by \ (arc BED — arc BGB). 

202. CoK. We have from the above figure, 
i (arc 3f/» — arcs GD) 

= ^ (3«0° — arc BGB — arc SGD) 

= ^{360° — 2arcSGi>) 

= 180" — arc BGB. 
Then, .^ ^ is measured by 180° — arc BGB. 
Hence, tlie angle between two tangents is measured by the 
supplement of the smaller of the two intercepted area. 
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EXERCISES. 



29. If, in the figure of S 201, the arc BFD ia thirtAen-tixleentha 
of the circumference, how many degrees ftt« there in the angle E ? 

30. If AB and AC are two chorda of a circle ?"B''lng equal angles- 
with the Ungent at A, prove that AB = AC. 

31. From a given point within a circle and not coincident with 
the centre, not more than two equal atralght lines can be dnim t« 
the circiuiifereace. (S ltl8.) 

32. The sum of two opposite sides of a circumscribed quadri- 
lateral is equal to the sum of the other two sides. (5 174.) 

33. In a circumscribed trapezoid, the straight line joining the 
middle points of the non-parallel sides Is equal to one-fourth the 
perimeter of the trapezoid, (g 132.) 

34. If the opposite sides of a circumscribed quadrilateral are 
parallel, the figure is a rhombus or a square, 

35. If tangents be drawn to a circle at the extremities of any 
pair of diameters which are not perpendicular to each other, the 
figure formed is a rhombus. 

36. If the angles of a circumscribed quadrilateral are right angles, 
(he figure is a square. 

37. If two circles are tangent to each other at the point A, the 
tangents to them from any point In the common tangent which 
passes through A are equal, (g 174.) 

38. If two circles are lai^nt to each other externally at the 
point A, the common tangent which passes through A bisects the 
other two common tangents. 

39. The bisector of the angle between two tangents to a circle 
passes through the centre. 

40. The blsecU>rs of the angles of a circumscribed quadrilateral 
pass through a common point. 

41. If AB is one of the non-parallel sides of a trapezoid circum- 
scribed about a circle whose centre is C, prove thai ACB is a right 
angle. 

43. Three consecutive sides of an Inscribed quadrilateral subtend 
arcs of S2°, W, and 07° respectively. Find each angle of the quad- 
rilateral in degrees, and the angle between its diagonals. 

43. An angle inscribed in a segment greater than a semicircle Is 
acute ; and an angle inscribed in a segment less than a eemicircle 
is obtiue. 
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44. The opposite angles o( an Inscribed quadrilateral arc supple- 
mentarj. 

45. Prove Prop. VI. by droning radii to the extremities of the 
chords. 

46. Prove the theorem of | 168 by drawing radii to the extremi- 
ties of the chord. 

47. Prove the theorem of § 202 by drawing radii to the points of 
contact of the tangents. 

48. Prove Prop. XIII. by RedacUo ad Abnurdum. 

49. If any number of angles are inaeribcd In the same segment, 
their bisectors pass through a common point. (§ 1D8.) 

50. Two chords perpendicular to a third chord at its extremities 

51. If two opposite sides of an inscribed quadrilateral are equal 
and parallel, the figure is a rectangle. 

52. If the diagonals of an inscribed quadrilateral intersect at the 
centre of the circle, the figure is a rectangle. 

53. The circle described on one of the equal aides of an isosceles 
triangle as a diameter, bisects the base. (§ 100. ) 

54. It a tangent be drawn to a circle at the extremity of a chord, 
the middle point of the subtendeil arc Is equally distant from the 
chord and from the tangent. 

55. If the sides All, HC, and CD of an inscribed quadrilateral 
subtend arcs of IHI", lOd", and 7H° respectively, and tlie 3L<icH HA 
and CD produceil meet at E, and the aides A J> and IIC at F, lind 
the number ot degrees in the angles AA'D and AFH. 

56. If O Is the centre ol the circumscribed circle of a triangle 
ABC, and OD Is drawn perpendicular to BC, prove thai 

Z BOD = ZA. 

57. If D, E, and F are the points of contact of the sides AB, 
BC, and CA of a triangle circmnscrlbed about a circle, prove that 

ZDEF^WP — iA. 

58. If the Bides A B and BC of an inscribed quadrilateral A BCD 
subtend arcs of mV and 112«, and tlic angle AED Iw-twepn the 
diagonals is 87°, how many [iegrees are there in each angle of the 
quadrilateral ? 

59. If any nimiber of parallel chords be draivn in a circle, their 
middle points lie in the lunie slraiijlit line. 

GO. What is the locus of the middle points of a system of parallel 
chords in a circle ? 
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61. Wbat is the locus of the mlJille po^^^f » system o[ chords 
of given length in a circle ? 

62. It two circles are tangent to each other, any straight line 
drawn througli their point of contact subtends arcs of the same 
number of degrees on their circmnferences. (§ 197.) 

63. If a straight line he drawn through tlie point of contact of two 
circles which are tangent to each other, terminating in their circum- 
ferences, the radii drawn to its extremities are parallel. 

64. It a straight line be drawn through the point of contact of two 
circles which are tangent to each other, terminating in their circum- 
ferences, the tangeutsat its extremities are parallel. 

65. If the sides AB and DC of an inscribed qDsdrilaterai be 
produced to meet at E, prove that the triangles ACE and BDE, 
and also the triangles ADE and BCE, are mutually equiangular. 

66. The sum of the angles subtended at the centre of a circle by 
two opposite sides of a circumscribed ijuadrl lateral is equal to two 
right angles. 

67. If a circle be described on the radius of another circle as a 
diameter, any chord ot tlic greater passing tiirough the point of 
contact of the circles is biscctcil by the circumference of the smaller, 

6a If a circle Is inscribed in a right triangle, the sum of Its 
diameter and tlie hypotenuse is equal lo Ihe sum ot the legs. 

69. It the sides AB and CD ot a quadrilateral inscribed in a circle 
make equal angles with the diameter passing through their point of 
intersection, prove that AB = CD. (S 185.) 

70. It the angles A, B, and C ot a circumscribed quadrilateral 
ABCn are 1^8°, or, and ll^", and the sides AB, BC, CD, and DA 
are tangent to the circle at the points E, F, G, and //, find the 
number of degrees in each angle of the quadrilateral EFGU. 

71. The least choni which can be drawn tiirough a given point 
within a circle is perpendicular to the diameter passing through 
that point, (g lUS.) 

72. If I), E, and F are the middle points of the area subtended 
by the sides AB, BC, and CA of an inscribed triangle, prove that 
the sum of the angles ADB, BEC, and CFA Is equal to four right 
angles. 

Note. For additional exercises on Boole II., see p. 222. 
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'RCpRms 



dieular to that line. 



PRCpBEMS IN CONSTRUCTION. 
Proposition XXVII. Problku. 

1 point in a straight line to erect t 



Firtt Mothod. 



>^: 



Let C be the given point in the straight line AB. 

To erect a perpendiculai- to AB at C 

Lay off the equal distances CD and CE. 

With D and B as centres, and with equal radii, describe 
ires intersecting at F, and dra^ CF. 

Then CF is perpendicular to AB at C. 

For since C and F are each equally distant from D and 
B, CF is perpendicular to Z>A' at its middle point (§ 43.) 

Second Method. 



Let C be tlie given point in the straight line AB. 
To erect a perpendicular to AB at C. 
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With any point 0, without the Un^v, as a centre, and 
the distance OC as a radius, describe ^^'^I'^^^'^ii'^^ inter- 
secting AB at C and D. 

Draw the diameter I>B; also, draw CE. 

Then CE is perpendicular to AB at C. 

For ^DCE, being inscribed in a semicircle, is a right 
angle. (§ 196.) 

Whence, CE is perpendicular to CD- 

NoTE. The second method of construction is preferable when the 
given point is near the end of the line. 



Proposition XXVIII. Problem. 

204. From a given point without a strair/ht line to draw 
a perpendicular to that line. 



x/ 



dV,. 



/^ 



Let C be the given point without the straight line AB. 

To draw a perpendicular from C to AB. 

With C as a centre, and with any convenient radius, 
describe an arc intersecting AB at D and E. 

With D and E as centres, and with equal radii, describe 
arcs intersecting at F, and draw CF. 

Then CF is perpendicular to AB. 

For since C and F are each equally distant from D and 
B, CF is perpendicular to DE at its middle point. (§ 43.) 



Ex. 73. Given the base and altitude of a 
cooitruct the triangle. 



Isosceles triangle, to 
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1'rOI^^TION XXIX. I'RObLEM. 

205. To bisect a given straight line. 



X 



Let AH be tlie given straight line. 

To bisect AB. 

With A and B as (^litres, and with oqiial radii, describe 
arcs intersecting at C and 7>. 

Di-aw CD intersecting A/t at K 

Then E is the middle pi.int ot Ali. 

For since G and D arc cacli (■iinally distant from A and 
B, CD is [leriiendicuhir to Ali at its middic ])oitit. {§ 43.) 

pKorosiTiox XXX. 1'roblem. 
206- To bisect a ijieen iiiv. 

V6 



Let AB be the given arc. 
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To bisect the are AB. 

With A and B as centres, and with* equal radii, describe 
ares intersectiug at C and Z). 

Draw CD intersecting the arc AB at E. 

Then K is the middle point of the ai-c AB. 

For, draw the chord AB. 

Then CD is perpendicular to the chord AB at its middle 
point (S 43.) 

Whence, CD bisects the arc AB. (S 103.) 



Proposition XXXI. Problem. 
207. To bisect a given angh. 




Let AOn be the given angle. 

To bisect ^ AOB. 

With as a centre, and with any convenient radius, 
describe an arc intersecting OA at C, and OH at D. 

With C and D as centres, and with equal radii, describe 
ares intersecting at E ; and draw OE. 

Then OE bisects A AOB. 

For since and B are each equally distant from C and i>, 
Off bisects the arc CD at F. (§ 2()(>.) 

Whence, Z COF = Z DOF. (S 155.) 

That is, OE bisects Z /i05. 

206- ScH, By rei)etitions of the above construction, an 
angle may be divided into 4, 8, 16, etc., equal parts. 
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Pbopobition XXXII. Problem. 

209. WUk a given vertex and a given aide, to conttruct an 
angle equal to a given angle. 




Let be the given vertex, OA the given side, and O* the 
given angle. 

To construct, with as a vertex and OA as a side, an 
angle equal to &. 

With ty as a centre, and with any convenient radius, 
describe an arc intersecting the sides of the angle At C 
and D. 

With O as a centre, and with the same radius, describe 
the indefinite arc AE. 

With ^ as a centre, and with a radius equal to the chord 
CD, describe an arc intersecting the are AE at B; and 
draw OB. 

Then, Z AOR = Z a. 

For by constniction, the chords of the arcs A£ and CD 
are equal. 

Whence, arc AB = arc CD. (5 157.) 

Therefore, Z AOB = Zff. (S 155.) 



EXERCISES. 
iQ equilateral triangle, t 



construct the 



74. Given a side of 

75. Given an an^le, to construct iti complement. 

76. Given an angle, to construct its supplement. 

77. To eonslnict an angle of 60^ (Ex. 74); of 30°; of 120=; of 150°. 
7a To construct an angle of 45" ; of 135" ; of 22*"* ; of 671°. 
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Propobitioit XXXIII. Problem. 
210. Given two angles of a triangle, tojind the third. 



Let A and B be two angles of a triangle. 

To find the third angle. 

Draw the indefinite straight line CD; and at any point 
E construct Z DAF ^ Z A, and ^ FEG =ZB(% 209). 

Then CEG is tlie required angle. 

For if two angles of a triangle are given, the third angle 
may be found by subtracting their sum from two right 
angles. ($ 82.) 

Proposition XXXIV. Problem. 

211. Through a ginen point without a given straight line, 
to draw a parallel to the line. 



Let C be the given point without the straight line AB. 
To draw through C a parallel to AB. 
Through C draw any line EF, meeting AB at E. 
Construct Z FCI> = L CEB (§ 209). 
Then CD is parallel to AB. 

For since AB and CD are cut by EF, making the corre- 
sponding angles equal, AB and CD are parallel. (g 70.) 
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Proposition XXXV, Problbh. 

212. Given two sides and the included angle of a triangle, 
to construct the triangle. 




Let m aud » be the given aides, and A' their included 
ai^le. 

To construct the triangle. 

Draw the straight line AB equal to tb. 

Construct Z BAD = Z A'. 

On AD take AC = n, and draw BC. 

Then ABC is the required triangle. 



Pkoposition XXXVl. Problem. 

213- Given a nitie and two adjacent attgli 
!o construct tite triangle. 




li^tmlte the given side, and .^' and A' its adjacent angles. 

To construct tlie triangle. 

Draw the straij^ht line AB equal to ra. 

Construct Z BAD = Z A',s.iid Z ABE = ZS. 

Let AD and BE intei-sei-t at C. 

nien ABC is the required triangle. 
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214. ScH. I. If a side and ani/ two angles of a triangle 
are given, the third angle may be found by § 210, and the 
triangle may then be constructed as in § 213. 

215- Sen. II. The problem is impossible when the sum 
of the given angles is equal to, or gi-eater than, two right 
angles. (S 82.) 

Proposition XXXVII, Problem. 

22fi. Given the three sides of a triangle, to ctmttrud the 
trianifle. 




Let in, n, and p be the given sides. 

To construct tlie triangle. 

Draw the straight line AB equal to m. 

With ^ as a centre, and with a radius equal to n, desciibe 
an arc; with .B as a centre, and with a radius equal to p, 
describe an arc intersecting the former are at C. 

Drawee andflC. 

Then ABC is the required triangle. 

217. ScH. The problem is impossible when one of the 

given sides is equal to, or greater than, the sum of the 

other two. {S 61.) 

EXERCISES. 

79. Given one of the equal sld^K anil one of the equal angles of 
an isosceles triangle, to ronBtrnet the triangle. 

80. To tonstniet a right triangle, having given the hypotenuse 
an<l an acute angle. 

81. Through a given i>olnL without » atraighl line to ilruw a line 
making a, given angle with thai line. 
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Proposition XXXVIII. Problem. 

218. Given two sides of a triangle, and the angle opposite 
to one of them, to construct the triangle. 

Let m and n be the given sides, and l^tA.' be the angle 
opposite to n. 

To construct the triangle. 

Construct Z DAE = A A', and on AE take AB = tn. 

With B as a. centre, and with a radius equal to n, de- 
scribe an arc. 

Case I. When A' is ac-ute, and m > n. 

There may be three cases : 

First. The arc may intersect AD in two points, C, and 




C,'- — 



Draw BCt andfiC,. 

There are then two triangles, ABCt and ABC^, either of 
which answers to the given conditions. 
This is called the atrUiigiioits case. 
Second. The arc may be tangent to AD. 
In this case there is but one solution; a right triangle. 

(S 170.) 
Third. The arc may not intersect AD at all. 
In this case the jiroblem is impossible. 

Case II. When A' is ncirte, find m = w. 
In this case, the are intersects AD in two points, one of 
which is A. 
There ia then but one solution j an itoseelet triangle. 
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Case III. When A' is acute, and m 




In this case, the arc intersects AD in two points, (7, and 



But the triangle ABCi doea not answer to the given con- 
ditions, since it does not contain the angle A'. 

Tliere i8 then but one solution ; the triangle ABC^. 

Case IV. JFhen A' is right or obtuse, and m <_n. 
In eacli of these cases, tlie arc intersects AD in two 
points on opjiosite sides of A. 
There is then but one solution. 

219- ScH. If A' is right or obtuse, and m = n or m > n, 
the problem is impossible ; for the side opposite the right or 
obtuse angle in a triangle must be the greatnt side of the 
triangle. (§ 97.) 

The student should cotLStnict the triangle corresponding 
to each of the cases of g 218. 



EXERCISES. 

82. To construct & right triangle, having given ft leg and the 
apposite angle. 

83. Given the base and the vertical angle of an iaoaceles triangle, 
to construct the triangle. 

84. Given the altitude and one of the eijual angles of an isoBcelea 
triangle, to construct the triangle. 

83. Given two diagonals of a parallelogrum and their Included 
angle, to construct the parallelogram. 
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PttorosiTio!) XXXIX. Problem. 

220- Given two sides and the included angle of a paraU 
lelogmm, to construct the parallelogram. 



-sr~ 



Let m and n be the given aides, and A' their included 
angle. 

To construct the parallelogram. 

Draw tlie straight line Ali equal to m. 

Construct Z BAJi = Z A', and on AJS take AD = n. 

With B 33 a centre, and with a radius equal to n, de- 
scribe an arc ; with i> as a centre, and with a radius equal 
to m, describe an arc intersecting the former arc at C. 

Draw BC^ADC. 

Tiien ABCD is the required parallelogram. 

For since, by construction, AB = CD and AD = BC, 
ABCD is a parallelogram. (§108.) 

Proposition XL. Fboblbm. 
221. To inscribe a circle in a gioen triangle. 




Let ABC be the given triangle. 
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To inscribe a circle in ABC. 

Draw AD and BIC biaectiiig tlie angles A and B, respec- 
tively (§ 207); tind from their intersection 0, draw OM 
perpendicular to AB. 

With as a centre, and with OM as a radius, describe a 
circle. 

This circle will be tangent to AB, BC, and CA. 

For is equally distant from AB, BC, and CA. (§ 135.) 



Peoposition XLl. Problem. 
To eireumicrilie a circle about a gioen triangU. 




Let ABC be the given triangle. 

ribe a circle about ABC. 



Draw DF and EG perfjendicular to AB and AC, respec- 
tively, at their middle points (§ 205). 

Ijet DF and EG intersect at 0. 

With as a centre, and OA as a radius, describe a 
oiriMimfeieiice. 

This circumference will pass through the points A, B, 
and C. 

For is equally distant from A, B, and C. (g 137.) 

223- KcH. The above construction serves to describe a 
circumference through three given points not in the same 
straight Hue, or to find tlie centre of a given circumference 
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Proposition XLII. Problem. 

224. To draw a tangent to a circle through a given point 
on the circumference. 




Let A be the given point on the circumference AD. 

To draw through A a tangent to AD. 

Draw the radius OA. 

Through A draw BC perpendicular to OA (§ 203). 

Then BC will be tangent to AD. (§ 169.) 



Proposition XLIII, Problem. 



225. To draw a tangent to a circle through a given point 
without the circle. 




Let A be tlie given point without the circle BC. 
To draw through A a tangent to BC. 
Let be the centre of the circle BC. 
On OA as a diitmeter, describe a circumferenee, cutting 
the given circumference at B and C; and draw AB and AC. 
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Then either AB or AC U tangent to BC. 
For draw OB. 

Then Z ABO, being inscribed in a semicircle, is a right 

angle. (§ 196.) 

Therefore, AB is tangent to BC. (§ 169.) 

Proposition XLIV. Peoblem. 

226. TJ'pvn. a ffiven straight line, to describe a, segment 
which shall contain a given angle. 




Let AB be the given straight line, and A' the given angle. 

To describe a circumference AMBN, such that every 
angle inscribed in the segment AMB shall be equal to A'. 

Construct /LBAC =ZA'. 

Draw DE perpendicular ioAB at its middle point (§ 206), 

Draw AF perpendicular to AC, meeting DE at 0. 

With as a centre, and OA as 3> radius, describe the 
circumference AMBN. 

Then AMB will be the required segment. 

For, let AGB be any angle inscribed in AMB. 

Then, ZAGB is measured by i arc ANB. (§ 193.) 

But AC is-tangent to the circle AMB. (S 169.) 

Whence, Z BAC is measured by i arc ANB. (§ 197.) 

Then, ZAOB= Z BAC = ZA'. 

Hence, every angle inscribed in the segment AMB is 
equal to A. (S 195.) 



V 
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EXERCISES. 

86. Given the middle point of a chord ol a circle, to construct 
the chord. 

87. To circumscribe a circle about a given rectangle. 

88. To draw a line tangent to a given circle and parallel to a 
given Btraight line. 

89. To draw a line tangent to a given circle and perpendicular 
to a given straight line. 

90. Through a given point to <iraw a Btraigbt line forming an 
Isosceles triangle witli two given intersecting lines. 

91. Given the base, an adjacent angle, and the altitude of a tri- 
angle, to construct the triangle. 

92. Given the base, an adjacent side, and the altitude of a tri- 
angle, to construct the Iriangle. 

93. To construct a rhombus, having given Its base and altitude. 

94. Given the altitude and the sides including tlie vertical angle 
of a triangle, to construct the triangle. 

95. Given the altitude of a triangle, and the angles at the ex- 
tremities of the base, to construct the triangle. 

96. Toconstnu-tan isosceles triangle, having given the base and 
the radius of tlie rircnm3cril)ed circle. 

97. To construct a square, having given its diagonal. (§ IM. ) 
98 To construct a right triangle, iiaving given the hypotenuse 

anil the length of the perpendicular drawn to it from the vertex of 
the right angle. 

99. To construct a right triangle, having given the hypotenuse 
and a leg. 

100. Given the base of a triangle and the pcri)endlcular9 from 
Its extremities to the other sides, to construct tlie triangle. 

101. . To describe a circle of given radius tangent to two given 
intersecting lines. 

102. To describe a circle tangent to a given straight line, having 
Its centri! at a given point. 

103. To construct a circle having its centre in a given line, and 
passing through two given points without the line. 

104. In a given straight line to find a point equally distant from 
two given straight lines. 
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105. Given a side and the diagonals of a parallelogram, to con- 
struct the parallelogram. 

106. Through a given point withlD a circle to draw a chord equal 
to a given chord, (g 165.) 

107. Through a given point to deKribe a circle tangent to a given 
straight line at a given point. 

108. Throi^h a given point to describe a circle of given ladiiu, 
tangent to a given straight line. 

109. To describe a circle of given radius tangent to two given 

110. To describe a circle tangent to two given parallels, and 
passing through a given point. 

111. To describe a circle of given radius, tangent to a given line 
and a given circle. 

112. To construct a parallelograin, having given a side, an angle, 
and the diagonal <lrawn from the vertex of the angle. 

113. In a given triangle to Inscribe a rhombus, having one of Its 
angles coincident with an angle of the triangle. 

114. To describe a circle touching two given straight lines, one 
of tUem at a given point, 

115. In a given sector to Inscribe a circle. 

116. In a given right triangle to inscribe a square, having one of 
its angles coincident with the right angle of the triangle. 

117. To inscribe a square in a given rhombus. 

118. To draw a common tangent to two given circles. 

119. Given the base, the altitude, and the vertical angle of a tri- 
angle, lo construct the triangle. (§ '22li.) 

120. Given the base of a triangle, its vertical angle, and the 
median drawn to the base, to construct the triangle. 

121. To construct a triangle, having given the middle points of 
its sides. (iViO.) 

122. Tlirongh a verteit of a triangle to draw a straight line equally 
distant from tlie other vertices. 

123. Given two sides of a triangle, and the median drawn to 
the third side, to construct the triangle. 

124. Given the base, the altitude, and the diameter of the clr- 
cumscriljed circle of a triangle, to construct the triangle. 

Note. For additional exercises on Rook II., see p. 224. 



BOOK III. 



THEORY OF PROPOBTION.- 
POLYGONS. 



DEFINITIONS. 

227. A Proportion is a statement that two ratios are 

equal. 

The statement that the ratio of a to & is equal to the ratio 
of c to d, may be written in either of the forms 

'■■'—■''.''■ 1=1- 

226. The first and fourth terms of a proportion are 
called the extremes, and the second and third the means. 

The first and third terms are .oal)^ the antecedents, and 
tlie second and fourth the consequents. 

Thus, in the proportion a:b = e:d, a and d are the ex- 
tremes, h and e the means, a and c the antecedents, and b 
and d the coasequent.s. 

229. If the means of a ])ro]>ortion are equal, either mean 
is called a mean proportional between the first and last 
terms, and the last term is called a third proportional to 
the first and second tcinis. 

Tims, ill the projiortinn a-.b ^h-.e.b'm a moan propor- 
tional between a and r., and e a third proijoitional to a and b. 

230. A fourth proportional to three qnantitiea is the 
fourth term of a proportion, whose first three terms are 
the three quantities taken in their nnler. 

Thus, in the pro(iortion a:h =c:d,d is a fourth propor- 
tional to a, b, and r,. 



THEORY OF PKOPOKTION. 



Proposition I. Theorem. 



231- In any proportion, the product of the extremes is 
equal to the product of the meant. 

Let the proportion he a:b = c:d. 

To prove ad ^ be. 

By|22T, |-|. 

Multiplying both members of the equation by bd, we have 

232- Cob. The mean proportional between two quantitiet 
M equal to the square root of their product. 

Let the proportion be a :b = b:c. (1) 

To prove 6 = Voc. 

We have from (1), b'=^ac. (§ 231.) 

Whence, b = Vac. 



Proposition IT, Theorem. 

233. (Converse of Prop. I.) If the product of two quanr- 
titles is equal to the product of two others, one pair may be 
made the extremes, and the other pair the means, of a 
proportion. 
Let ad = be. 

To prove a:b = c:d. 

Dividing both members of the given equation by bd, 
ad _bc_ 
bd~ bd' 



That is, 
In like 



b = e:d. 
c = b:d, 
a = d:e, etc. 
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Proposition III. Theorem. 

234. In any projiortwn, the tenns are in proportion hg 
Alter.nation ; that ix, the first term is to t/ie third as t/te 
se-'ond term is to tiie fourth. 

Let the proportion be aib = e:d. (1) 
To prove a:c = l:d. 

We have from (1), ad = b(!. (S 2;n.) 

Whence, a^c = b:d. (§ 2X1.) 

Proposition IV, Tiikobem. 

235. In amj proportion, the termx are in proportion hi/ 
Inversion; thnt is, the seeond term is to the Jirst as the 
fourth term is to the third. 

Let the proixirtioii he a:b = c:d. (I) 
To prove (/ : a ^ d: c. 

We have from ( 1 ), >id = he. (g 231 .) 

Whence, l:a = d:c. (§ 233.) 



pKOrOHITION V. TllKOREM. 




236. In anij projmi-fion, the terms are in 


jirojxtrtion blf 


Comi-osithin ; thnt Is. the sum of the Jirst tiro terms is to 


the Jirst term as the sum of the last two termi 


1 is to the third 


term. 




Let th.' proportion he a :/> = r: d. 


(1) 


To prove, a + fi:a = c-i-(i:c. 




We have from ( 1 ), ad = he. 


CS 23L) 


Adding each mombpr of tlie oipiatioa to a* 


;, 


ae + ad = ae + be, 




or, ai.: + d) = e{a + f.). 




WhenCR, o. + h:a=e + d: c. 


(§ 233.) 


In like maimer, a + b:b = e + d: d. 
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Phoposition VI. Theokem. 

237. In any proportion, the term* are in proportion by 
Division ; that is, the difference of the first two terms is to 
the first term as the difference of the last two terms is to the 
third term. 

Let the proportion bea:J^c;d, (1) 

in which a is greater than 6, ami c greater than d. 

To prove a ~b:a = c — d:e. 

We have from (1), ad = be. (§231.) 

Subtracting both members of the equation from ac, 

or, a{r.-d)=e{a-b). 

Whence, a -b-.a = e - d:c. (§ 233.) 

In like manner, a—b:b = c — d:d. 



pRorortiTioN VII. Theorem. 

238- In any jnvportion, the terms are in proportion btf 
CoMroaiTios AND Division; that is, the sum of the first 
two terms is to their difference as the sum of the last two 
terms is to their difference. 

Let the proportion \)e a:b ^ c:d, (1) 

in which a U grcat(>r than h, and c greater than d. 

To prove a-\-b:a — b = e-\-d:e — d. 

We have from (1), ^-±^ = 1+-!^, (S 236.) 

a-b e-d 



(§ 237.) 



Dividing the first equation hy the second, we have 

a+b_c_±d 



-b = e-\-d:e- 
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PsoposiTiox VIII. Theosem. 

239- In a series of equal ratios, any antecedent u 
consequent as the sitm of all Uie antecedents is to the st 
all the consequents. 

Let a.b = c:d = e:f. 

To prove a:b = a+ c-Jf 6:b-Jf d-^ f. 

Let r denote the value of each of the given ratios. 

f=5=;-=- 

Whence, a = br,e = dr, e =fr. 

Then, a -\- c -\- e = br -\- dr -^ fr 

= r{b + d^f). 

Wlienee, "X . '' . + __ = j- = ^ . 

i+rf+/ b 

That U, a.b^a-\-c-^ e:b+d-^f. 

Proposition IX. Theoreh. 

340. Equimuifiples of two quantities are in the 
ratio as the quantifies themselves. 
Let a and J be any two quantities. 
To prove ma ■.mi = a:b. 



We have, 


ma _ 
mh 


Whence, 


WW : wii = , 




Proposition X. 



Theorem. 

241. In any number of 2)roportions, the products of the 
corresponding tei-ms are in projiortion. 

Let, a:h = c:d, 

and e-.f^g-.h. 

To prove ae -. bf — eg : dh. 



THEOBT OP PROPORTION. 



We have, 

Multiplying these equations, we obtain 
b^f d^ h' 



That is, 



bf dh 
e:bf = cg: dh. 



Proposition XI. Theorem. 

2AZ. In any proportion, like powers or like roots of the 
terms arv in proportion. 

Let the proportion he a:b = o:d. (1) 

To prove a" : b' =• c' : d'. 

We have from ( 1 ), — = - . 

Raising both members to the nth power, 
a^ _ ^ 

That is, a' lb' = c':d'. 

In like manner, -Va : ^/1> = Ve : ■\/d. 

NoTB. The rfttlo of two magnitudea of the bi 
U> the ratio of their numerical m 
unit (S 183). 

Hence, In any proportion involving the ratio of two magnitudes 
of the same kind, we may regani the ratio of the magnituileB aa 
replaced by the ratio of their numerical measures when referred 
to a common unit. 

Thus, let AB, CD, EF, and (III be four lines such that 
AB:CD^EF:GIl. 

Then, AB x Oil = CD x EF. (5 231.) 

This means that the product of tlie nnmfrical meaKiireit ot AB and 
OH is equfti to Hie product of the numtrkiil meanureii of CD and EF. 

An inl«rpretation of tills nature must be given to all applications 
of SS 231, 232, 241, and :;42. 
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Ca8k II. When the segments of sack side are incomtnen- 
surable. 




Let DE be parallel to the side BC of the triangle ABC. 
Let AD and DB be incommensurable. 

AD^AE 

DB EC' 



To prove 



Let AD be divided into any number of equal parts, and 
let one of these paits be applied to DB as a measure. 

Since AD and DB are incommensurable, a certain num- 
ber of the parta will extend from D to B', leaving a 
remainder BB' lesa than one of the parts. 

Draw B'C parallel to BC. 

^ = #- (^^'.^-^ 

ber of subilivisiona of AD be indefinit«ly 



Then, 



Now let the 
increased. 

Then the length of each part will be indefinitely dimin- 
ished, and the remainder BB' will approach the limit 0. 

■AD ...;„ ^ ,^„ ,:_;, AD 



Then, 



AE 



'- will approach the limit 



AE 



By the Theorem of Limits, tlieae limits are equal. (§ 188.) 

AD^AE 

DB EC' 



Whence, 



246. Cor. The result of § 245 may be written 

AD:DB = AE:EC. (1) 

Tiien, AJ)-\-DB:AD = AE + EC: AE. {% 236.) 



PROPORTIONAL LINES. 

That is, AB.AD = AC\ AE. 

In like manner, AB-.-DB = AC: JSC. 

From (2), AB:AC = AI>:AS. 

Also, from (3), AB -. AC = DB : EG. 
AB^AD^DB 
AC AE EC' 



Therefore, 



129 

(2) 

(3) 

(5 234.) 

(*) 



247. ScH. The proportions (1), (2), (3), and (4), of 
§ 246, are all included in the general statement of § 245. 



Proposition XIV. Theoeem. 

248- (Converse of Prop. XIII.) A line which dividea 
tiL-o sides of a tnanifle proportioHally is parallel to the 
third side. 




In the triangle ABC, let DE be drawn so that 

AB^AC 

AD AE' 
To prove DE parallel to BC. 
Let DF be drawn parallel to BC. 
Then, 



But by hypothesi: 



AD AE 
AB^AC 
AD AE' 

Whence, AE = AF. 

Then DF must coincide with DE. 
Therefore, DE is parallel to BC. 



(1246.) 



(Ax. 6.) 
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Proposition XV. Theokem. 

249. In any triangle, the bisector of an angle divides the 
ojtjtosUe side into segments proportional to the adjacent aides. 




Let AD be the bisetjtov of tlie angle A of the triangle 
ABC, meeting the side BC lit D. 

DB _AB 
DC AC' 



To prove 



Draw BE parallel to AD, meeting CA produced at E. 
Then iiine« the pai-.illels AD and BE are cut by AB, 



Z ABE = Z BAD. 
And since the parallels AJ) and BE ai 

Z AEB = Z CAD. 
Itnt by liyi«ithesis, 



(S 72.) 
cut by CE, 

(S 74.) 



ZBAD=^ CAD. 

Z ABE =■ Z AEB. 

AB = AE. 



Wlienci', 
'I'liercfore, 

Now since AD \* parallel trt the side BE of tlie tmiigle 
BCE, 

DB ^ AK 

DC AC' 
I'utting foi- AE its eijual AB, wi- have 

Dl! ^ .Ul 

DC AC' 



(§ 91.) 



(§ 245.) 
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Pkofositios XVI. Theorem. 

250. In any tnangle, the bisector of an exterior angle 
divides the opposite side externally into segments propor- 
tional to the adjacent sides. 

NuTB. The tbeorem does not hold for Uoiceles triangles. 




Let AD be the bisector of the exterior angle BAE of the 
triangle ABC, meeting CIS produced at D. 
„ DB Ali 

lo prove M~^c- 

Draw BF parallel to AD, nieetiiig AC at F, 

Then siiiee the parallels AD ami BF are cut by AB, 

^ABF = ZBAD. (S72.) 

And since the parallels AD and BF are cut by CE, 

Z AFB = Z EAD. (§ 74.) 

But by hypothesis, 

ZBAD^ZEAD. 
Whence, Z ABF = ZAFB. 

Therefore, AB ^ AF. (S 91-) 

Now since BF is parallel to the aide AD of the triangle 
A CD, 

DB^AF 
DC AC' 
Putting for AF its equal AB, we have 
DB^AB 
DC AC' 



(§245.) 
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251. Sou. The segments of a limited straight line by a 
point are understood to mean the distances from the point 
to the extrBmitios of the line, whether the point is in the 
line itself, or iii the line produced. 

EXERCISES. 

5. The Bides of a triangle are AH = 8, BC = C, and CA = 7; find 
the seguientB into which BV is divided by tlie bisector of the angle A, 

6. The aides of a triangle are All = 0, BC = 7, and CA = 8; find 
the segments Into which BC \e divided by the bisector of the eit«rior 
angle at A. 

SIMILAR POLYGONS. 

252. Def. Two polygons are said to be similar when 
they are mutually pquiangular (S 122), and have their 
hmaologous sides proportional (§ 123). 




N 



Thus, the polygons ABCDE and A'B'C'D'E' are similar 
if 

AA=Z. A\ ^ li=/Lli\ AC.=Z. C, etc., 
, AB BC CD 

253. ScH. I, The followiiiK forms of the definition of 
S 252 are given for cnnvenience of reference: 

T. Til simih'r jiiih/iionn. the homo/nifniii (rtii/!fa are equal. 
IT. In similar poli/gonn, the hoiiiohirioiis aides are pro- 
port iowi I. 

254. Sen. IT. In simi/'ir triangles, the homologous sides 
lie opposite the e'/iiul imijles. 
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Proposition XVII. Theorem. 

; similar when they are mutually 




=z. c 



In the triangles ABC and A'B'C, let 

^A=^A\ ZS = /LB', and ZC 
To prove ABC and A'B'C similar. 
Superpose the trian^jle A'B'C ujjon ABC, bo that Z A' 
shall coincide with Z A ; the side B'C falling at BE. 
= Z B, DE is parallel to BC. 
AB^AC 
AD AK' 



Since Z ADE = 
Therefore, 



(§ 76.) 
(S 246.) 



That is, 



AB 



AC 



AB' A'C 

In likf manner, by 3ii]>erposing A'B'C upon ABC 
that Z B' sliall coincide ivitli Z B, we may prove 



(1) 



AB 



DC 



(2) 



From (l) and (2). 



A'B' B'C 

_ A£i = -^£ 
A'B' A'C IfC 
Then ABC and A'T^C have thi'ir liomologoufi sides pro- 
jMirtional, and are similar. (5 2j)2.) 

256. ('ok. I. Tn-o trl'ini/lrx are gimil'ir when two amjles 

of one, ere ei/imf respei-th-ehj to tiro ini'jha of the other. 
For thi'ir remaining angles are ('(pial each to each. (S RB.) 

257. Cor. TI. Tico right trhimjha tire stmUor when 
an uatte angle of one U eqiml to <in acute angle of th-e other. 



''CST 
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258. Cor. IIT. ]f a line be drawn betioeen two sides of 
a triangle parallel to the third side, the ^ 
triangle formed is similar to the given 
triangle. 

Let BE be parallel to the side BC 
of the triangle ASC. 

To prove the triangle A£>E similar " " 

to ABC. 

We have, Z ADB =ZB. (g 74.) 

Whence, the triangle ADH is similar to ABC. (§ 266.) 

Proposition XVCII. Tiieokem. 

259. Two triangles are similar when tlieir homologous 
sides are proportiatial. 




In the triangles ABC and A'lTC, let 



.■IB 



AC 



BC 



A'B' A'C" BC' 
To jirovc ABC and A'BC similar. 
Take AH = A'B, and AE = A'C, and draw DE. 
Then from the given proportion, we have 

AJi^AC 

AJ> AE' 
Wlience. DE is parallel t-i BC. (g 248.) 

Then the triangles ABC and ABE are similar. (§ 258.) 
Ti,™f™ AB^nC „, AB _BC 



AD Dg AB' DE' 



(S 253, II.) 
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But by hypotheeis, 



AB ^ BC 
A'B' B'C ■ 

Whence, DJi=B'C'. 

Therefore, A ADE =A A' B'C. 

But ADE has been proved similar to ABC. 

Heuce, A'B'C is similar to ABC. 



(§ 69.) 



Note. To prove that two polygons [n e^nenil are aimiUr, It most 
b« aliown that they arc mutually equiangular, and tiave their homol- 
ogbua aides proportional (§ ^2); but in the case of two triangles, 
each ot these conditions Involves the other (g§ 255, 2QD), bo that 
It is only necessary to show that one of the testa of simllarlt; is 
satlsOeil. 

Proposition XIX, Theorem. 

260- Two ti'iangles are similar when they hai>e an angle 
of one equal to an angle of the other, and the aitlea including 
these angles proportional. 




In the triangles ABC and A'^KC, let 



ZA=ZA', and 



AB ^ AC 
~ A'B' A'C 
To prove ABC and A'B'C similar. 
Superpose the triangle A'lfC upon ABC, so tliat ^ A' 
shall coincide with Z A ; tlie side B'C falling at DE. 
AB^AC 
AJ) AB ' 

Whence, DE is i>arallel to BC. (§ 248.) 

Thon the triangles ABC and ADE are similar. (§ 258.) 
That is, the triangles ABC and A'B'C arc similar. 



Then by hypothesis, 
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Proposition XX. Thboksm. 



263. Two trianglt 
paralM, each to each, 



; similar when their aidet are 
r perpetidicular each to each. 




flff. 1. 



Pig. S. 



Fig. S. 



Let the sides AB, AC, and BC of the triangle ABC be 
parallel respectively to the sides A'B", A'C,' and B'C of 
the triangle A'B'C (Fig. 2), and periiendicular respectively 
to the sides A' B", A'C, and" B'C" of the triangle A'B'C 
(Fig. 3). 

To prove the triangles similar. 

Since the sides of the angles A and A' are parallel each 
to each, or iierpendicnlar each to each, the angles are either 
eqnal or siipj.lementary. (§§ 79, 80, 81.) 

In like manner, B and 7/, and C and C, are either equal 
or supplementary. 

We may then make five hypotheses with regard to the 
angles of the triangles, B denoting a right angle : 

1. A + A' = 2B,B + B' = 2E,C+(" = 2S. 

2. A+A' = 2R,B + B' = 2B, C = C". 
3.A + A'=2B, B ^B', C+C' = 2B. 

4. A =A', B + B' = 2R, C+C' = 2R. 

5. A = A', and B = }¥ ; then, C = C". (§ 86.) 
Rut the first four hypotheses arc impossible; for, in 

either case, the sum of the angles of the two triangles 
would exceed four right angles. (S 82.) 

We can then have mdy .( = A',B = S, and C = C 
Therefore, the triangles iire similar. (§ 255.) 
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262. ScH. 1. In similar triangl-es v.-hose sides are par- 
allel each to each, the parallel aides are hotnologoiis. 

2. In similar triangles whose sides are perpendicular each 
to each, the perpendicular sides are homologous. 

cf ^ 

Proposition XXI, Theorem. 

263- The homologous altitudes of two similar triangles 
are in the satne ratio as any two homologous sides. 




Let AD and A'l/ be homologous altitudes of the similar 

triangles ABC and A'B'C 

AD AB AC EC 
TopH^ve _ = _ = _=^^. 

Since the triangles ABC and A'B'C are similar, 

ZB=rZ.B'. (§253,1.) 

Then the right triangles ABD and A'SD are similar. 

(§ 257.) 
AD ^ AB 
AD' AB' ■ 

But since the triangles ABC and A'BC are similar, 

A'B' A'C B'C' 

AD _ AB_ ^ AC ^ BC_ 

A'D' A'B' A'C B'C' 



Wlience, 



Whence, ^_i!L=- 



(5 263, II.) 



(S 253, II.) 



261 ScH. In two similar triangles, any two homologous 
lines are in the same ratio as any two homologous sides. 
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Proposition XXII. Tiieobeh. 

266. If tw)o parallels are cut hy three or more straight 
lines pagaiiiff through a common point, the eorreapvndirig 

aegmeiits are proportional. 




Let the parallels AD and A'D' be cut by tlie lines OA, 
OB, OC, and OD, in the points A, B, C, D, and A', £', 
C, D', respectively. 

To prove ^_*2, = J^. 

' A'B' TFcy C'jy 

The triangles OAB and OA'Jl' are similar. (I 2ij8.) 

In like manner, the triiingles OUC aiul OB'C ai-o similar. 

,,., OB BC OG ,„, 

Whence, -- = -^- — . (2) 

Again, the trianjjles OCD and OC'I>' are similar. 
OC ^ CD 
OC CD' ' 
1 (1), (2), and (.^), we have 



^Vlience, 



(3) 



AH 
A'B' 



BC 
B'C 



CD 
CD' 



EXERCISES. 

7. Tlic sltlcs o1 a trUngle are r,. 7, and (I. Tlie ahorlest aMc of & 
■inillar triaiigln is 14, Wliat are Itie other two sides ? 

a Two laOBcetea trlanglejt are sluiilar wlien tUelr vcnlcal angles 
arc equal. 
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Proposition XXIII. Tubobem. 

266. Two polygons are similar when they are composed of 
the same number of trianglen, similar each to each, and 
similarly placed. 




In the i)oIygons A — E and A' — E', let the triangle ABE 
be similar to A'li'E', }iVE to B'C'E', and CDE to C'D'E'. 
To provB A — E and A'—E' similar. 
Since the tvian{,'leB ABE and A'B'E' are similar, 

ZA=Z.A'. (S253, 1.) 

Also, / A HE = /. A'B'E'. ( 1 ) 

And since the triaiiglfs BCE and B'C'E' are similar, 

ZEBC^ZE'B'C. (2) 

Addin!,'(l)an<l (2). 

ZABC=ZA'B'C'. 
In like maimer, Z BCD = Z B'C'D', etc. 
That is, A ~ E and A' — E' are miitnally equiangular. 
Again, since .rlTt^* is similar to ^'^^', and ^(^£^ tO-ffCA", 
AB _ BE „..,, BE 



_ _^'_ , and ^1^ = -fi^. (§ 263, II.) 
B'E' B'E' B'C ^ ' 

AB ^ BC 
AB' B'C ' 

BC _ CTi ^ 
" B'C CD' ' ' 
That is, A — E and A'—E' have their homologous sides 
pro]K)rtional. 
Therefore, A — EmdA' — E' are similar. (S 262.) 



AB' 
Therefore, 

In like manner, - 



^ 



k 
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Pbopositios XXIV. Theorem. 



267. (Converse of Prop. XXIII.) Two similar polygotig 
may be decomposed into the same number of trianglejt, gimilar 
each to each, and simitarlif placed. 




ZA==ZA',md- 



(§258.) 



Let £ and E' be homologoua vertices of the similar poly- 
gons A-E and A'-E', and draw EB, EC, E'B\ and E'C, 
To prove tlie ti'ianyle ABE similar to A'li'E', BGE to 
B'C'E', and CDE to C'D'E'. 
Since tlie polygons are similar, 

1 ^-g ^ AB 
A'E' A'JB'' 

Then, the triungles ABE and A'B'E' art? similar. (§ 260.) 
Again, since the jKdygons iire similar, 

ZABC = AA'B'C'. (1) 

And since the triangles AJiE and A'B'E' are similar, 

ZABE = ZAB'E'. (2) 

Subti'acting (2) from (1), we have 

ZEBC^ZE'B'C 
Also, since the polygons are similar, 
AB ^ BC 
A'B- B'C 
And since the triangles ABE and A'B'E' are similar, 



BE 
'' B'E- ' 
BC ^ BE 
B'C B'E'' 



AB ^ 
A'B' 
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Then, the triangles BCE and B'C'E' are similar. (§ 260.) 
In like manner, we may prove the triangles CDE and 
C'lyS' similar. 

Pboposition XXV. Theobeh. 

268. The perimeters of two similar polygons are in tho 
tame ratio as ant/ two homologous sides. 




Let P anil P' denote the. perimeters of tlie similar poly- 
gons A — E and A' — E', respectively. 

,„ p Aii no CD . 

ro prove _ = -^ = _; = ^^, etc. 
Since the jiolygons are similar, we have 

A^ = -^^ = .^IL,eic. (5 253,11.) 
A'li' li'C C'P" ^ ' ' 

AB_+ BC + C D + eto. _ AB 



Then, 



A'B' + B'C + CD' -f etc. 



A'h'' 



(§ 239.) 



Therefore, 



AB 



BC 



CD 



^..> 



EXERCISES. 
9. The base and altitmle of a Irianglp are !i ft. 10 in. and 3 ft. 
IJ In., respfclively. If tin- lioinologoiis base of a similar triangle is 
T ft. il In., And Ita homolnt'ims nltltudc. 

10. The iwrimPters of iwo similar iioIyp)n8 are 110 anJ OS; if a 
Bide of the Rrst Is ^1, what H the homuloKons siilo of tlie second ? 

11. AH is the hypoleniiic of a rinlil lrian(tle AliC. If jierpcn- 
(llculars bo drawn to All at .1 and U, nioptlnj; A(' produced at J>, 
■nd BC produced at E, prove the triangles ACK and HC'D Bimilftr. 
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PaorosiTioN XXV[. Tueoreu. 

269. If o- perpendtKiilar be draten frovi the vertex of the 
right angle to the hypotenuse of a right triangle, 

I. The triangle! foriited are similar to the whole tri- 
angle, and to each other. 

II, The perpendicular ia a nteau proportional betiveen 
the segments of the hypotenuse. 

III. Either leg is a mean piroportional between the wJiole 
hypotenuse and the adjacent segment. 




Let CD be perpendicular to tlie lijpoU'iiiiso AH ot the 
right triangle AliC. 

I. To prove thiit the triangles ACD and liCI) are similar 
to ABC, and to «ieh other. 

In the right triangles ACD and ABC, Z .-1 is commoii. 
Wheiicf, ACD is similar to ABC. (§ 257.) 

Ill like niiinner, BCD is similar to ABC. 
Tlien^C'/'^iidy(C'2)ani similar, for each is similar to, -JBC 

II. To prove AD: CD = CD: BD. 

Siiiee the triangles ACD and BCD are similar, 

ZACD= ZB, and A A = Z BCD. (§ 2M, I.) 

Tlien AD, the side of ACD opposite Z ACD, is homolo- 
gous to CD, the side of BCD oj>pnsite Z B; and CD, the 
side of ACD op[iosite Z A, is liomologous to BD, the side 
of BCD opiKisite Z BCD. (§ 2r4.) 

Whence, AD: CD = CD: IID. (§ 253, II.) 
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III. To prove AB : AC = AC : AD. 

Since the triangles ABC and ACD are Bimilar, 

Z ACB -= Z ADC, and Z B =■ Z ACD. (§ 253, 1.) 

Then AB, the side of ABC opposite Z ACB, is homolo- 
gous to AC, the aide of ACD opposite Z ADC; and AC, 
the side of ABC oppo.site Z li, is liomologous to AD^^\q 
side of ACD opi>osite Z ACD. (§ 254.) 

Whence, AB : AC = AC : AD. (§ 253, II.) 

In like manner, AB ■.BC=BG:^ D. 



270- Cor. I. Tlie three proijortious i. j 269 give 

Ciy' = ADxBD, 

A& = AB X Ah, 
and BC^ = ABxBD. (5 231.) 

Hence, tf a jierpemfii-itlar be ilrawit from the vertex of the 
right angle to the hi/pntenuse of a right trtimgle, 

I, The aiptnre of the perjicmlirular is equal to the product 
of the spt/inents of^he hypotenuse. 

II. Thv- g'jH'tre of either teg is equal to tJis product of the 
whole hgjtoteniise and the adjarent segment. 

As stated in the ?fote, p. 125, tlic above equations mean 
simply that the square of the niimerieol measure of CD is 
ei^ual to the piixluct of the numerical measures of AD and 
BD, etc. 

271- Cor. II. Dividing the set-ond equation o£ § 270 by 
the third, we obtain 

AC' ^ ^ AB X AD _ AD 

BZ'" ABX BD BD 
That is, if n perpendi'-iil-ir lie drawn from the vertex of 
the right inigli' to the h;ii'nffiiu.f: of ,t right triangle, the 
s'lmuvjt of the tegs are proportional to the adjarent segments 
of the hg/iotenme. 
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272. Cor. III. Since aa angle inscribed iu a semicircle 

is a riglit angle (S 196), it follows that : 

Jf a pe/rpemUetdar be, driiwn frnm anij 
poinf In the ciivumfcrenre nf a cirrle to 
a diameter, 

I. The perpend ir.iiJnr is a mean pro- 
portionoi hetwi'en the gegments "f the diameter. 

IT. The chord joininij the point to either exlremity of the 
dinmefer is a mean proportwiiul between the whole diameter 
and the adjareiit seijment. „ 

Proposition XXVII, Theobkm. 

273. In nnij riifht triangle, the Kqiinre of the hypotenuse 
ii equal to the sitiii of the squares of the le.ijs. 




Let All Iw tlin hypotfimse of tli.> rifilit triangle ABC. 

To jirave ~U{* = liO'' + ISC-. 

Jinivr CD ],(}r]n-wlmi\:\r to J II. 

Th.-n, :(('■■■ = .(/; X A!>, 

*Tid ha' = AT. X m). (5 270, ii.) . 

Adding, ' ",f(;' + 7.'r- = .(/{ X (.'/> + vfJ') 

^ All X AJ!= AlS-. 



274. Con. I. U. follows from S l': 
AC- ^Air - JiC-.imd ']!'•- 

Tlml is. ;» .•„;, n-jU tn.'.ujlr.lbe 
eqii"! to the n'juinr 'f the, hypoteiii'i! 
the other le-j. 



lliat 



■AC-. 

■ ellh-r leg i 
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275- CoK. II. If AC is a diagonal of the square ABCD, 
we have 
AV^^AB'^-k-BC'- = AS'^+AB" = 2AB\ 

Dividing each niemhor of the e(|uatioii 
hy AB\ 




AH" 



AB 



Hence, the dhgoiial of a sqiu. 
its side (§ ISl), 



s incommensurable with 



U. What Is the length of ilie tangent to a circle whose diameter 
Is II], from a point whose distance from the centre Is IT ? 

13. AFIiat is the lenglb of tht longest straight line which can be 
drawn on a floor 3:1 fl. 4 in. long, and 10 ft. 3 in. wide ? 

14. A ladder 'ii ft. U in. long is placed so that It just reaches 
a window 20 fl. above the street; and when turned about Its foot, 
jnst reaches a window It) ft. U in. above the street on the other side. 
Find tlie width of the street. 

15. Tl)e side u( an ei|Uilatcral triangle is 5 ; what Is Its altitude ? 

16. Find tlie length of the diagonal of a square whose side la 
1 ft. 3 In. 

276. Di:Fi.vrnoxs. Tlie jirnjeclion of a, point upon a 
straight line of imletinite length, ia 
the foot of the peqiendicuhir let fall 4-.__^ 
from tlie pi>iut to the line. \ ^~~~~— .-^ 

Thus, if ylA' be drawn perpeiidieular | 

to CD, tho projection of the ]ioint A 
upon the line CD is the ])oint A'. Xi~^ iTH 

The projiu-lion of a finite stmi'jht 
line upon a straight line of iiidi-finite length, ia that por- 
tion of the ,secon<l line included between the projections of 
the extremities of the first. 

Tlius, if AA' and BW be drawn perpendicular to CD, the 
projection of the line AB uixin the line CD is A'E. 
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PkOPOSITION XXVIII, TllEOEEM. 

277. In any truuiyle, the square of the side opposite an 
acute angle is equal to the sum of the s'pmrea of the other 
two sides, mijius twice the /irodiict of one of t/iese sides and 
the projection of the other side upon it. 




Fig. I. 



Let C be aii acute angle of tho triangle ABC, aud draw 
AD periiendicular to CJS, produced if necessaiy. 

Then CD is the projection of the side A C upon BC (i 276). 

To prove AB' = BC" + AC^ —2BCx CD. 

There will be two cases accoi'diiig aa D falls u[k>u CB 
(Fig. 1), or upon CB produced (Fig. li). 

In Fig. 1, BD=liC~CD. 

In Fig. 2, BD = CD - BG. 

Squaring these equations, we have in either case 
BD^ = -B6'" + CV/ -2BCX CD. 

Adding AD^ U> Iwtli momUTS, 

AJ/ + 'Bl>^ = itV'' + AJ/ + Vjy — 2BCX CD. 

Hut in the right triangles AUD and ACJ), 
A'D" + BD' = AJf. 
and Ajy + Clf = AC\ (§ 273.) 

Whence, AB'' = BC' + A'c'' — ^BCx CD. 



Bx. 17. Till! square of the siilc of nn e<|u1Iatcnil triangle Is equal 
to fou>tLinls the square of the ahltude. 



. xl 
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PnoposiTioN' XXIX. Thbobbm. 

278- In (ini/ triantfle haviny an obtuse angle, the square 
of the aide opposite Ike ohtnse iiuijle is equal to the sum of 
the squares of the other two sides, plus twice the product of 
one of these sUies and the projection of tlie otlier side upon it. 




Let C be an obtuse angle of the triangle ABC, and draw 
AJ> |)er]>endit'ulai' to JiC iirinluced. 
Thyu CD is tlie projection of tlie side AC upon BC 
To prove AB' = iTC* -{■ AC^ ■\- 2 BC X CD. 
We liiive, BD = BC+ CD. 

Squaring tliis ei£iiiition, 

BD' = //6'' + CJj' + 2 BC X CD. 
Adding AD^ to botli members, 

J£^ + liU = inr + AI>^ +C& + 2BCX CD. 
Hut in tlie right tiiangk-s ABD and ACD, 
AD^ + Bff = AB^, 
and Ai)^ + Clf = AC\ (§ 273.) 

Whence, Alf = BC' + AC' + 2BCX CD. 



EXERCISES. 

18. Tlw Ipd^'IIi uf the tangt-nt tt 
from a, point without Ihv (.'imiiiiti^rt' 
of the point from the cciiln' ? 

19. Fiiiil the length uf the raiiiiiioii tangent to two circles wliose 
niJll ftre 11 anit 18, If the disLancu between their centres la 25. 



148 PLANE GEOMETRY. — BOOK UI. 

rBOPOSITION XXX. TUEOBEM. 

279- In any triangle, ^ a median be drawn from. th« 
vertex to the base, 

I. The .tHia of' the squares of the other t%no sides is equal 
to twice the square of half the base, plus twice the square of 



II. The differenee of the squ-iren of the other two sides is 
equal to twice the jjrodw-t of the base and the projectiua of 
the median upon the base. 




V E 



Let DE be the projection of the median CD upon the base 
AB of the triangle vJ.BC; and let AC be greater tlian BC. 
To prove I. AC'' + W' = 2 .W + 2 CS\ 

II. AG^ — BC^ = 2ABxI>E. 
Since E falls to the riglit of D, /. ADC is obtuse, and 
Z BDC is acute. 
Hence, in the triangles ADC and BDC, 

AC = A]?+CI? + 2ADxJ>E, (§ 278.) 
and BC" = BD* + UB' -2BDx DE. (§ 277.) 

Or since BD = AD, 

AC" = AD^ + CD" + ABx DE, (1 ) 

and BC" = AD^ + CD" — AB X DJi. (2) 

Adding (1) and (2), we have 

AC" + BC^ = 2 ad" + 2 Clf. 
Subtracting (2) from (1), 

AC* - BC" = 2ABx DE. 



f 



SIMILAR POLYGONS. 



Pbopositios XXXI. Theorem. 

280- Jf ony ttoo chords he drawn through a fixed point 
within a eircle, the prodtict of the segments of one chord ia 
equal to the product of the segments of the other. 




Let AB and A'B' be any two chords passing through the 
fixed point P within tlie cii-cle ABB'. 

To prove AFxBF = A'P XB'F. 

TfTXvi AA' 3i.iu\ BB'. 

Then in the triangles AA'P and BB'P, 
ZAA'P= ZB'BP, 
since each is measured by } arc AB'. (§ 193.) 

In like manner, Z A'AP = Z BB'P. 

Then the triangles AA'P and BB'P are similar. (§ 256.) 

Whence, AP: A'F = B'P-.BP. (§§253,11,254,) 

Therefore, AP XBP = A'P xB'P. (§231.) 



283- ScH. The proportio 
AP^B^ 
A'P BP' 



in § 280 may be written 
. AP_ 1 
A'P 



BP 
B'P 



If two magnitudes, such as the segments of a chord hy a 
potntj are eo related that the ratio of any two values nf one 
is equal to the reripi-or/il of the ratio of the corresponding 
values tif the other, they are said to be recipracalli/ j'fo- 

Thus, }f any tmo chonls be drawn through a fxed point 
within a circle, their scjiiients are reciprocally proportional. 
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Pbopobitiov XXXII. Theobru. 

282. IfthroHffli a Jij-ett j'oiiit ii-ith'iut n rirclf.a secant and 
a tangent lie drntrn. flu: prmliiH of thi' irlmlr. secant and its 
external segment U equal to the nqiiinv of the lauifent. 




Let AI' be a spcaiit, ami CP a tiinjieiit, passing through 
the fixed luiiiit P wiihiiiit the oirelp AltC. 

To prove ,1/' xBP = CP'. 

Draw J C anil HC. 

Then in the tiiaiiglea ACP luiil P.CP, Z P is eomnion. 

Also, Z J = Z P>i'P, 

since each is mfasiired hy \ are //''. (§§ H>3, l',)7.) 

Then tlie triangh-a ACP ami IICP an- similar. (S 25i;.) 

Whence, AP : CP = CP: HP. (SS W3, II., 2.T4.) 



Therefore, 



AP X UP = CP'. 



(§ 2;J1.) 



283. OoH. I. Tf t/u-nnffl, a Jireil point v-'itliMit a circle a 
sennit tnid ii tmnjrnt Ire Hrmpn. the tmiffeiit is a mean j»ih 
jmrtiimol hctn'ffu the ivhole secant anil Us e-rfeni«l m-gtnent. 

204. OoK. TI. T^t AI' anil A'P l)i< any two secants of 
the eirde ACIi. inti-rscc-tiui,' witliont 
the i-ireiinifi;ri'n('e; anil ilriiw CP 
tant,i-nt ti> the circle at ''. 

Then. APxnP= CP\ 
au.l A'P X IfP = '■/•'. (^S L'«l'.) 

Hence, AP x HP = A'P x H'P- 
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That is, if any two secants be drawn through a fixed point 
without a circle, the product nf one and its external segment 
is equal to the product of the other and its external segment. 

285. Cor. III. If any tico secants be draum through a 
fixed point without a circle, the whole secants and their ex- 
ternal segments are reciprocally proportional (§ 281). 



Proposition XXXIII. Theorem. 

286t Inany triangle, the product of any two sides is equal 
to the diameter of the circumscribed circle, multiplied by the 
perpendicular drawn to tlie third side from the vertex of the 
opposite angle. 




§196.) 



(S 193.) 



Let AD be the diameter of the circumscribed circle ACD 
of the triangle j4^C, and ^ J? the perpendicular from j^ toBC. 

To prove AB x AC = ADxAE. 

DrawBZ*; then, ^ ^Bi> is a right angle. 

Now in the right triangles ABD and ACH, 
ZD= ZC, 
since each is measured by J arc AB. 

Then the triangles ABD iind ACE a.K similar. (§ 257.) 

Whence, AB:AD = AE-.AC. (§§ 253, II., 254.) 

Therefore, ABxAC = ADxAE. (§231.) 

2S7. Cor. In any triangle, the diameter of the eirciim- 
scribed inrcle is equal to the product of any two sides divided 
by tlie perpendicHlar drawn to the third side from the vertex 
of the opposite angle. 
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Pkoposition XXXIV, Theohem. 

288. Jti 1111/ Iriiinijle, the jrroduct of any two sides is 
equal to the product of the segments of the third side formed 
by t!ie bisector of the opposite angle, pliia tlte square of the 
bisector. 




In the triangle ABC, let AD bisect tlie angle A. 

To prove AB XAC = BD Xl>C + '!&. 

Circiiinscrilie a circle alwut ABC 

'Pr(xlupe AD to meet the ciiciitii fere nee at A', and draw 
CE. 

Then in tlie tiiiuiglos ABD imd ACE, by hyiwthesis, 
ABAD=^CAE. 

Also, / 7( - / E, 

since ojich is mcastireil by i arc AC. (S 193.) 

Then tlie triangles ABD and ACE are similar. (§ 2y<).) 



Whence, 
Therefore, 



But, 

Whence, 



AB:AD = AB:AC. (§§ 253, II., 254.) 
AB X AC =ADxAE (§ 231.) 

= ADx (DE + AD) 
=^ADxDE + :iD\ 
AD X DE = BDX DC. (§ 280.) 

AB XAC = BD X DC + AJ>\ 



Ex. 20. It AJ> U t!i<' p4TiH'Qili('ular from A to tbc Bide BC ol 
the triangli! AliC, pnivo tliat 

^fl'' - AV' = Bb^ - CD". 
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EXERCISES. 



21. If the length of Che coniroon chord of two Int^necttng circlei 
is 16, aiid their radii are 10 aiid IT, what U the dlstAnce between 
their centres ? 

22. If one leg of a right triangle iB double the other, the perpen- 
dicular from the vertex of the rigliC angle to the hypotenuae divides 
it into Begnienta which are to each other as 1 lo 4. 

23. If two parallpls to the side ItC of a triangle ABC meet the 
Bides AB and AC in D and F, and E and G, respectively, prove 

Bn_ BF^DF 
CE CG eg' 

24. C and D are the middle points of a ehord AB and Its Bub- 
tendeil arc. If AD = 12 and CD = 8, what is the diameter of the 
circle ? 

25. If AD and BE are the perpendiculars from the vertices A 
and 11 of the triangle AUC to the op])osite sides, prove that 

AC : DC ^ BC : EC. 

26. If D is Ctie middle iioint of the side BC of the triangle ABC, 
right-angled at C, prove tlint A W* — AD' = 3 CD'. • 

27. Tlie diameters of two concentric circles arc 14 and 50 units, 
resi)ectlvely. Find the length of a chonl of the greater circle which 
Is tangent to the sinaller. 

28. The length of a tangent lo a circle troni a point S luilts dis- 
tant from the nearest point of the circumference, Is 12 nnllfl. Wliat 
is the diameter of the circle ? 

29. The non-parallel aides AD and KC of a trapezoid ABCD 
intersect at O. If .^lU = 1."), CD =24, and the altitude of the trape- 
zoid is 8, wliat is the altitude of the triangle OAB ? 

30. If (he ciiual sides of an Isosceles right triangle are each 18 
units in length, what is the ienglh of Ihe median drawn from the 
verten of the right angle ? 

31. The non-parallel sides of a trapezoid are each 53 units in ' 
length, anil one of the parallel sides is 5fl units longer than the 
other. Find the altitude of the trapezoid. 

32. .^ li is a chord of a circle, and CE is any chord drawn 
through the middle point C of the arc AB, cutting the chonl AB 
at D. Prove that AC 1b a mean proportional between CD and CE. 
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33. Two secants are drawn lo a circle from an outside point. If 
their external segments are 12 and 0, wbtle the Internal segment 
of the former la 6, what Is the internal segment of the latter? 

34. U, in a triangle AltC, ^ (,' = IIMP, prove thai 

Jib" = mf + ac^ + acx bc. 

35. BG Is the base of an isosceles triangle ABC inscribed in a 
circle. If a chord AD be drawn cutting flC at E, prove that 

AD:AB = AB:AE. 

36. Two parallel chonls on opposite sides of the centre of a circle 
are 48 units and 14 units long, respectively, and the distance between 
their middle points is 31 units. Wliat is the diameter of the circle ? 

37. ABC Is a triangle inscribed in a circle. Aiiotiier circle is 
drawn tangent to the first externally at V, and A(! and JIU are 
produced to meet Its drciiinfcreuce at J> and E. Prove that tlio 
triangles ABC and CDE arc similar, (g 11)7.) 

3a ABC and A'BC are triangles whose verticus A and A' lie in 
a parallel to their common base ItC. If a ]>arullel lo IIC cuts AB 
and AC at D and E, and A'B and A'C at D' and E', prove that 

de = i>'e: 

39. A line parallel to the bases of a trapezolil, paasln;; through 
the intersection of the diagonals, ami terminating in llic non- 
parallel sides, is bisected by the <tiagonals. 

40. If the sides of a triangle ABC are AB = 10, BC= 14, and 
CA = 16, find the lengths of tlie three medians, (g 270, I.) 

41. It the sides of a triangle are vi/f = 4, AC ^5, and BC-=0, 
find llie length of the bisector of the angle .4. (gg 241), 2H8.) 

42. The tangents to two Intersecting circles from any point in their 
common chord produced are equal, (g 282.) 

43. If two circles Intersect, their common choni produced bisects 
their common tangents. 

44. Ali and AC are the two tangents to a circle from the point 
A. If CD be drawn perpendicular to the radius OB at D, prove 

AH:OU= BU-.Cn. 

45. ABC Is a triangle in9cril>ed in a circle. A straight line Ali 
Is drawn from A to any point of BC, and a chord BE is drawn, 
making ^ABE^^ADC. Prove that 

AB X AC = AV xAE. 



^ 
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46. The mdins ol a circle is 22j units. Find the length ot a 
chord which joins tlie points of contact of two tangents, each 30 
units In length, dravo to the circle from a point without the 
circumference. 

47. If, in a right triangle ABC, the acute angle B la double the 
acu(« angle A, prove that ACT = 3 lit . 

48. What is the product of the segments of any chord drawn 
through a point 9 units from the centre of a circle whose diameter is 
24 iinitB ? 

49. Tlie hypotenuse of a right triangle is Ti, and the perpendicular 
to it from the opposite vertex Is 2j. Find the other two sides of the 
triangle, and the segments into which the perpendicular divides the 
hypotenust^. (§ 270.) 

50. State and prove the converse of Prop. XV. 

51. State and prove the converae of Prop. XVI. 

92. It D is the ml<1dle point of the hypotenuse AB of the right 
triangle ABC, prove that 

cS" = i (AB* + Sip + c3°). 

53. If a line he drawn from the vertex C of an isosceles triangle 
ABC, meeting the base AB produced at 1>, prove that 

cW-C'b'= AD X BD. 

54. If AC Is the base of the Isosceles triangle ABC, and AD be 
drawn perpendicular to BC, prove that 

3 ZZJ" + 2 iS& + CD* = ah'' + BC* + CA\ 

55. The middle points of two chords are distant 5 and fi units, 
respectively, from the middle points of their siibtendecl ares. If the 
length ot the first chord Is 20 units, what Is the length of the second ? 

56. Tlie si<les AB and BC of a triangle ABC are and 16, 
respectively, and the Icnglli of the median drawn from A Is 11. 
Find the side viC. 

57. The diameter which bisects a certain chord whose length 
Is 333 units, is 3.1 units in length. Find the distance from either 
extremity ot the chord to the extremities of the diameter. 

58. The equal angles of an isosceles triangle are each 30°, and 
the equal sides arc pach 8 units in length. ^Vhat is the length of 
the base ? 

59. Tlie diagonals of a trapezoid, whose bases are AD and BC, 
intersect at B. IIAE = 0, KC - 3, and itl) = 10, find BE and BD. 
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60. Prove the theorem of g 284 by drawing A'B and AB". 

61. The parallel sidei of a circumscribed trap«Kild are 6 and 18, 
reBpectivelf , and the other two Bides are equal to each other. Find 
the radius of the circle. 

62. It two adjacent sides and one of the diagonals of a paraUel- 
ograiD are 7, 9, and 8, respectively, find the other diagonal, 

63. An angle of a triangle le acute, right, or obtuse according as 
the square of tlie opposite side is less than, equal to, or greater than, 
the sum of tiie squares of tlic othnr two sides. 

64. Is the greatest angle of a triangle whose sides are 3, 5, and 
6, acut«, right, or obtuse ? 

65. Is the greatest angle of a triangle whose sides are 8, 9, and 
12, acute, right, or obtuse ? 

66. Is the greatest angle of a triangle whose sides are 12, 35, and 
37, acute, riglil, or obtuse ? 

67. If D Is the Intersection of the perpendiculars from the vertices 
of the triangle ABC to the opposite sides, prove that 

aB" — AC" = B5* - CD\ 
6a If a parallel to the hypotenuse AB of the right triangle ABC 
meets AC and BC at D and E, prove that 

Ze" + BD' = AB'' + W. 

69. The diameters of two circles are 12 units and 28 ontts, 
respectively, and the distance between their centres is 20 units. 
Find the length of the common tangent which cuts the straight line 
joining the centres, 

70. State and prove the converse jf Prop. XXVI., II. 

71. The sum of the squares of the distances of any point in the 
clrcumferenec of a circle from the vertices of an Inscribed square, 
is equal to twice the square of the diameter of the circle. (1 106.) 

72. The sides AB, BC, and CA, of a triangle ABC, are 180, 162, 
and leii imits, respectively. Find the segments Into which AB 
and BC are divided by perpendiculars drown from C and A, 
respectively. (§277.) 

73. In a right Irianglp A liC is inscribed a square DEFG, having 
its vertices D and G In the hypotenuse Jir. and Us vertices E and F" 
tn the sides AB and AC. Prove that DE Is a mean proportional 
between BD and CC. 

Note. For additional exercises on Book III., see p. 224. 



SIMILAK P0LTGON3. 167 

1 PROBLEMS IN CONSTRUCTION. 

Proposition XXXV. Fboblkh. 

289- To divide a given ttraight line into parte propor- 
tional to any number of given lines. 



f 



Let AB be the given straight line. 

To divide Ali into paita proportional to the given lines 
m, n, and p. 

Draw the indefinite straight line AC. 

On AC take AI> = m, T)E = v, an.l KF = p, and draw BF. 

Draw DO and EH parallel to BF, meeting AB at G and 
l{, resj>eetively. 

Then AB ia divided by tlie points G and H into parts 
proportional to m. n, and p. 

For since DG is ]>ai-allel to the side EH of the triangle 
AEH, 









AH 

AE 


An 

' AJ> 


an 

' DE' 


(S 246.) 


Thatl 


s. 




AH 
AE 


AG 


GH 


(1) 


And since 


EH 


13 puralkl to the side BF ol tiie 


triangle 


ABF, 






AH 
AE 


IIB 

EF 


_HB 


(2) 


From 


(1; 


and 


(2). 









AG GH HB 
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Proposition XXXVI. Pboblem. 

290. To divide a given straight line into any numher of 
eqital parts. 




Let AB be the given straight line. 
To divide AJi iuto four eqiial pai-ts. 
Draw the indefinite straight line AC. 

On AC take any convenient length AD, and lay off DE, 
EF, and FG each eiiiial to AD. 
Draw JiG, and draw DIf, EK, and FL pai-allel to }iG. 
Then, AH = UK = KL = LB. {i 243.) 



2SL To construct 
given straight lines. 



Proposition XXXVII. Problem. 

fourth projJoHional (§ 230) to three 






Let m, n, and p be the given straight lines. 

To construpt a fourth proportional to m, n, and p. 

Draw the indefinite straight lines AB and AC, making 
any convenient angle with each other. 

On AB take AD = m and DE = n, and on .^C tjike 
AF =p. 
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Draw DF, and draw EG parallel to DF. 
Then FG is a fourth proiwrtioual to m, n, and p. 
For since DF is parallel to the side EG of the triangle 
AEG, 

AD : DE = AF: FG. (§ 245.) 

That is, m.:n=p: FG. 



, the above pro- 



292. Cor. If AF be taken equal t 
[Mirtion becomes 

m:n = ti:FG. 
In this case, FG is a third proportional (§ 229) to m. 
and n. 

Pkoposition XXXVIII. Pbobleh. 

293. To constmct a mean proportional (§ 229) between 
two yiven straight lines. 



p'""?> E 

Let m and n be the given straight lines. 

To construct a mean proportional between vi and n. 

On the indefinite straight line AE, take AS = m and 
BC = n. 

On AC iis a diameter describe the semi-circumference 
ADC, and draw BD periiendieular to AC. 

Tlien BD is a mean proportional between m and n. 

For, AB:BD=BD: BC. (§ 272, I.) 

That is, m:BD^JiD:v. 

294. ScH. By aid of § 29.S, a line may be constnicted 
equal to Vw, where a is any number whatever. 

Thus, to constriK^t a line equal to V3, wc take AB equal 
to 3 units, and BC equal to 1 unit. 

Then, BD = ^ABxSC (§ 231) = V3"xl = VS. 
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295. Det. a straight line is said to be divided by a 
given poiiit in extreme a»d m«an ratio wlieu one of the 
segments (§ 2ol) is a mean proportional between the whole 
line and tlic other segment. 



D 



g tf 



Thus, the line AB is divided iuternally in extreme and 
mean ratio -at the point C if 

AB : AC = AC : BC ; 
and it is divided ertemallij in extreme and mean ratio at 
the point D if 

AB:AD= AD-.BD. 



7S&. To divide 
ratio (S 2'J5). 



Proposition XXXIX. Problem. 

straight line in extreme and ■mean 



Let AB lie the given straight line. 

To divide AB in extreme and mean ratio. 

Draw BE iieipeiidienlar to JB, and ecpial to i AB. 

With A' as a centrt;, and EB us a radius, describe the 
t-irennifi'vence BFf!. 

Di-aw the sti-aiglit line AJS cuttint; the circumference at 
F and a. 

On ABtaMe AC = AF; on BA pimluced ^\V.f AJ)=AG. 

Then AB is divided iit C internally, aiKl at D externally, 
ill extreme and mean ratio. 
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For since ^<r is a secuiit, aiid AB a tangent, 

AG : AB = AB : AF. 
That is, AG:AB = AB: AC. 

Then, AQ — AB-.AB = AB - AC -.AC. 
Whence, AB:AG-AB = AC: BC. 
But by hypothesis, 

AB = 2 BE = FG. 
Whence, AG - AB = AG - FG 

= AF=AC. 
Substituting, we have 

AB : AC = AC : BC. 
Therefore AB is divided at C internally in extreme and 
mean ratio. 
Again, from (1), 

AQ-\-AB:AG = 



(S 283.) 

(1) 
(§237.) 
(§236.) 

(2) 



(3) 



= AB-^AC:AB. (§236.) 



But, A G + AB = ADJrAB = BD. 

And by (2), AB + AC = FG + AF = AG. 

Therefore, BD:AG = AG: AB. 

Whence, AB:AG = AG: BD. (§ 235.) 

That is, AB.AD = AD: BD. 

Therefore AB is divided at D externally in extreme and 
mean ratio. 

297- CoR. If AB be denoted by m, and AC hj x, the 
proportion (3) of the preceding article becomes 



Placing the [)rortuct of the u 
the extremes, we have 



s equal to the product of 
- n^, (§ 231.) 



Solving this quatlratic equation, we obtain 



\- 



c 74. Construct a line eqiiAl to v^ ; to Vo ; to v% 
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rROPOaiTION XL. I'roblkm. 

298- Upon a given side, /lomnlogous to a given side of a 
given polygon, to construct a polygon similar to the given 
polygon. 




Let ABODE be the given polygon, and A'B' the given 
aide. 

To construct upon the side A'B', homologous to AB, a 
polygon simil.ir to ABODE. 

Divide the polygon ABODE into triangles by drawing 
the diagonals EB and EO. 

At A' constnict Z B'A'E' =Z A, and draw B'E' making 
ZA'B'E'=ZABE. 

Tlien the triangle A'B'E' will be similar to ABE. (§ 256.) 

In like manner, construct the triangle B'G'E' similar to 
BOE, and the triangle C'D'E' similar to ODE. 

Tlien A'B'O'D'E' will be similar to ABODE. 

For two polygons are similar when they are composed of 
the same number of triangles, similar eacli to each, and 
similarly placed (S 260). 

EXERCISES. 

75. To inscribe In a given firclu h triangle similar to a given 
. triangle. 

76, To circuiiiacrlbc about a given circle a triangle similar to a 
given triangle. 



Note. For ailditlonal exercises on Book III., see p. 229. 



BOOK IV. 






ABBAS OF POLYGONS. 



TRorosiTioN I. Tji-^oijEM. 

299- Tioo reetiiiifjlen hiivuiij e^wil tiHifiiiles are to eneh 
other as their buses. 

NoTK, Tim word " rertuii-jli;" in tlie above aUtenient, signifies 
the amount cif tiir/ace of Ihe rectangle. 

Case I. When the bases are commeiisuralite. 



D E . , C 

A P I 



Let ABCJ) and ABEF bo two rectangles, having; equal 
altitudes, and coiumenitui'alile basc^ AD and AF. 
AJtCD^AD 
AHICF AF' 
I>i't AG be a eomuifin measure of Al> and AF, aiid let it 
be cimtivined 7 tiuu-s in AD, and 4 times in AF. 
AD 1 



3 prove 



Drawing ]ierpeii<Iicular.s to AD tbroiigli the several pumts 
of division, tht! rectanjjlc AISVI) will be divided iiito 7 equal 
pai-ts, of whicli AISKF will contain 4. (S 113.) 

■11'' ni = 1 

A /IFF 4' 
^ -I /!0D ^ AD 
' AiiHF AF ' 



Tlien, 

From (1) and (2),-' 



(2) 
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Case II. When the bases are incommensuraile. 



H F 1 



Let ABCD and ABEF be two rectangles, having equal 
altitudes, and incomtnenaurable bases AD and AF. 
ABCD AB 
ABEF "" AF ' 



To prove 



(§ 299, Case I.) 



Let AD he divided into any number of equal parts, and 
let one of these parts be applied to AF as a measure. 

Since AD and AF are incommensurable, a certain num- 
ber of tbe parts will extend from A to Jf, leaving a 
remainder, HF, less than one of the parts. 

Draw GIf perpendicular to AD. 
ABCD ^ AD 
ABGH AH' 

Now let the number of subdivisions of AD be indefinitely 
increased. 

Then the length of each ])art will be indefinitely di- 
minished, and tbe remainder HF will approach the limit 0. 

4^^ will approach the limit 4^^, 
ABGH ^^ ABEF' 

^ will approach the limit —,. 

By the Theorem of Limits, these limits are equal. (§ 188.) 
ABCD AD 
ABEF ^ AF ' 



Then, 



Then, 
and 



Whence, 



300. Cor. Since either side of a rectangle may be taken 
as the base, it follows that 

Two 1-ectangles haring equal buses are to each other at 
their altitude. 
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Proposition II. Theobeh. 



301. Anif two rectangles are to each other as the product* 

of their (misbs Oi/ their altitudea. 




To prove 



Let A ami B be any two rectangles, having the altitudea 

and «', and the bases b and b', respectively. 
A aXb 

Let C be a rectangle having the altitude a and the base b'. 
Tlien tho rectangles A and C, having equal altitudes, are 
iia their bases. (§ 299.) 

- = -■ fl) 



tu each othe 

That is, 

And tlie i 
each other a 

Tliat li, 

Miiltiplyii 



■ctangles C and B, having equal bases, are to 
their altitndea. (§ 300.) 



.g(l)and(2), 



aXb 
' a'X b'' 



302. Sru, It must be observed tliat the produrt of two 
Uiifn signiii'-s the prodiic't of theii' numerical ineaaurea when 
refen-ed to a Lonimou unit, 



Ex. 1. A rec Ian pillar llt'Itl la 18-.' fi-ct long, and 102 fuet wldr. 
Another in 110 feet long, and 117 tvL't wiilu. What Is the rutlo of 
their Burfauea '/ 



166 PLANE GEOMETRY. — BOOK IV. 

DEFINITIONS. 

303- The area of a surfitce is its riitio to another surface, 
called the uiiU of mrfiu-e, adopted arbitrarily as the unit of 
measure (§ 179). 

Thus, if A represents a certain surface, and B the unit of 

surface, the area of ^ is -— . 

The usual unit of surface is the square whose side is some 
linear unit ; for example, a square inr.h, or a square foot. 

304- Two surfaces are said to be equivalent when their 
areas are equal. 

The symbol -o is used for the words " is equivalent to." 

Proposition III. Theorkm. 

305. The area of a rectangle is equal to the prodnrt of 
its base and altitude. 



Let a aTid h be the altitude and Iiaae of the rectangle A ; 
and let B be the unit of surface; i.e., a square wliose side 
is the linear unit. 

To jirovc area of ^ = a X If- 

Any two rectanj^des are to each other as the products of 
their IKISPS by their altitudes {§ 301). 



Whence, 



J Xft _ 



"X '>. 



i X 1 

But since B la the unit of surf.n-o. '-. is the area of A. 

(S 303.) 



Therefore, 



a of ^1 = rt X 6. 
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306. Cob. The area of a square U equal to the square of 
its side. 

307. Sen. I. The stateineut of Prop. III. iii an abbrevia- 
tion of the following : 

If the unit of surface is the square whose side is the 
linear unit, the number which expresses the area of a rect- 
angle is equal to the product of the numbers which express ' 
the lengths of its sides. 

All interpretation of the above form is always imderstood 
in every proposition relating to areas. 

306. ScH. 11. If the sides of the rectangle are multiples 
of the linear unit, the truth of Prop. III. 
may be seen by dividing tlie figure into 
squares, each equal to the unit of sur- 
face. 

Thus, if tlie iiltitude of the rectangle A 
is 5 units, and its biise G units, the figure 
can evidently be divided into 30 squares. 

In this casi', .'JO, the number which expresses the area of 
the rectangle, is the product of 6 and 5, the numbers which 
express the lengths of the sides. 




309i Drp. The dimetisio^ia of a 
altitude. 



jctangle are its base and 



EXERCISES. 

2. If tlic area of a recUngle is TD50 sq. in., and Its base 8} yd., 
flmi its perimetMr in feet. 

3. If tlie base anil altitude of a rertangle are 14 ft. 7 In., and 5 ft. 
3 in., resiMtctivciy, nlint is tlie aide of an equivalent square? 

4. Find tlie dimensions of a rectangle whose area is 160, and 
perimeter ■12. 

5. The area of a rertancle is 14.1 sq. ft. ITi sq. In., and Its baae li 
3 times Its altitude. Find earh of its dimensions. 

6. The area of a wiuare Is mz sq. yd. 4 sq. fL ; find its side. 




/ 
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Proposition IV. Theorem. 

310- The area of a parallelogram, is equal to the product 
of its base and altitude. 




Let ABCD be a parallelograiiij having its altitude DF 
equal to a, anil its base AD equal to b. 

To prove area ABCD = a x b. 

Draw AS perpendicular to AD, meeting CB produced at 
E, forming the rectangle AEFD. 

Then in the right triangles ABE and DCF, 

AB = DC, and AE = DF. (§ 104.) 

Whence, A ABE = A DCF. (§ 88.) 

Now, if from the entire tigure AECD we take the tri- ■ 
angle ABE, there remains the parallelogram ABCD; and 
if we take the triangle DCF, there remains the rectangle 
AEFD. 

Therefore, area ABCD = area AEFD. 

But, area AEFD = o x i. (S 305.) 

Whence, area ABCD =^aXh- 

3U.. Cor. 1. Two ptira/ielofframs having equal bases nud 
equal altitudes are equivalent (§ 304). 

312. CoK. II. 1. Two parallelograms having equal alti- 
tudes are to each other as their bases. 

2. Two parallelograms having equal bases are to each 
other as their altitudes. 

3. Ani/ two parallelograms are to each other as the prod- 
ucts of their bases by their altitudes. 
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Proi*08ition v. Theorek. 



t/ 



313. The area of a triangle is equal to one-half the prod- 
uct of its base and altitude. 




Let ABC be a triangle, having its altitude AE equal to 
a, aud its base BC equal to J, \ 

To prove area ABC —^aXh- N 

Draw AD aud CD parallel to BC and AB, respectively, 
foiiiiiiig the i)aralleIogram ABCD. 

Now, A ABC = A ACD. (S 106.) 

Whence, area ABC = i area ABCD. 

But, area ABCD = aXb. (§ 310.) 

Wlience, area^iffC =^axb. 

314. Cor. I. Ttco triangles haeing equal bases and equal 
ah U tides are equivalent. 

315. Cor. II. 1. Two triangles having equal altitudes 
are to each other as their bases. 

2. Tivo triangles having equal bases are to each other as 
their ullitmics. 

3. Any two triangles are to each other as the jtroducts of 
their bases hij their altitudes. 



316. CoK. III. A triangle 
parnllelogrinn hnriinj the saiih 



r equt 



■iilent to one-half of a 
lid altitude. 



Ex. 7. The hypoipnuse of a right triangle Is 5 (t. 5 in., And o 
its legs Is 2 ft. in. find lu area. 
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Pbo POSITION VI. Theorem. 

317. The areit of a trapezoid is equal to one-half the sum 
of Us bases muUipliM by its altitude. 



Let ABCI) be a trapezoid, liaviiij; its altitude DB equal 
to a, and its bases AB and DC eiiiial to b and b', i-espectively. 

To prove area ABCD = « x ^ (ft + b'). 

Draw the dia^ual BD, 

Tlien the trapezoid is di\i(le(l into two triaiiylos, A]iD 
and BCD, having tlie common altitiide a. 

Whence, area ABD = ^ n x 6, 

and area BCD = | <f X b'. (§ ZVi.) 

Adding, we liave 

area ABCD = ^ « x '' + i « X *' 
= « X i (6 + b'). 

318. GoK. Since the line joining the middle iNiint-i of 
the non-parallel side.t of a trapezoid is efpial to one-half the 
sum of the bases (§ 132), it follows that 

The area of a Irajiezoid !a ei/nul to the prodiirt of its 
altitude by the line Joining the middle jminta of its non- 
parallel sides. 

319. Sl-h. The area of any polytjon mivy bo obtainwl by 
finding the awm of the an'ns of tJie triiinglos into whicli the 
polygon may be dividi-d by drawing diagonals from any one 
of its vertices. 
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But in practice it is better to draw tlie longest diagonal, 
aud draw pei'|»endiculars to it from 
the remaining vertices of tlie polygon. 

The polygon will then be divided 
into right triangles aud trapezoids ; 
and by measuring the lengths of the 
]>erpendicn!ara, and of the portions 
of the diagonal wliich they intercept, 
the areas of the Hgures may be found by §§ 313 and 317. 

pKorOSlTlON VII. TllEORKM, 

320. Tico simUar triangles ire to each other as th 
aquarcs of their liomoloQous sides. 




^ 




Ivet AB and A'B' be homologous sides of the similar 
triangles ABC and A'B'C". 

ABC ^ A^ 
A-B'C A'B''' 



To prove 



Draw the altitudes CD and CD'. 

Then, .4^1*1 =.^'lX._f'^_ 

A'B'C A'B' X CD' 



But, 



CD 



A'B' 
AH 



CD' 



CD' A'/l' 
Substituting this value in (1), we have 

ABC ^ AB AB ^ Al? 
A'B'C A'B' A'B' J^B^^ 



(§ 315, 3.) 

(1) 
(§ 263.) 
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321. ScH. Two similar triangles are to each other as 
the squares o£ any two homologous lines. 

Pkofositios VIII. Theobeu. 

322. Two trianyies kaviny an amjle of one equal to an 
angle of tiie other, are to each other as the products of the 
aides including the equal angles. 




Let the triangles ABC and AB'C have the common 
angle A. 

„ abc ab x ac 

^^ ''''''"' aWc' = -a-jFVa(F- 

Draw B'C. 

Then the triangles ABC and AB'C, having the common 
vertex C, tyid thi'ir bases AB and AB' in the same straight 
line, have the saiae altitude. 



Wlience, 



In like 



ABC _ AB 

Aire AB'' 

AB'C ^AC 

AB'C AC ' 

Multiplying these eiiuations, we liave 

ABC ^ ABX AC 
AB'C AB'XAC' 



(§ 315, 1.) 



EXERCISES. 

8. If the dltitiulR of a trapezoid Is 1 ft. 4 In., and lt« baaes are 
1 ft. 1 In. and 2 ft. 5 In., ir.'pec lively, wli.it Is its area ? 

9. If, in the figure of I'rop. VH., AB = fi, A'B" = 7, and the area 
of A'B'C is 147, what Is the area of ABC ? 
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• 



FbOPOBITIOM IX. TUEOBEH. 

323- Two similar polygons are to each oilier as the squares 

of their homologous sides. 



similar 
K', re- 




Let AB and A'B' be homologous sides of the 
polygons AC and A'C, whose areas are K and 
spectively. 

„, K ~A& 

lo prove -jTT = , . 

Draw the diagonals ER, EC. E'B', and E'C. 
Then the triangle ABE is similar to A'B'E'. 

ABE AB' 

l\hence, ;i'»? = ^fP* 

III like 



<S 267.) 
(§ 320.) 



BCJl _ SC' _ AB' 
B'C'E' Ji'c'^ Zl'B'' ' 

CDE _ ~CV' _ AB' 
ind -^,j^.-j.;7--==i-.rrjpi- 

,,.. ABE liCK CDE 

'^ '■'•"'■ JIFW = V&E- - cWe> ■ 

Tl,,,, ABE+BrE + CriE ABE 

' A'B'E' + B'C'E' + C"D'E' A'B'E' 



ABE _ AB' 
A'B'E' WW'- 



(Ax. 1.) 
(S 239.) 



324. ScH. Two similar polygons are to each other as the 
squares of any two homologous lines. 
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32S To find the 
are given. 



Proposition X. Problem. 

yf a triangle when its three tides 




Let a, b, and c represent the sides BC, CA, and AB, and 
K the area, of the triangle ABC. 
To find A' in tenna of a, b, and c. 
Let C be an acute angle, and draw AD perpendicular 

to nc. 

■ Then, c* = a' + 6' — 2 « X CD. (S 277.) 

TransiMjsiiig, 2 a X CD = n^ + ft" ~ «'. 
Whence, CD - ^+_-*lr--£'. 

Then, 
Al^ =r Mf ~ Clf (S 274.) 

= {AC-\- CD) (A C — CD) 

^ (2 ab + g' + a= — c') (2 n6 - tt' - &* + c*) 

'^ " 4«" 

4«" 

_ (fl ■ + 6 + r) f,. + /, - P) (^ 4- « - ;>> f^ - ., + i) ... 
.1 „J ■ ^ ' 



Now let a. + 6 + c = 2 s. 
Then, 



= 2(» 



c). 



t 
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In like ni aimer, 

c + rt - fe = 2 (s - J), and c - rt + 6 = 2 (« - a 
Substituting in (1), we Iiave 

_j^_ -iCHs-a)(s~h)(..-r) _ 

Whence, AI> = ^ VTIT- a)^^- b) {>, - c) _ 
Then, K = ia X^J) (S 3 

= v<T''-V)(«-6)(s-c). 

EXERCISES. 
10. The sides of a triangle are 13, 14, and 15; find ita area. 



Let a = 13, h = 14, and c = IS. ■ 
Then, » = i (13 + 14 + 15) = 21. 
Whent^, K — a = 8, » — 6 = 7, and i~e=9. 
Therefore, the area of the trlanRle is 

Vilx 8x7 xO=v^"x^7 X2'x7x2x3 
= V2rx"3'-'x"7" 
= a^ x;f X 7 = W. An». 
1^11. If the Bides of a triangle ^BC are ^B = 25, flC=17, and 
CA = 28, And Its area, and the length of the perpendicular from 
each vertei to the opposite side. 

12. Find the length of the diagonal of a rectangle whose area Is 
2040, and altitude 4H. 

13. Find the lon-er base of a trapezoid vhoae area is MO?, upper 
base 79, and altitude m. 

14. The area of a rhombus is equal to one-half the product of Its^l ' ^ 
diagonals. 

15. The diagonals of a parallelogram divide It Into four eqnlTalent 

i. 1 

in one of its diagonals diviilo (he figiiri! intu two pairs of equivalent \' ^ ' 

triangles. ^ 

17. If EF Is any slraiaht line drawn tlirough the rentre of the " 
paralklograni Alt<:l), met-ting the sides AJ> and ItC at A' and F, 

llien the triangles 1!J£F and CED are equivalent. t , , 




17( 
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326. Since the urea of a st]uai-e is equal to the square of 
its side (S 30G), we may state Prop. XXVII., Book III., as 
fuUows : 

In niiy right trmnijle, the square desrrilied upon the 
hi/poti'.niise l» eqaieuleiit ta the sunt of the squarea deteribed 
vjM/i the legs. 

The theoi-tiui itk the above form is proved as follows : 



■t 




I^et AB be the hypotenuse of the right triangh* ABC. 

To prove tljjit tlie sipuitv AliEF, dfSfriliiMl uixiii AB, is 
equivalent to th.- sum t.f the squares ACdll and BCKL, 
aeserilied ujhiu Jt'auil ]l(\ respectively. 

l>riiw en i.cr]«-ii<lieul:ir tn AB. 

PnHlu.e r/> to meet A7-'ut M, and draw B II iUiA CF. 

Then in tlje Iriuutiles AB// imd .(('/■', 

AB = AF.imiA// = .lC. 

Also, Z AM// = Z VAF, 

since each is eipuil to a ri-lit angle + Z /lAC. 

I lent!.-, A . 1 /;// = A .1 CF. (i (J.'{ ) 

2iow the ti-ianj;le .iB// ha.s the same Uuse and altitude as 
thescpiare AC'.//. 

Wlieuce, area .(/(// = ^ area ACd/f. (§ 31ti.) 

Ajjain, the tnan.L;le .ICi-'hik* tlie aaiue base and altitude 
as the itctangle AOMF. 




Whence, 
But, 
Whence, 
In like 
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area ACF=i area ADMF. 
area ABH •= area ACF. 
area A CGH = area ADMF. ( 1 ) 

■, by drawiDg AL and CE, we may prove 
area B CKL = area BDME. ( 2 ) 

Adding (1) and (2), we have 

area ACGH-^- area BCKL = area ABEF. 

3ZI. ScH. The above theorem is aupiKwed to have been 
first given by Vythagoras, and is called after him the Pi/tha- 
fforeati Theorem. 

Several other propositions of Book III. may be put in the 

form of statementB iu regard to areas; as, for example, 

» Props. XXVIII. and XXIX. 



:.y; 






Ni 
EXERCISES. 
IB. The side of an equilateral triangle is S ; find Its &rea. 
19. The altitude of an equilateral iriungie 1b 3; find its area. ' 
aO. Tiie area of a certain triangle is 21 times the area of a similar 
triangle. If the altitude of tlie first triangle ia 4 ft. 3 in., what Is the 
homologous altitude of the second? 

21. Two triangles are equivalent nhen tliey have two sides of one 
equal rcs;)ectivcly to two sldea of tlie other, and the included angles 
supplementary. 

22. One iliagonal of a rhombus is flve-thlrds of the other, and the - 
difFerence of the diaRonnIs \s S; find its area. 

23. If D and E are the middle points of the sides BC and AC of 
the trianglo ABC, prove that the triangles ABD and ABB are 
equivalent. 

~TV24, If E is the middle point of CI), one of the non-pvallel sldea 
■■' of the trapezoid ABCD. and a parallel to AB drawn through E 
meets BC at F and AD at O, prove that the parallelogram .^BJ^ 
Is equivalent to the trai>piold. 

25. The sides AB, BC, CD, and DA of the qnadritaleral ABCD 
are 10, 17, 13, and 20, respectively, and the diagonal AC U 21. Find 
the area of the quadrilater:il. 

26. Find the area of the square inscribed in a circle whon radius 
'.. Is 8. 



..I 
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27. The area of an Uosceles right triangle is Bl sq. In.; find Its 
bypoleuuae in feet. 
"^ 28. The area of an equilateral triangle is OVS; HuU ita side. 

29. Tlie area of an equilateral triangle is 18 V^; find ita altitude. 
''' 30. The base of an isosceles triangle is 50, and each of the equal 
sides is 53; find its area. 

31. The area of a triangle is equal lo one-half the product of ita 
perimeter by the radiiis of the luscritfed circle. 
/ 33. Tlie area of au isosceles right triangle is equal to one-fourth 
tlie area of the square described upon the base. 

33. If the angle .1 of the triangle ARC is 30°, prove that 

area^/tC-i JB x AC. 

34. A circle wliose diameter is 12 is inscribed in a qtiadrilateral 
whose perimeter Is GO. Find the area of the quadrilateral. 

35. Two similar triangles liavc homologous sides equal to S and 
13, respectively. Find the homologous side of a similar tri.ingie 
equivalent to tliclr sum. 

36. Tlie non-parallel sides of a trapezoid are eacli 20 units in 
length, and tlie parallel sides are ID and 33 units, respectively. 
Find the area of the trapezoid. 

37. If E is any point within the parallelogram ABCD, the 
tilaogles ABE and CUE are together equivalent to ouo-half the 
parallelogram. 

■ 38. If the area of a i>olygon, one of whose sides Is lH in., is 3T6 
•q. in., what is the area of a similar polygon whose lioniologous side 
la 18 In. ? 

39. If the area of a polygon, one of whose sidea is 30 ft, is 048 
aq. ft., what is the homologous side of a similar polygon n'hose area 
l»W2aii. ft.? 

40. If one diagonal of a fnwdrilateral bisects the other, it divides 
the ipiadrilatiTal Into iwo equivalent triangles 

41. Two vquiviilfut triangles have a common I>a9e, and lie on 
op|K>xite sides of II. Trove that tlie base, proiluced U necessary, 
bisects the line joining tliclr vertices. 

' 42. If the Hicl<>s of a triangle are 15, 41, and 52, find the radiua of < 
the inscribed ciri'Ie. (,Ex. 31.) r- . 

43. The area of a rhombus U 240, and ita aide la 17; find luj 
diagonaU. > \f' 



^ 
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^44. I( the sides of a triangle are23,S9, and 36, find the diameter '"ff ^Uj' 
of the circumscribed circle. (§ 287.) ' ' 

/ 45. The aura of the perpendiculars from any point within an 
equilateral triangle to the three Bidea U equal to the altitude of the 
triangle. 
^ 46. The longest sides of two similar polygons are 18 and 3, re- 
spectively. How many polygons, each equal to the second, will form 
a polygon e(|uivatent to the first ? ? o 

\IX *'- The sides AB and AC of a triangle ABC are 15 and 22, C^,"' 
respectively. From a point 1) in AB, a parallel to BC is drawn ^, ' , ., 
nineting AC at E, and dividing the triangle into two equivalent (^> 
parts. Find AD and AE. 
^T 48. The segments of the hypotenuse of a right triangle made by , •' ' 
a perpendicular drawn from the vertex of the right angle, are 6] and 
&}; find the area of the triangle. 
V 49' Any straight line drawn through the centre of a parallelo- 
gram, terminating in a pair of opposite sides, divides the paral- 
lelogram into two equivalent quadrilaterals. 
•^ 50. If £ is tlie middle point of CD, one of the non-parallel sides 
of the.,trapezoid ABCD, prove that the triangle ABE Is equivalent' > , '- ' 
to one-half the trapezoid. \ v i "■ ' 

t/ r 51. The sides of a triangle ABC are AB = 13, BC^ 14, and ] ' ~ ; : 
CA ^ 15. If AD is the bisector of the angle A, find the areas of ■ 
the triangles A BD and A CD. I "? ' / 3 

Vy 52. The longest diagonal AD of a pentagon ABODE is 44, and V'?'^, 
I the perpendiculars to it from B, C, and E are 24, 10, and IG, re- Ai ,J 
spectively. If AB = 25, CD = 20, and AE = 17, what Is the arean 4<TC^ 
of the pentagon ? ■ N^ 

*'' 53. The sides ot a triangle are proportional to the numbers?, 24, ^ 

and 2o. Tiie perpendicular to the third side from the vcrtei of the 
opposite angle is litj^. Find the area of the triangle. 
X/ 54. If .K and F arc the middle points of the sides AB and AC of 
a triangle, and J> is any point in BC, prove that the quadrilateral 
vlKOF is eiiuivulent to one-half the triangle ABC. r&iVcj 

^ 55, The parallelogram formed by joining the middle points of ;'_ i 
■'■B adjacent sidt'S ol a quadrilateral is equivalent to one-half the 






quadrilateral. \'^ •^[ I 

KoTE. For additional exercises on Book lY., see p. 224. 
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PBOBLEMS IN CONSTRUCTION. 
Pboposition XI, Frobleh. 

To construct a tnangle e^uioalent to a given polygon. 




Let ABODE be the given polygon. 

To construct a triangle equivalent to ABODE. 

Let A, B, and Ite any three consecutive vertices, and 
draw the diagonal AO. 

Draw BF [)arallel to AO, meeting DC produced at F, 
and draw AF. 

Then AFDE is a polygon equivalent to ABODE, having 
a number of sides less by one. 

For tho triauRlea ABO and AFO have the same base ^ C. 

And since their vertices B and F lie in the s-nme straight 
line parallel to AO, they have the same altitude. {% 78.) 

Therefore, area ABC = area AFO. (S 314.) 

Adding 3.i%3. AODE to both mi'mbers, we have 
area ABODE = area AFDE. 

Again, draw the diagonal AD. 

Draw EO jiardllel to AD, meeting CD produced at Q, 
»nd draw A G. 

Tlien, area AED = area AGD. (S 314.) 

Adding area AFD to both members, we have 
■ area A FDE = area AFG. 

Wlienc*, area ABODE = area AFG. (Ax. 1.) 
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Propohitiox XII. Problem. j/" 

To ronstruct a sipiare equivalent to ike sum of tico 




Let M and X he tlie given squares. 

To construct a square equivalent to the sum of M and N. 

Draw AB eiiiuil to a gide of M; at A draw AC perpen- 
dicular to All, imd equal to a side of N, and draw BC. 

Tlu'n the miuare /', describe*! witli its side equal to BC, 
will be equivalent to the suin of M and N. 

For in the right triantile ABC, 

JtC" = 'AB' + To'. (S 27a) 

Tliat is, area F = area M + area JV: (S 306.) 

330. (.'ok. By an extension of tlie above method, a square 
may ite constructed i'<iuivalent to the sxun of 
any nuiiii)er of yiveii sqiiares. A 

Let it l>e inquired, fur example, to con- /' \ 
Btnu-t a squai-e wjuivah-ut to the sum of OfC, \ 
three squares, whose sides are m, n, and />. J ""-^.^ \ 
respectivelv. I "'V. 

Draw .47? equal to m. 

At -i draw AC iM-ri)endicular to AB, and equal to n, and 
Iraw BC. 

At C di-aw CI) iKTiiendieuIur to BC, and equal to p, and 
draw BI). 

Tlieu tlie square ih'april>i'd with its side equal to BD will 
be pqnivaleut to tlie sum uF the given squares. 

For, BI>' = BO- +p* = m' + n" +p\ (§ 273.) 



PLANE GEOMETRY.— BOOK IV. 



Pkoposition XIII. Pbobleh. 

331. To construct a square equivahut to the difference of 
tioo given squares. 




H 



H 



Jjet M and JV be the given squares. 

To coiistruct a square equivalent to the difference of M 
and Jf. 

Draw tlie indefinite straight line AD. 

At A draw AB perpendicular to AD, and equal to a side 
of N, the smaller of tiie given squares. 

With £ as a centre, and with a radius equal to a side of 
jy, describe an arc cutting AD at C. 

Then the square F, described witli its side equal to AC, 
will be equivalent to the difference of 3f and 2f. 

For, AV = ftC' — All'. (§274.) 

That is, area F = area M — area JV. (§ 306.) 

pRorosiTioM XIV. I'hoblkm. 

r 332- To construct a square equimilent to a r/iven par- 

atlelorfram. 




Let ABCD be the given jiarallelograin. 
To construct a square equivalent to ABCD. 
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Draw DE perpendicular to AB, and conBtruct FG a 
mean jiroportional between AB and DE (§ 293). 

Tlien tlie square FGJIK, described with its side equal to 
FG, will be equivalent to ABCD. 

For by construction, 

AB : FG = FG : DE. 

Wlience, TU' = AB X DE. (S 231.) 

That is, area FGHK = area ABCD. (§S 306, 310.) 

333' COR. A square may be constructed equivalent to a 
given triangle by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

334- ScH. By aid of §§ 328 and 333, a square may be 
constructed equivalent to a given polygon. 

Phoposition XV. Problbh. 

335- With a giren straight line as a hose, to construct a 
rectangle equivalent to a ffinen rectangle. 



i^ 



li&t ABCD be tbe given rectangle, and ^F the given line. 

To construct, with £F as a base, a rectaugle equivalent 
to ABCD. 

The rectangle EFGH, constnicted with EF as a base, 
and with its side EH equal to a fourth proportional to EF, 
AB, and AD (g 291), will be equivalent to ABCD. 

For by constnictiou, 

EF :AB = AD: EH. 

Whence, EF X EM = ABx AD. (§ 231.) 

That is, urea. ICFG/l = iXK&ABCD. (§305.) 
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Pbofositios XVI. Problem. 



)/ 336- To construct a rectangh equiralent to a gwen squat-e, 
having the sum of its base and altitude equal to a given line. 



B 



A E 



Let Mhe the ^ven square, and All tlie givpn line. 

To construct a rectangle equivalent to M, having the 
sum of its base and altitude equal to AB. 

With AB as a diaiaeter, descril)e the senii^circumference 
ADB. 

Draw AC perpendicular to AB, aud equal to a side of M. 

Draw CF parallel to AB, intersecting the arc ADB at D, 
and draw DJi ])eri>endicular to AB. 

Then the rectangle X, constructed witli its base and alti- 
tude equal to BE and AlC, respectively, will be equivalent 
toitf. 

For, AE : DK = BE : BE. (§ 272, T.) 

Whence, DE' = AE X BE. (% 231.) 

That is, area M = area N. (§§ 300, 305.) 

NoTK. The above construction is also the solution of the tol- 
lowlng probkiu: 

Given the sum and the product of (loo straight linen, to construct 
tlie lines. 

EXERCISES. 

36. To construct a triangle equivalent to a riven triangle, having 

57. To conslriirt a triangle equivalent to a given square, having 
given Its base and an angle adjacent to the base. W ^ fe ^ 
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Proposition XVII, Problem. 

V 337- To constrvct a rectangle equivalent to a given square, 

having the difference of its base and altitude equal to a given 



Let M l)e the given square, and AB the given line. 

To fonstnict a rectangle eqiiivaleiit to SI, having the dif- 
ference of its base and altitude equal to AB. 

With the line AB as a diameter, describe the circumfer- 
ence ADB. 

Draw AC perpendicular to AB, and equal to a side 
of M. 

Through the centre draw CO, intersecting the circum- 
ference at D and E. 

Then the rectangle .V, constnieted with its base and alti- 
tude equal to CJi and CD, respectively, will be equivalent 
to Jf. 

For, CE~GD = DE = AB. 

That is, the difFereacc of the base and altitude of N is 
equal to AK. 

Again, AC \n tangent to the eirele at^. (S 169.) 

Whence, CX' = CD x CE. (§ 282.) 

That is, area M = area -V. (§§ 306, 305.) 

Note. Tlie above construction is also the solution of the fol- 
lowinR [■rolileiii : 

Given t/ic difference iiiid the product iff lino ulraighi line*, to 
cunntruct the linen. 
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Fropositidx XVIII. Fbobleu. 
To construct a square having a given ratio to a given 



i 
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Let ^ be the given square, and let the giveu ratio be that 
of the lines m and n. 
To construct a square which shall have to M the ratio 



On the straiglit line AB, take AD = m and DB = «. 

With AB as a diameter, descvibo the semi-circumference 
ACB. 

Draw DC perpendicular to Ali, meeting the arc ACB at 
C, and draw ,4C and BC. 

On A C take CB equal to a side of M; and draw EF jar- 
allel to AB, meeting BC at F. 

Then the square N, described with its side equal to CF, 
will have to M the ratio n : m. 



For, A ACB is 


a right angle. 


(§106.) 


Then since CD 


is perpendicular to AB, 






AC" _AD _m 
BC* BD » ■ 


rfS27].) 


But since EF i 


imraUel to AB, 






CE AC 
CF BC 


(H«. 


Therefore, 


CE* _ AC* ^ m 
CF" lie" "" " * 




That is, 


area M m 
area .V n ' 


(t 306.) 
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Phopositios XIX. 1'hoblem. 



339- To construet a polygon shnUar to a yioen polygon, 
and haviHij a, given ratio to it. 





Let A-JS be the given polygon, and let the given ratio 
be that of the liiK-s m. and n. 

Tu constnict a polygon similar to A-E, and having to 
it the .ratio n: m. 

Construct A'li', the side of a square which shall have to 
the square doscril)ed upon All the i-atio m : m {§ 338). 

Upon the side A'U', hiim<Jogow3 to All, construct the 
polygon A'-E' Kimilar to A-E (§ 298). 

Then A'-E' will have to A-E the ratio n : m. 

For since A-E is similar to A'-E', 
A-E ^ AB'' 
A'-E' A'W*' 

But by construction 



(S 323.) 



An'' ^ 
'A'W^ 

A-E ^ 
A'-E' 



EXERCISES. 

58. To riiTi»tnii"t n triangle eijuivalr-nl 



a 



.struct A sqiinru c^qiiivalciii 
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Froporition XX. Fbobleh. 

340. To constnift a polygon MtmUar to one of ttoo given 
polygons, and eq^uioalent to the other. 




Let M and N be the given polygons. 
To construct & polygon similar to M, and equivalent 
toJV. 

Let AB be any side of M. 

Construct m, the side of a square equivalent to M, and n, 
the side of a square equivalent to JV {§ 334). 

Construct A'B' a fourth proportional to m, n, and AB 
(S 291). 

Upon the side A'li', homologous to AS, construct tlie 
polygon P similar to JW (g 298). 
Then P will be equivalent to If. 
For since M is similar to P, 

area M _ AB 
area P ^W'*' 
But by coLStroction, we have 

AB^^ m 
A'B' n ■ 
area ]if __ m* 



(§ 323.) 



Whence, 



area /' 



But, 


ttp.= = area M, 


and 


n' = area N. 


mience. 


area M area M 
area P area JV 


Therefore, 


area P = area ^. 



(S30C.) 
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EXERCISES. 



^ 60. To construct an isosceles triangle equivalent to a given tri- 
angle, having its base coincident with a si<le of the given triangle. 

61. To construct a rliouibus equivalent to a given parallelogram, 
having one of its diagonals coincident witU a diagonal of the 
parallelogram. 
'"' 62. To construct a triangle equivalent to a given triangle, liavlng 
given two of its si<ies. 

' 63. To construct a right triangle equivalent to a given square, 
having given its hy]>ot«niuie. 

64. To construct a right triangle equivalent to a given triangle, 
having given Its hypotenuse. 

65. To conotruct an isosceles triangle equivalent to a given tri- 
angle, having given one of Its equal sides. How many different 
triangles can be constructed ? 

66. To draw a line parallel to the base of a triangle dividing It 
into two equivalent parts. (J 320.) 

_, 67. To draw through a given point within a parallelogram a (~ ^3 

straight line dividing it into two equivalent parts. ^ '- ■ ■ •-— ' 

68. To construct a parallelogram equivalent to a given trapezoid, ^ 

having a side and two adjacent angles equal to one of the non-paral- , 

lei s[<ie3 and the adjacent angles of the trapezoid. 
'' 69. To draw through a given point in a side of a parallelogram ' 

a straight line dividing it Into two equivalent parts. 

70. To draw a straight line pen'cndienlar to the bases of a trape- 
zoid, dividing the trapezoid lnU> two equivalent parts. I T \ 

(UrAw a line conniM,'ling the middle points of the bases.) ~~ 

71. To draw throuirh a given point in the smaller base of a trape- i v-* 

zoid a Htraight line dividinj; the trapezoM Into two equivalent iiarts.^.. — -.i — 

72. To eonstnict a triangln similar to two given similar triangles, 
ami cqitivulent to their simi. 

73. To construct a triangle similar lo two given similar triangles, 
*jid equivalent to their difference. 



T7 
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REGULAR POLYGONS. — MEASUREMENT OF 
THE CIRCLE. 



3€L Def. a re'juhir polygon is a ixilj-fjon wlncli is 
both equil literal aud eixiiiangulur. 



342. A eirrle. ean 
any regular poli/ffon. 



Proposition I. Theokeh. 

ircii inscribed about, or inscribed in. 




Let ABODE bo a regukr polygon. 

I. To prove that a circle can be circumscrilied about 
ABODE. 

Let a oirfuiiifi'i-eiico be described through the vertices A, 
B, ami C (i L'2:i). 

Let Im! the reiitre of the circumference, and draw OA, 
OB, OC, and OD. 

Then since ABODE '\:^ eiiuiariHiiliir, 

Z ABC = Z BCD. 



REGULAR POLYGONS. 
And since the triangle OBC is isosceles, 

z one = z ocB. 

Then, Z ABC— Z OBC = Z BCD - Z OCB. 
That is, Z 0B.4 = Z Of7>. 

Also, OB=OC. 

And since ABCDE is e(|uilateral, 
J7f = t'/J. 



(S 143.) 



(§63.) 
(S66.) 



Therefore, A OAB = A OCD. 

Wlience, OA = 01). 

Then the circumference inissiiig through A, B, and C 
also piisses through D. 

Ill like manner, it may !« proved that the circumference 
passing through B, C, and I> also jiaases through A'. 

Hence, a circle can he cireuniseribed about ABCDE. 

II. To prove that a circle can be inscribed in ABCDE. 

Since AB, BC, CD, etc., are e(|Hal chords of the circnnn- 
Bcribed cirttle, they are eipially distant fi-om 0. (8 164.) 

Hence, a ciivle described with as a centre, and with the 
. perpendicular OF fri>iii to any side AB as a radius, will 
Im iuBcribeil in ABCDE. 

343. l>Ki''. The centre of a regular polygon is tlie commoD 
centre of the circumscribed and inscribed circles. 

Tlio anijh <it the rentre is the angle between the radii 
drawn to the extrfunities of any side ; as AOB. 

The ruiUiia is the ratlins of the circiimscribed circle ; as 
OA. 

The ajtof/iem is the radius of the inscribed circle ;. as OF. 

344. CoK. From the etjual triangles 0/I/f, OBC, etc., we 
have 

ZA<>ll=Z HOC = Z COP, etc.. (§ 6fi.) 

Thi'n each of these angles is eijual to four right angles 
divided by tlie nuniluT of sides of the iM.lygim. (§ ;17.) 

'rha,tis,tlif<iHt/letrtt/ic centre of aregiilnr jioli/ffon is equal 
to four right angles, divided hy the nvmiwr of aides. 
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Pboposition II. Thkoreh. 

34& If the eircnmfertuce of a circle be diridfid into any 
numtier of equal arcs, 

I. Their chordu form a regular inscribed polygon. 

II. Tangents at the points of division form a reffwlar eir. 
euntscrii/ed poly yon. 




Let the ei renin fore nee ACD he divided into any number 
of eqiial arcs, AB, BC, CD, oM. 

I. To prove ABODE a. regular [wlygon. 

Now, clioid AB = clioid no = chord CD, etc. (§ 158.) 
Again, since arc A/i = arc IIC = arc CD, etc., we liave 

arc DCDJi = ai-c CDJUA = arc DEAD, etc. 
Whence, Z BAD = Z ABC = Z BCD, etc. (§ 133.) 

Therefore, the iwlygon ABCDE is regular. \i 341.) 

II. Ut FGIIKL be a jwlygon whose sides LF, FG, etc., 
are tangent to the circle at the jwints A, B, etc., resijectively. 

To i>i-ove FGIIKL a ri'giilai- polygon. 

In the triangles ABF, BCG, CDII, etc., we have 

Ali = BC= C'/), etc.. 

Also, siiiee ai-c AB = are BC = ai-c CD, etc., we have 

Z JiAF ^ Z ABF = Z CHG =Z JiCG, etc. 

(§ 197.) 

Henee, the triangles ABF, BCG, etc., ai'e all e(]nal and 

isosceles. (SS 68, 94.) 
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Therefore, AF = Z.G=/.II, etc., 

ind BF = BG = CG = CH, etc. 

Whence, FG = GH = HK, etc. 

Therefore, the polygon FGHKL is regular. 

pROFOsiTioy III. Theobeh. 



(§ 66.) 
(S341.) 



346' Tangents to a circle at the midtlle poitUa of the arcs 
tnilitejided by the sides of a reijular inscribed polygon, form 
a regular circumscribed polygon. 




Let ABODE be a regular polygon inscrilied in the circto 
AC. 

Let A'B'C'D'M' be a polygon whose sides A'B', B'C, 
etc., arc tiingeiit to the circle at the middle points F, G, 
etc., of the arcs AB, BC, etc. 

To prove A'B'C'D'E' a regular polygon. 

We hiive, arc AB = arc BC = arc CD, etc. (8 157.) 

Whence, arc AF = arc BF = arc BG = arc CG, etc 

Therefore, arc FG = arc GH = arc HK, etc. 

Whence, the jwlygon A'B'C'D'E' is regular. (§ 345, II.) 

347. Cor.' Let be the centre of tlie circle, and draw 
OF, OL, and OA'. 
Then, OA' bisects Z FOL. (§ 175.) 

Whence, OA' passes through A. (S 154.) 

That is, the rudit of a regul'ir circumscribed polygon in- 
tersect the circiimference in points which ore the vertices of a 
regular inscribed polygon hainng the same number ofsldee. 
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Pkopositios- IV. Theorem. 



348- Regular polygons of the same nuviber of sides are 
similar. 





Let A-B and A'-J£' be two regular iwlygoua of the same 
number of sides. 

To prove A-B and A'-E' similar. 

Tlie sum of all the angles of A-B is equal to the sum of 
all the angles of A'-E'. (S 120.) 

Whence, each angle of A-B equals each angle of A'-E'. 

Again, siuee Ali = BC, etc., and A'li' = B'C, etc., 

AIL=J!^ = .2IL etc 

A'B' B'C C'I>' ' ' 
Therefore, A-B and A'-B' are similar. (§ 252.) 



Pkopositio.t V. Theorem. 

Ij" 349- The perimrters of two regulnr polygons of the same 
number of sides are to each other as their radii, or as their 
apothems. 





Let A-E and A'-E' be two regular polygons of the b: 
number of sides. 
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Let P and P' denote their perimeters, S and B' their 
radii, and r and r' their apothems. 

To prove ^ = A = iL . 

^ P' £' r' 

Let and 0' be the centres of the polygons A-E and 
A'-£'. 

Draw OJ, 0^, OM', ^nd O'S'. 

Also, draw Of and OjP' perpendicular to -IB and A'B', 
respectively. 
Then, OA = R, O'A' = R', OF = r, and O'F' = r'. 
Now in the isosceles triangles OAB and O'A'B'., 

Z AOB = Z A'O'B: (S S44.) 

And ainc« OA = OB, and O'A' = O'B', we have 
OA ^ OB 
O'A' O'B'' 
Therefore, the triangles OAB and O'A'B' are similar. 

(S 260.) 
^Vhence, -^ = ^ = il . (§§ 253, IL, 263.) 

But the polygons A-E and A'~E' are similar. (§ 348.) 
Whence, T^=l^'- (§ 268.) 



^'S'" 



Therefore, 



P' .R'" 



350- Cob. Let K and Jl' denote the areas of the poly- 
gons A-£ and A'-E'. 

Tlien, K. = JJL (5 320.) 

A' ^'yy* 



But, 
Whence, 



Ali ^It_ 
A'h' Jt' 



That ia, t/ie areas of tiro rr.ffiilar polygons of the tame 
numher of s!ile» tire fn ern-h olhi-r as the s'juaren of their 
radii, or as the s/junres of their apothents. 
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pRoi'oaiTioN VI. Theokem. 

351. The are.il of a reijular polyifon is equal to otte-kaZf 
the jivmlnet of its perimeter and apothem. 




Let r denote the apotheiii OF, and P the jwrimeter, of 
the regular i«>lygun A-E. 
To prove area A-E = ^r X r. 

Draw the radii OA, OB, OC, etc., fornuiig a series of tri- 
angles, OAB, OBC, etc., wlioso coiuukjh altitude is r. 
Now, area OAB = i AB x r, 

area OBC ^^BC X r, etc. (§ 313.) 

Adding, we have 

area A-E = ^ {AB + i?(7 + etc) x r 
= ^FX>'- 



Proposition Vl^. 1'koblem. 
i2. To inarribe a sqinire In a given circle. 




Let AC \>e the given circle. 
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To inscribe a square in AC. 

Draw the diameters AG and BD perpendicular to eaoh 
other, and draw AB, BC, CD, and DA. 
Tlien ABCD is an inscribed square. 
For, are AH = arc BC = are CD = arc DA. (§ 191.) 

Whence, ABCD is an inscribed square. (§ 345, 1.) 

363. Coa. Denoting the radius OA by S, we have 

AB^ = 0A*+ 0S'_= 2 B*. (S 273.) 

Whence, AB = R V2. 

That is, the siile of an inscribed square is equal to the 
radius of the circle multiplied by "v^. 

Pkoposition VIII. Problem. 
354. To inscribe a regular hexagon in a given circle. 




Let AC be the given circle. 

To inscribe a regular hexagon in AC. 

Draw any radius OA. 

Witli ^ ns a centre, and OA as a radius, describe an arc 
cutting the given circumfeivnce at B, and draw AB. 

Then AB is a side of a regular iiitiuribed hex^on. 

For drawing OH, the trianj^le OAR is equilateral. 

Whence, Z AOJi is imf-tliird of two right angles. (§ 82.) 

Then, ^ A OB is one-sixth of four right angles, an<l ABis 
a aide of a regular inscribed tiexagon. (§ 345, 1.) 

Hence, to inscribe a regular liex^oa in a circle, apply 
the radius six times as a chord. 



•%J>'A 
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3S5< Cor. I. The side of a. regular inscribed hexagon U 
equal to the radius of tite circle. 

356- Cor, II, Jig joining the akemate vertices of tlie 
hexagon, tJiere is formed an inscribed equilateral triangle, 

357- Cor. III. Let ^5 be a side 
of a regular hexagon, inRCrilx?(l iu the 
circle A/} wliosfi radiu.s is Jt. 

Draw the diaiuetei' BC, and join AC. 
ITieii AC is a side of an inscribed 
equilateral triangle. 

Now ABC is a rijtht triangle. 
Tlien, TC'' = W& - AB^ 

Whencp, AC = R^. 
That is, the side of an inscribed equilateral triangle it 
equal to the radius of the circle multiplied by VS. 




= 3.fi". 



■J, 



PKOroaiTioN IX. Problem. 
To inscribe a regular deragon in a ginen circle. 




Let AC be the given circle. 

To inscril* a regular decagon in AC. 

Draw any radius OA. 

Divide OA in i-xtrcmo and mean ratio {§ 296), so that 

OA ■ OM = OM : AM. (1) 



I 
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With -4 as a centre, and OM as a radius, describe an arc 
cutting the given circumference at B, and draw AB, 
Then AB is a side of a regular inscribed decagon. 

For draw OB and BM. 

Then in the triangles GAB and ABM, ZAis common. 

And since OM =- AB, the proportion ( 1 ) gives 

0A:AB=AB:AM. 
Therefore, OAB and ABM are similar. (§ 260.) 

Whence, ZABM=ZAOB. (2) 

Now the triangle OAB is isosceles. 
Hence, the similar triangle ABM is isosceles, and 

AB = BM = OM, 
Therefore, Z OBM=^ZAOB. (3) 

Adding (2) and (3), we have 

Z OB A = 2 Z AOB. (4^ 

But since the triangle OAB is isosceles, 

2 Z OB A + ZAOB^ 180°. (§ 82.) 

Then by (4), 

5 Z AOB = 180°, or Z AOB = 36°. 

Therefore, Z AOB is one-tenth of four right angles, and 

AB is a side of a regular inscribed decagon. (§ 346, 1.) 

Hence, to inscribe a regular decagon in a circle, divide 

the radius in extreme and mean ratio, and apply the greater 

segment ten times as a chord. • 



K CoR. I. Bi/ joining the alternate vertices of the 
decagon, there is formed a regular inscribed pentagon, 

360. Cor. II. Denoting the radius of the circle by R, we 
have 

AB = OM = ^ (^^ " ^) . (§ 297.) 

This is an expression for the side of a regular inscribed 
decagon in terms of the radius of the circle. 



:. 1. The angle at the centre of a regular polygon is the supple- 
ment of the angle of the polygon. * "^ * j. '^ • \ 



J 
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Proposition X, Problem. 

il 36L To cotutruct the side of a regular pentedeeagon in- 
scribed in a given circle. 



Let MN be an arc of the given circumference. 

To construct tlie side of a regular inscribed polygon of 
fifteen sides. 

Construct AB equal to a side of a regiilar inscribed hexa- 
gon (S 354), and AC equal tu a side of a regular inscribed 
decagon (i 358), and draw BC. 

Then JIC is a side of a regular inscribed pentedecagon. 

For the are BC is ^ — -^f, or ^, of the circumference. 

Hence, the chord JiC is a side of a regular inscribed 
pentedecagon. (g 345, I.) 

362. ScH. By bisecting the arcs AB, BC, etc., in the 
figure of Prop. VII., we may construct a regular inscribed 
octagon (g 345, I.); and by continuing the bisection, it'e 
may construct rfgular inscribed polygons of 10, 32, 64, etc., 
sides. 

In like manner, by aid of Props. VIII,, IX., and X., we 
may constnict rcgnlar inscribed polygons of 12. 24, 48, etc., 
or of 20, 40, 80, etc,, or of 30, 60, 120, etc., sides. 

By drawinj; tangnnts to the circumference at the vertices' 
of any one of the above inscriljed polygons, we may con- 
struct a regular circumscribed polygon of the same number 
of sides. (S 345, II.) 

EXERCISES. 

2. An equilateral polygon [nscrll>cd in a circle is regular. 

3. An cqiiinngiiliir ]>o1ygaii circunuicrib^i] about a circle is regular. 



^ 



- 5 ^ 
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Find the angle, and the angle at the centre, 

4. Of a regular pentagon. 

5. Of a regular dodecagon. 

6. Of a regular polygon of 32 sides. 

7. Of a regular polygon of 25 sides. 

If r represents the radius, a the apothem, a the side, and k the 

« 

area, prove that: — - 

8. In an equilateral triangle, a=\ry and k = %f^ Vs. %) J - 

9. In a square, a=^\r v^, and k = 2t^, \ 

10. In a regular hexagon, a — \r V3, and k = \r^ v^. 

11. In an equilateral triangle, r = 2a, « = 2a V3, and A; = 3 a^ VS. 

12. In a square, r = a v^, « = 2 a, and Jk = 4 a^. 

13. In a regular hexagon, r = \a V3, and k — 2a^ V3. 

14. In an equilateral triangle, express r, a, and A; in terms of a. 

15. In a square, express r, a, and A; in terms of 8. 

16. In a regular hexagon, express a and k in terms of a. 

17. In an equilateral triangle, express r, a, and 8 in terms of k. 

18. In a square, express r, a, and 8 in terms of k, 

19. In a regular hexagon, express r and a in terms of k. 

20. The apothem of an equilateral triangle is one-third the alti- 
tude of the triangle. 

21. The sides of a regular polygon circumscribed about a circle 
are bisected at the points of contact. 

22. The radius drawn from the centre of a regular polygon to any 
vertex bisects the angle at that vertex. 

23. The diagonals of a regular pentagon are equal. 

24. The figure bounded by the five diagonals of a regular penta- 
gon is a regular pentagon. 

25. The area of a regular inscribed hexagon is a mean propor- 
tional between the areas of an inscribed, and of a circumscribed 
equilateral triangle. 

26. If the diagonals AC and BE of the regular pentagon 
ABODE intersect at F, prove AC = AE-{-BF. (Ex. 23.) 

27. In the figure of Prop. IX., prove that OM Is the side of a 
regular pentagon inscribed in a circle which is circumscribed about 
the triangle OBM. 
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PE0P08ITION XI. Theorem. 

363. If «■ regular polygon be inscribed in, or cirewmsrrihed 
nbout, a circle, and the nutnber of its sides be indefiniteli/ 
increased, 

I. Its perimeter approaches the cireum/eren-ce as a limit. 

XI. Its area approaches the area of the circle as a limit. 



Let p and P denote the jwriincters, and k and K the 
areas, of two regular iwlygons of the same number of sides, 
tespeiitively inserited in, and circiuuscrilied about, a circle. 

Let C denote the circumference of the circle, and S its 
area. 

I. To prove that if the number of sides of the polygons 
be indefinitely increased, F and p approach the limit C. 

I^et A'Ji' be a side of the polygon whoso perimeter is P. 

Draw the radius OF to its point of contact ; also, draw 
OA' and Olf cuttii^ the circumference at A and B, and 
draw AB. 

Then, AB is a side of the polygon whose perimeter 



IS p. 



Now the two polygons avu similar. 
P ^ OA' 
P OF' 



Whence, 

Tlien, 



(s ;Mr.) 

(S 348.) 
(§ 349.) 

(§ 237.) 

(1) 
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Now let the numlier of sides of each polygon be indefi- 
Ditcly increased, the two polygons continuiog to have the 
same number of sides. 

Then the length of each aide will be indefinitely dimin- 
ished, and AF will approach the limit 0. 

Therefore, OA'—OF will approach the limit 0. 

Whence, by ( 1 ), F— j> will approach the limit ; that is, 
the difference iK'tween the perimeters of the polygons will 
approach the limit 0. 

But the cii-cumference of the circle is evidently less than 
the perimeter of the circumscribed polygon ; and it is greater 
than the perimeter of tlie iii.icribed polygon. (Ax, 6.) 

Hence, the difference between tlie perimeter of either 
})oIyg<m' and the circumference of tlie circle will approach 
tlie limit 0. 

That is, P — C and C — p will each approach the limit 0. 

Tlierefore, F and p ^vill each approach thoilimit C. 

II. To prov« that K and k approach the^imit S. 
Since the polygons whose sides are AB and A'B" are 
similar, v- Trp* 

^ == !M^ . (S 350.) 

ft of'' 

Whence, ^ = ^_Zp' - ^^ - (S 274.) 

* OF* OF* 

That is, K-k- -^, X 3^'. 

OF* 

Now let the numljer of sides of each polygon be indefi- 
nitely increased, tlie two polygons continuing to have the 
same number of sides. 

Tlien A'F, and tlierefore K—k, will approach the limit 0, 

But the area of the circle is evidently less than the area 
of the circumscribed polyjj^on, and greater than the area of 
the inscribed polygon. 

H(;nce, K—S and S — k will each approach the limit 0. 

Therefore, A' and k will eacli approach the limit S. 
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364. Cob. 1. If a, regular jiolygon be interibed tn a circle, 
and the number of its tides be indejinitelif increased, its apo~ 
them approni'lips the radius of the circle as a limit. 

2. If a, regular polijgon he circiimsi-ribed about a circle, and 
the numlier of its sides lie indefnitelt/ increased, its radius 
approaches the radius of the circle as a limit. 

MEASUREMENT OF THE CIRCLE. 

Pko POSITION XII. Theorem. 

365- The circumferences of two circles are to each other as 
their radii. 





Let C and C" denote the circumferences, and R and R' 

the radii, of two circles. 
To prove f,.|,. 

Inscribe in tlie circles rtgidur polygons having the same 
number of sidea, and let P and P' denote their perimeters. 

Then, ■ ^. = |_. (§34fl.) 

Whence, P xR' = P'xIi- (S 231.) 

Now let the number of Hides of i?.ae\\ piilygon be iiidofi- 

nitely increased, the two itolygons continuing to have the 

same number of siiles. 
Then, P XR' will approach the limit C X R', 

and P' XR will approach the limit C" X R. (§ 363, 1.) 



(§234.) 
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By the Theorem of Limits, these limits are equal. (§ 188.) 
Whence, C X H' •= C'x R, ot ^, = ^,. (S 233.) 

366. Cob, I. Multiplying the terms of the ratio -^, by 
2, we have C_ ^2S_ 

■ c 2R'' ; 

Or, denoting the diameters of tlie circles by i> and D', 

C D'' 
That is, the ctrrumferencea of two circles are to each other 
as their diameters. 

367. Cor. II. The proportion 

C D' 

Tliat is, the rali-i of the circumference of a circle to its 
diameter h<is the an me mine fur eeery circle. 
This constant value la denoted by the symbol ir. 

Tliatis, ^ = "'' C^) 

It is shown by the methods of liigher mathematics that 

the ratio t is incommensurable ; hence, its numerical value 

can only be obtained approximately. 

Its value to the nearest fourth decimal place is 3.1416. 

368. Cor. III. The equation ( 1 ) of s 3C7 gives 

a = wD. 

That ia, the rircumferejice of a circle is equal to -its diame- 
ter multiplied by t. 

We also have C=2 vR. 

That is, the circumference of a circle is equal to its radius 
multi2>lied by 2 jr. 

369. Dkf. In circles of different ratlii, similnr arcs. 
similar segments, and similnr sectors are those which corre- 
S|K)nd to equal central angk's. 



SlI 
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pROI-OSITIOIf XIII. TlIKOKEU. 

370; The at-ea of a etrcle w eqiml to one-half the product 
of its circumj^nce aitd radius. 




Let R denote the radius, C the circuniference, and 5 the 
area, of a (jirele. 

To iii-ovo S=\C xJi- 

Circumscribe about the circle a regular iK)lygoii. 

Let P (Iciioti^ its periiiiftcr, and A' its area. 

Then since the ai)otliciii of the jiolygon ia It, we have 

K=isP xK- (S351.) 

Now let the number of sides of tlie jwlygon be indetiuitely 
increased. 

Then, A' will approach the limit .S', 

and 1 P X -ft will appniach the limit \ C x R- (§ 3«3.) 

By the Theorem uf Limits, these limits are equal. (§ 188.) 

Whence, S = l^ U X R- 

371. CoK. I. We have C = 2 ^R. (§ 368.) 

Whence, S = 2ir R Xh ^ = ■' ^■ 

That is, the area of a circle in eyunt to the square of its 
radius mvlf'qdicd by it. 

Again, .'? = 1 X X -t B' = J X X (2 fi)'. 

Or, denoting the diameter of the circle by J), 

That is, the arm nf a- circle is eijual to the. square of its 
diameter wultiij/i&l hy \ r. 
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372. Cor. II. Let S and S' denote the areas of two 
circles, H and B' their radii, and D and Z*' their diameters. 

I'hat IB, the areas of two circles are to each other as the 
SfiiKires of their radii, or its Ike equnres of their diameters. 

373. CoK. III. A sector is the same part of the circle 
that its arc is of tlie circumference. 

Hence, denoting the area and arc of the sector by a and c, 
and tlie area anil circumference of the circle by S and C, 
we have *_",,„ T- - v -^ 

But, I = i R. (§ 370.) 

Whence, « = J c x -B- 

That is, the area of a sftor is equal to one-half the prod- 
uct of its ore and radios. 

374- Con. IV. Since similar sectors are like parts of the 
circles to which they belong (§ 369), it follows tliat 

Similar sertors are to each other as the squares of their 
radii. 

EXERCISES. 

28. The area of a circle is equal to four times the area of th« 
clreie described uiHin Us radiiw as a diameter. 

39. The ari'a of one circle is ^j times the area of another. If tlie 
radius of the flrat is 1!>, what is ttie radius of the second ? 

30. The diameters of two circles are 04 and 88, respectively. 
Wbal'la tlic ratio of their an^as? 

31. Tlie radii of three elreU's are 3, 4, and 12, reapectlvety. What 
la the radius of a cln-le (V|uiTnlent to Llieir sum ? 

33. Find the nuliiis <>t a circle whose are* is one-half the area of 
a circle vhoae radius is i). 
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Proposition XIV. Problem. 

375. Given p and P, the perimeters of a re-gular inscribed 
and of a regulai- circumscribed polygon of the same number 
of sides, to find p' and P', the perimeters of the regular t«- 
scribed and circumscribed polygons having double the number 




Let AB be a side of tlie jwlypjn whose perimeter is p. 

Draw the railiwa OF to the midille [xiiiit of the arc AB ; 
also, draw OA and OB cutting tlie tangent at F at A' 
and 2f . 

Then, A'B" ia a side of the jjolygon whose j>erimeter 
is P. (§S 346, 347.) 

Draw AF and BF; also, draw AM and BN tangent to 
the cirele at A and B, meeting A'B' at M and N, 

Then AF and MN are sides of the polygons whose per- 
imeters am p' and /". (§ 345.) 

Hence, if n denotes the nnml)er of sides of the jKilygons 
whose jwrinieters are p and P, and therefore 2 w the num- 
ber of sides of the polygons whose perimeters are p' and P', 
we have * 

AB = '-, A'l? = -,AF = -^, and MN = ^. (1) 

Draw OM; then O.V bisects ^A'OF. (5 175.) 

Whenee, '^N -^- (§249.) 

But OA' and OF are the radii of the pi)lygoiis whose per- 
imeters arc P and p. 
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Whence, 
Then, 



Therefore, 



Then by (1), 



p 


OA' 


p 


" OF ' 


p 


A'M 


p 


MF ' 


p+p 

p 


_A'M+MF 
MF 




_ A'F _ i A'Bf 
MF iMN 




P 


p+p 

p 


2n 2P 

pr p, • 



4n 



(§ 349.) 



(§ 236.) 



Clearing of fractions, 

P'{P+p)=2Pxp. 

AMience, P' = ^^^P . (2\ 

P+p ^ ^ 

Again, in the isosceles triangles .-Ij^i^and AFM, 

ZABF = Z AFM, (§§ 193, 197.) 

Therefore, ABF and AFM are similar. (§ 256,) 

Whence, ^S = ^!. or AF^ =- AB X MF, 
AB Ar 



Then by (1), 

Or, 
Therefore, 



H. =PJLil 
4n« 



p' = y^ir?'. I ^^ (3) 



^ 



r 



Propositiox XV. Problem. 

376. To compute an approximate value of v (§ 367). 

If the diameter of a circle is 1, the side of an inscribed 
square is J V2 (§ .S53) ; hence, its perimeter is 2 V2. 

Again, the side of a circumscribed square is equal to the 
diameter; hence, its perimntor is 4. 



.»- 
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Whence, 



? = 3.31371, 



We then put in formula (2) and (3), Prop. XIV., 
_P = 4, and p = 2 V2 = 2.82843. 
2PXp 
P+P 

and y = Vpy^ = 3.06147 ; 

which are the i^rinieters of the regular circumscribed and 
inscribed octagons. 
Repeating the oi>eration with these values, we put 
F = 3.31371, and p = 3.0G147. 

Whence, J^= ^ P Xp ^ 3.18260, 

I' + p 

and p' = Vp X 1" = 3.12145 ; 

which are the perimeters of the regular circumscribed and 

inscribed polygons of sixteen sides. 

In this way, we form the following table : 



No. OF 


Perimutbh of 


pBRIMBTEIt OF 


Sides. 


ClHt. POLYOOS. 


I NBC. I'OLVOOS. 


4 


4. 


2.B2843 


8 


3.3I37I 


3.0ai47 


10 


3.18260 


3.12145 


32 


3.15172 


3.13655 


fl4 


3.14412 


3.14033 


128 


3.14222 


3.14128 


250 *. 


3,14175 


3.141(>1 


512 


3.14103 


3.14157 



The last result sliows tluit the eircuuiffrcnco of a circle 
whose diameter is 1 is greater than 3.141.'i7, and less than 
3.14163. 

Hence, an approximate value of n- is 3. 141G, correct to the 
fourtli decimal place. 

Ex. 33. The dUgon.ik AC, Itl), CE, I)F, KA, and Fit, of a 
regular hexagon AHCJ)EF, fonii a rojuilar li<:xagon whose area la 
equal U> one-tliird the area of ABVUKF. 
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EXERCISES. 

34. Fiod tlic circumference and area of a circle whose diameter 
is 5. 

35. Find the radius and area of a circle whose circumference is 
75.3984. 

36. Find the diameter and circumference of a circle whose area 
is 201.0024. 

If r represents the radius, a the apothem, a the side, and ilc the 
area, prove that 

^1^37. In a n*gu1ar octagon, 

a = i r V2 4- Vi, s = r V2 - V2, and * = 2 r« V2. (§375.) 
^^38. In a regular dodecagon, 

a = ^ r V2 + \/3, s = r V2^ V3, and A: = 3 r». 

39. In a n;gular octagon, 

r -= a V4 - 2 V2, « = 2 « ( \/2 - 1), and ik = 8 a«( v^ - 1). 

40. In a regular dodecagon, 

r =-- 2 a V2 - \/3, 8 = 2 a (2 - \/3), and ik = 12 a" (2 - V3). 

41. In a regular decagon, a = irvl0+2 V5. 

42. Given one side of a regular pentagon, to construct the 
pentagon. 

43. Given one side of a regular hexagon, to construct the hexagon. 

44. In a given square, to inscribe a regular octagon. 

45. In a given equilateral triangle to inscribe a regular hexagon. 

46. In a given sector whose central angle is a right angle, to 
inscribe a s<|uarc. 

% 47. The urea of the square inscribed in a sector whose central 
angle is a right angle is eciual to one-half the scjuare of the radius. 

48. The square inscribed in a semicircle is equivalent to two-fifths 
of the square inscribed in the entire circle. 

V^49. If the diameter of a circle is 48, what is the length of an arc 
of 85°? 

4\ 50. If the radius of a circles is 3\Al, what is the area of a sector 
whose rentml angle is 152'*? 

1 ^ ^. If the radius of a circle is 4, what is the area of a segment 



wuinie arc is 120° ? 



o 
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53. Find the area of the circle inscribed In a square wliose area 
is 13. 

53, Find the area of the square Inscribed In a circle whose area 
__Js_l 13.0070. 

^S,54. If the apothem of a regular liexagon Is 6, what is the area o( 
ita circHiuscrihed circle ? 

' 55, If the length of a quadrant is 1, vhat la the diameter of the 
circle? 

56. The length of the a 
scribed dodecagon is 4.18S8. 
f' 57. The perimeter of a regular hexagon circumscribed about a 
1 circle Is 12^3. What Is the circumferencu of the circle? 
\,w8. The area of a regular hexagon Inscribed in a circle Is 24Vij. 
Wh»t is the area of the circle ? * 



Wh»ti 



59. The side of an equilateral triangle Is 6. Find the areas of 
its Inscribed ami circumscribed circles. 

''60. The side of a square Is S. Find the circumferences of Its 
Inscribed and circumscribed circles. 

'761. Find the area of a segment having for Its chord a side of a 
regular Inscribed hexagon, if the radius of the circle Is 10. 
.^^63. A circular grass-plot, 100 ft. In diameter. Is surrounded by 
a walk 4 ft. wide. Find the area of the wulk. 

■^G^. Two plots of ground, one a square and the other a circle, 
contain each 70086 sq. ft. How much longer is tlie perimeter of the 
square than the circumference of the circle ? 

64. A wheel revolves 55 times in travelling 820.743 ft. What is 
Its diameter in inches ? 

^6S. What is the number of degrees In an arc whose length Is 
equal to that of the radius of the circle ? 

66. Find the side of a square equivalent to a circle whose diam- 
eter la 3. 

67. Find the radius of a circle equivalent to a square whose side - 
is 10. 

68. If a circle be circumscribed about a right triangle, and on 
each of its legs as a diameter u semicircle be described exterior to the 
triangle, the sum of ttie areas of the crescents thus formed Is equal* 
to the area of the triangle. 

Note. For additional exercises on Book V., see p. 'i3A, 



APPENDIX TO Plane geometry. 

MAXIMA AND MINIMA OP PLANE FIOUBES. 



A' 



Proposition I. Theorem. 



377. Of all triangles formed with two given sides, that i 
which these sides are perpendicular is the n 




In the triangles ADC and A'BC, let AB = A'B; and let 
AB be perjiendiculur to BC. 
To prove area ABC > area A'BC. 

Draw A'D perpendicular to BC. 

Tlieii, A'B > A'D. (5 45.) 

That is, AB> A'D. (1) 

Multiiilying both members of ( 1 ) by y BC, we have 

IBC xAB> \BC XA'D. 
Whence, area ABC > area A'BC. (S 313.) 



378. Pep. Two figures are said ' 
they have equal perimeters. 



3 be isoperimetric when 
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PrOI'OHITION 1 1. TlIROREH. 



379- Of isoperim-etrk triniitflcn iiitvtny the * 
which is isosceles is 




Let ABC fiiul A'BC Ijc i so pen me trie triangles having tlie 
same base liC; ami let the triangle ABC be isoseeles. . 

To prove area ABC > area A'BC. 

Produce BA to 1), iiiiikiiif- AD — AB, and draw CD. 

Then, j^l BCD is a right angle ; for it can Ikj inseril>ed in 
a semicircle whose centre is A, and radius Ali. (S lltO.) 

Draw AF and A'<1 perpeiuliciilar to CD. 

Take the point Evn CD so that A'E = A'C. and draw BK 

Then since the triangles ABC and A'BC are isoi»eri- 
nietric, 

AB + AC = A'B + A'C = A'B + .i'E. 

"VVlience, A'B + A'E = .17? + AD = BD. 

But, A'B + A'E > BE. (Ax. 6.) 

Whence, 7f/J > /i/f. 

Theiofore, C7J > CE. (§ 51.) 

Now .4/' and A'G are the perpeudiculars from the vertices 
to the bases of the isosceles trianglcB ACD and A'CE. 

Whence, CF = i CD, 

and cr; = i^ CE. (§92.) 

Therefore, CF > (7,', ( 1 ) 

Multiplying both nieuil.ers of ( 1 ) by J /»', we have 
i IiCxCF> I BCxCO. 

Whence, area .WC > ai-ea A'BC. (S 313.) 
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380- Coil. Of Isojierirnetrk triamjles, that which is equi- 
UUenil is the vtiiximum. 

For if tlie iiiaxiiuuiu triangle is not isosceles wlieu any 
side is taken as the base, its area can be increased by mak- 
ing it isosceles. (§ 3790 

Therefore, the maximum triangle is equilateral. 



PROPOsiTiOff III. Theorem. 

381- Of isnperimeirit; jmlygons hapiiiff the same niimher 
of sides, that w/ilch in ciuilnteral is the maximum. 




Let AJfCDE be the maximum of polygons having the 
given perimeter anil the given number of sides. 

To prove that ABCDB is equilateral. 

If possible, let the sides Ah and BC be unequal. 

Let AB'C be an isosceles triangle with the base AC, hav- 
ing its perimeter equal to that of the triangle ABC. 

Tiien, area AB'C> area ABC. (§ 379.) 

Adding area ACDE to Ijoth members, we hare 
area AB'CJJJC > area ABODE. 

Hut by hj-pothesis, ABODE in the maximum of polygons 
having the given perimeter. 

Therefore, area AB'CDE Ciiiinot exceed area ABODE, 
and heuee AB and BO cannot be unequal. 

In like manner, we may i)n)ve 

BC =■ CD = DE, etc. 

Whence, ABODE is equilateral. 



\< 
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Propositios IV, Theobeu. 



Of isQperimetric equilateral polygom having the 
lumler of sides, that which m equiangular is the 



6 



Let A-F be the maximum of equilateral polygons liaviug 
the same perimeter and the same number of sides. 

To prove that A-F is equiangular. 

If possible, let Z FAJi be greater than Z ABC. 

Produce FA and CB to meet at O. 

Then, since Z GAB < Z GBA, GA > GB. (§ 97.) 

Lay off Gir= GB, and GK = GA, and draw HK. 

Then, A GJIK = A GAB. (§ 63.) 

Taking away ttie triangle GHK from the entire figure, 
there remains the polygon HKCDEF; and taking away 
the triangle GAB, there I'emains the polygon ABCDEF. 

Hence, HKCDEF o ABCDEF. 

Again, from the equal triangles GllK and GAB, we liave 
HK = AB. (1) 

And since GA = GK, and GJf = GB, we have 
GA - GH = GA- - GB, or ^fl^ = BK. 

Whence, 

.fW + CK = AF + AH + BC — BK 

= AF + BC. (2) 

From (1) and (2), HKCDEF amd ABCDKF are iao\)eTi- 
metric. 
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Then, HKCDEF, being equivalent to ABCDEF, ia the 
maximum of polygons having the given perimeter. 
Therefore, HKCDEF is equilateral. (§ 381.) 

But this is impossible, sincft FII is greater than CK. 
Hence, Z FAB cannot he greater than Z ABC. 
Similarly, Z FAB caimot be less than Z ABC. 
Therefove, Z FAB = Z ABC; and in like manner, 

/LADC •^ABCD=/. CDE, etc. 
Whence, A-F is equiangiilar. 

383- CoK. Of I'soperlme/rlc iMlygnns hnvlnij the same 
number iif sides, that whieh is regular is the maximujtt. 

Proposition V. Theoreh. 

384. Of tiro iso/ierimetric regular polygons, that which 
has the greater number of sides has the greater area. 




Let ABC be an equilateral triangle, and N an isoperi- 
metric, srpiare. 

To prove area jV" > ai-ea ABC. 

Let D be any point in the side AC of the triangle. 

Then the triangle ABC may be regarded as a quadri- 
laU-ral having the four sides AB, BC, CD, and DA. 

Whence, area N > area ABC. {§ 383.) 

In like manner, we may prove that the area of a regular 
IM;ntagon is gfeatcr than tliat of an isoperimetric square; etc. 

385. Cor. The arm t,f n r.lrrle is greater than the area 
of any polygon, having an equal perimeter. 
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SYMMETRICAL FiaURES. 

DEFINITIONS. 

386- Two points are said to be xi/minrfrieal witli respect 

to a tliird, called the centre of syiiimetnj, when the latter 

bisects the straight lino which joins them. 

Thus, if O is the middle jwiut of the straight line AB, 
the points A and It aio syiuiuetiical with a n it 
respect to as a centre. i 1 1 

387. The distance of a jioint from the centre of sym- 
metry is called tlie railiiia of aymmetrij, 

388- Two ]M)ints are said to be sijmmetri'-nl with respect 
to a straight line, called the uxh nf sijin- 

metry, when the latter bisects at right 
angles the straight line which joins 
them. 

Tims, if the lino CD bisects Alt at 
right angles, the ^K>int.s A and It are 
symmetrical with respect to CD as an 
axis. 

389- Two geometrical figures aiv said to be symmetrical 
with resi)ect to a ceiitrt', or with respect to an axis, when to 
every [loint of one tliere corresponds a symmetrical point in 
the other. 

In two such figures, the corrus|)Oiiding [larts are cjiUed 
homologous. 

Thus, if to every point of the triaiigle 
AltC there corresj«mds a svmmi'trical 
point of the triangle A'lS'C. with ri'spivt 
to the ccnti-u 0, t\w triangle A'li'V is 
symmetrical to A/SC with resj^ct to the 
centre 0. 

In this case, the homohigous sides are 
AB and A'B', BC and IS'C, and CA and C'A'. 




SYMMETRICAL FIGUEES. 

Again, if to every point of the triangle ABC there 
spends a symmetrical point of the tri- 
angle A'B'C, with respect to the axis 
DE, the triangle A'B'C is symmetri- 
cal to ABC with respect bo the axis 
DE. 



J>^ 
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390. A figure is said to be symmet- 
rical witli respect to a centre when 
every straiglit line drawn tlirough the 

centre cuts the hgnre in two points which are symmetrical 
with respect to that centre. 

391. A figure is said to be symmetrical with respect \xt 
au axis when it divides it into two figvires which are sym- 
metrical with respect to that axis. 

Tims, a circumference is symmetrical witli respect to its 
centre as a centre, or witli reajwct to any diameter as an 
axis. 



I'Roi'OsiTiojf VI. Theorkm. 

nymmetricv, 



392. Twn straiyht Hues which 
spect to a centre are equal and pan 



Let the straight lines AB and A'B' be symmetrical with 
respect U> the centre 0. 
To ])i-ove tliat All ami A'B' are equal and parallel. 
Draw AA', Bli', AB'. and .17*. 

Then, O bisects AA' and JiB'. (§ 386.) 

Therefore. AirA'B is a parallelogram. (S 111.) 

Whence, AB and AB' arc eipiul and i)ai-allel. (§ 104.) 
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Proposition VII. Tiieoreu. 

393- Tf (I figure is gt/mmetrieal with respect to two axet 
at riijht angles to each other, it is stfiitmetrleal with respect 
to their intersection at a centre. 
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Let. the figure A-H l>c syniiiiotricitl with respect to the 
axes XX' atul YY', intersectiiitt ejich otlier at right angles 
at 0. 

To ]>rove that A-IT is symmetrical witli respect to as 
a centre. 

Let P hv- any point in the perimeter of A-H. 

Draw PQ iuid PR peri>emlieular to XX' and YY'. 

I'rocliiee PQ and PR to meet the |)eriineter of AS at 
P' and /•", and draw QR, 01", and OP". 

Then, since A-]f is ayinmetrii:al with respect to XX', 

PQ = Ky. (S 388.) 

But PQ = OR, and hence OR is equal and parallel to P'Q. 

Therefore, Ol''QR is a parallelogram. (g 100.) 

Whence, QR is equal and parallel to OP*, (§ 104.) 

In like manner, ive may prove OP"EQ a jtarallelograni ; 
and therufore QR is eqiial iind j>arallfl to OP". 

Hence, since both OP' and OP" are equal and i)arallel to 
QR, P'OT" is a straipht line ■which is bisected at 0. 

That is, every straight lino drawn through O is bisected 
at that jinint ; whence, A-H is synimotrical with respect to 
as a centre. (§ 390.) 
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ADDITIONAL EXERCISES. 
BOOK I. 



1. The bisectors of the exterior angles of a triangle fomi a tri- 
angle whose iiiigles are resitcctlvety the half-sums of the angles of 
the given triangle taken two an(t two. 

2. If CI) is tlic perpendicular from C to the side AB of the tri- 
angle .1 AC', anti CE is the bisector of tlie angle (.', prove that Z.DCE 
Is one-half the difference of tlie angles A and H. 

3. Tlie tines joining the middle poinis of the adjacent sides of a 
quadrilateral form a parallelogram wliose perimeter Is equal to the 
Biint of the diagonals of the quadrilateral. 

4. The lines joining the middle points of the opposite sides of a 
quadrilateral bisect each other. 

5. The lines joining the inidillc points of the opposite sides of a, 
quadrilateral biseet the line joining the middle points of the diagonals. 

6. The line joining the middle i>oints of the diagonals of a trape- 
zoid is parallel to the bases aii<l equal to one-half their difference. 

7. If D is any point in the side AC of the triangle ABC, and E, 
F, G, and // are the middle points of AD, Vli, UC, aad AB respec- 
tively, prove tiiat EFGII is a parallelogram. 

8. If E and G' are the middle iioints of the sides AB and CD of 
the quadrilateral AHVD, and F and U the middle points of lUe 
diagonals AC and tlD, prove that AEFH^AFOH. 

9. If J> ami K are the middle points of the sides BC and AC of 
the triangle ABC, and .-ID Ite proiluccd to F and BE lo (i making 
DF= AD and EG ^ BE, prove that the line F<f passes through C. 

10. If D is the middle point of the side BC of the triangle ABC, 
ptove AD<i (AB + AC). 

11. The sinii uf tlic medians of a triangle is less than (he perim- 
eter, and greater than the semi-perimeter of the triangle. (Ex. 113, 
p. Oil,) 

12. If the bisectors of tlie interior angle at C and the exterior 
angle atU of the triangle ^IJJC meet at A prove ZBDC=iZA. 

13. If AD and BD are the bisectors of the exterior angles at the 
extremities of the hypotenuse of the right triangle ABC, and DB 
and DF are drawn perpendicular, respectively, to CA and CB pro- 
duced, prove that CEDF is a square. 
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14. AD ftnd BE are drawn from two of the vertlcM of a trlAngla 
ABC to the oppoaite sides, making /.BAD = Z ABE iitAD= BE, 
prove that the triangle Is isosceles. 

15. If perpendiculars AE, BF, CG, and DM, be drawn from the 
vertices of a, parallelogram ABCD to any line in its plane, not intar- 
aecUng ita surface, prove that J ff + CG = B/" + DU. 

16. If CD Is the bisector of the angle C of the triangle ABC, and 
DF be drawn parallel lo AC meeting liC at £'and the bisector of the 
angle exterior to C at F, prove that I)E = EF. 

17. If E and F are the middle points of the sides AB and AC of 
the triangle ABC, and AD is the perpendicular from A lo BC, prove 
that /EDF-=ZEAF. 

18. If the median drawn from any vertex of a triangle is greater 
than, equal to, or less than onc-balf the opposite side, the angle at 
that vertex is acute, right, or obtuse. 

19. Prove that the number of diagonals of a polygon of n sides iB 



SO. The sum of the medians of a triangle la greater than three- 
fourths the perimeter of the triangle. 

21. If the lower base AD of a trapezoid ABCD Is double the 
upper base BC, and the diagonals intersect at E, prove tliat 
CB^iAC and HE = | BD. 

32. If O is the point of intersection of the bisectors of the angles 
of the equilateral triangle ABC, and OD and OE be drawn respec- 
tively per|>endicu1ar lo iiC and parallel to AC, meeting BC aXD and 
E, prove that DE = { BC. 

23. If an equiangular triangle be constructed on each side of a 
triangle, the lines drawn from their outer vertices to the opposite 
vertices of the triangle are equal. 

24. If two of the medians of a triangle are equal, the triangle !■ 
isosceles. 

BOOK II. 

25. AB and AC are the tangents to a circle from (he point A, 
and D is any point in the smaller of the two arcs sublen<1cd by BC. 
It a tangent to the circle at D mei'ts AB at E and AC at F, prove 
that the perimeter of the triangle AEF is constant. 

26. Tlic line joining the middle polntii of the arcs subtended by 
the sides AB and AC at an inscribed triangle ABC cuts AB at F 
and AC at (S. Prove that AF= AG. 
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27, If ABCD is a circumscribed quadrilateral, prove that tlie 
angle between tlie lines joining tlte opposite points ol contact is 
equal to J (^ + C). 

2a If the sides AB and IIC of an Inscriticd hexagon ABCDEF 
are parallel to the sides DE and EF respectively, proTe that the 
side AF iB parallel to CV. 

29. If AB la the common chord of two interaeeting circles, and 
AC and AD are the diameters drawn from A, prove that the line 
CD passes through B. 

30. If AB is n common tangent to two circles which touch each 
other externally at C, prove tiiat ACB Is a riglit angle. 

3X. If AB and AC are the tangents to a circle from the point A, 
and 1> is any point on the circumference without the triangle ABC, 
prove that the sum of tlie angles ABD and ACD'Xs constant. 

32. If A, C, B, and D are four points in a straight line, B being 
iH'twecn C and i>, and EF is a common tangent to the circles de- 
scribed upon J Band CD as diameters, prove that z:/ME = ^ J>CF. 

33. ABCD is an inscribed quadrilateral, AD being a diameter of 
the circle. If O is tiie centre, and the sides AD and BC produced 
meet at E making CE = O-i, prove that ZAOB = 3 Z CED. 

34. If ABCD Is an inscribed quadrilateral, and its sides AD and 
HC are proiluccd to meet at P, the tangent at P to the cirele cir- 
cumscril)ed about the triangle AHP is parallel to CI). 

35. ABCD is a quadrilateral inscribed in a circle. If the sides 
AB anil DC produced Intersect at £, and the sides AD and BC pro- 
duced at F, prove tliat the bisectors of the angles E and F are per- 
pendicular to each other. 

36. ABCD is a quadrilateral inscribed in a circle. Another circle 
is described upon .1 as a chord, meeting AB and CD at E and F. 
I'rovc that the chords BC and EF are parallel. 

37. If ABCDEFGII Is an inscribed octagon, the sum of the 
angles A, C, E, and 6' is equal to six right angles. 

38. If the number of sides of an inscril)ed polygon is even, the 
eoin of the alternate angles is equal to as many rigiit angles as the 
polygon lias sides less two. 

39. If the opposite angles of a quadrilateral are supplementary, 
tlie quailrilateral can be Inscrilicd In a circle. 

40. Tlie )HT|>en<liciilars from the vertices of a triangle to tlie 
opposite sides are the bisectors of the angles of the triangle formed 
by joining the feet of the perpendiculars. (Ex. 39.) 
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Con STRUCTioN'B . 

41. Given a side, nn adjacent angle, and the radius of the cfr- 
cnmacribed circle of a triangle, to construct the triangle. 

42. To describe a circle of given radius tangent to a given circle 
and passing tbrough a given point. 

43. Given an angle of a triangle, its bisector, and the lengtli of 
tfae perpendicular from its vertex to the opposite side, to construct 
the triangle. 

44. To draw between two given intersecting lines a straight line 
. whichshallbeequaltoone given straight line, and parallel to another. 

45. Given an angle of a triangle, and the segments of tlie opposite 
side made by the perpendicular from its vertei, to construct the 
triangle. 

46. To draw a parallel to the side BC of the triangle ABC meeU 
ing AD and AC in D and E, so tlial ]>E may be equal to EC. 

47. To draw a parallel to the side BV of the triangle ABC meet- 
ing A B and A C in 1} and E, so that BE may be equal to the sum 
of BD and CE. 

48. Given an angle of a triangle, the perpendicular from the ver- 
tex of another angle to the opjiosite side, aqd the radius of the 
circumscribed circle, to construct the triangle. 

49. Given the base of a triangle, an adjacent angle, and the sum 
of the other two sides, to constnict the triangle. 

50. Given the base of a triangle an adjacent acute angle, and the 
difference of the other two sideij, to construct the triangle. 

51. Through a given point without a given circle to draw a secant 
whoae Internal and uxtumal segments shall be equal. (Ex. 07, p. 103. ) 

52. Given the feet of the perpendiculars from the vertices of a 
triangle lo the opposite sides, to construct the triangle. (Ex. 40.) 

BOOK in. 

53. State and prove the converse of I'rop. XXVI., III. 

54. In any triangle, the product of any two sides is equal to the 
product of the segments of tlie third siile formed by the bisector of 
the exterior angle at the opposite vertex, minus the square of the 
bisector. (§ L>H«. ) 

55. If the sides of a triangle are .^ B = 4, vl(; = 5, and BC = 0, 
find the length of the bisector of the exterior angle at the vertex A. 
(S 250.) 
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56. ABC is an isosceles triangle. If the perpendicular to AB %i 
A meets the base BC, produced if necessary, at E, and D Is Ihe 
middle point of BE, prove that AB is a mean proportional between 
BC and BD. (Ex. 88, p. 68. ) 

57. If D and E, F and G, and H and K are points on the sides 
AB, BC, and CI, respectively, of the triangle ABC, so taken that 
AD = DE= EB, Bt'=FG = GC, and CIl^IIE=EA, prove 
that the lines EF, GU, and KB, when produced, form a triangle 
equal to ABC. 

98. If E is the mhidle point of one of the parallel sides BC of 
the trapezoid AHCD, and AE and BE produced meet BC and AB 
produced at F and G, prove that FG is parallel to AD. 

59. The perpendicular from the Intersection of the medians of a 
triangle to anj straight line In the plane of the triangle is one-third 
the sum of the perpendiculars from the vertices of the triangle to the 
same line. 

60. If E is the middle point of the median AB of the triangle 
ABC, and BE meets AC at F, prove that AF= J AC. (g 140.) 

61. The aides AB and BC of the triangle ABC are 3 and 7, 
respectively, and the length of the bisector of the exterior angle B 
is3 V7. Find the side ^C. 

62. If tliree or more straight lines divide two parallels propor- 
tionally, the; pass through a common point. 

63. The non-parallel sides of a trapezoid and the line joining the 
middle points of the parallel sides. If produced, meet in a common 

64. BB is the perpendicular from the verWic of the right angle to 
the hypotenuse of the right triangle ABC. It K is any point in 
AB, and EF be drawn perpendicular to AC, and FG perpendicular 
to AR, prove that tlie lines CE and BG are parallel. 

65. One scgnipnt of a chord drawn through a point 7 units from 
the centre of a circle is 4 units. If the diameter of the circle is 15 
units, what is the other segment ? 

66. In a right triangle ABC, BC^ = 3AC^. If CB be drawn 
from the vcricx of the right angle to the middle point of AB, prove 
that ZACn^BfP. 

67. If D is the middle point of the side BC of the right triangle 
ABC, and BE be drawn perpendicular to the hypotenuse AB, prove 

AE'-Btf^AXf. 
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87. If B, F, G, and U are the middle poinU of the aides AB, BC^ 
CD, and DA of & square, prove tliat the lines AF, BG, CH, and DE 
form a square equivalent tu f ABVD. 

Sa If £ iB the intersection of the diagonals AC and BD of a 
quadrilateral, and the triangles ABE and CDE are equivalent, 
prove that the slcles AD and liC are parallel. 

89. If £ is any point in the side BC of the parallelogram ^BCD, 
and DE be drawn meeting AB produced at F, prove that the 
triangles ABE and CEF ne equivalent. 

' 90. If I> Is any point in the side AB of a triangle ABC, find a 
point E In jlC'such iliat the triangle ADE Is equivalent to one-half 
the triangle ABV. 

91. Find the area of a trapezoid whose parallel sides are 28 and 
30, and non-parallel sides 15 and 17, respectively. 

BOOK V. 

*^ 92. The area of the ring Included between two concentric circles 
is equal to the area of the circle whose diameter is that chord of the 
outer circle which is tangent to the inner. 

93. Prove that an equilateral polygon circumscribed about a 
circle la regular if the number of ita sides is odd. 

94. Prove that an equiangular polygon inscribed in a circle \» 
regular if the number of its aides is odd. 

/ 95. Prove that if the radius of the circle is 1, the side, apothem, 
and diagonal of a regular inscribed pentagon are 

J \/(iO-2 V5), i(l + V^J". a""! i v/(10-|-2 Vl). 

96. The square of the side of a regular inscribed pentagon, mlnni 
the sqtiare of the side of a regular inscribed decogon, is equal to the 
square of the radius. 

97. The sum of the perpendiculars drawn to the aides of a regu- 
lar polygon from any point within the figure Is equal to the apothem 
multiplied by the number of sides of the ]>otygon. 

98. In a given equilateral triangle to Inscribe three equal circles, 
tangent to each other and to the allies of the triangle. 

1 given circle to inscribe lliree equal circiea, tangent lo 
each other and to the given circle. 
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BOOK VI. 



-DIBDRAIiS.— 



394. Def. a plane is said to be determined by certain 
lines or points when one plane, and only one, can be drawn 
through these Hues or points. 



Vt 



t T. Theokkm. 



395. .( jil'ine in determined 

I. Jiy a xtraltjht line and a point without the line. 

II. B'l three points not in the same straight line. 

III. Hj/ tiro iiilrrsertln;/ straiyht lines. 

IV. By two parallel straight lines. 



I. Let C be a point without the straight line AB. 

To prove that ii piano U determineil (i 394) by AB and C. 

If any plane, as jV.V, Ik* drawn through AB, it may be re- 
volved alMuit AB JiH uii axis until it oontainfi the point C. 

Hence, one plane, and only one, can be drawn through 
AB and C. 
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II. Let A, S, aiul C be tliree jwiiits not in the same 
straight line. 

To prov(! that a ]>lane \» determined by A, B, and C 

Draw AB. 

By I., one pliinu, and only one, can be drawn through the 
line AB and tlie point C 

Hence, one plane, and only one, can be drawn through 
A, B, and C. 



III. Tjet AB and BC be two intersecting straight lines. 

To prove that a plane ia detenuined l)y AB and BC. 

Hy I., one plane, and only one, can be drawn through AB 
and any point C of BC. 

liut sinee this plane (lantains tlie points B and C, it 
must contain tlie line BC. 

[A plane is a surface suirh that the stniiglil line joining any two 
of its points Iips entirely in tlie surface,] C| 8.) 

Hence, one plane, and only one, can be drawn through 
AB and BC. 



IV. T^t AB and CD be two parallel lines. 

To prove that a phme is dytennined hy AB and CD. 

The parallels AB and C/> lie in the same plane {% r>2). 

And by 1., but one plane <'an be drawn tlirough AB and 
any point C of <'l>. 

Hence, one plane, and only one, can be drawn through 
AB and CD. 



LINES AND PLANES IN SPACE. 



Proposition II. Theorem. 
396. The hUersectlon of two planes U a ttraight line. 
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Let the line AB be the intersection of the planes 3fN 
and PQ. 

To prove AB a straight line. 

Let a straight line l>e drawn botwoeii the points ,1 and B. 

This line mnat lie in MX, imd also in FQ. 

[A plane Is n surface such that ilie Mralght line joining any two 
of [tB points lies entirely In tlie snrfnpe.] (j 8.) 

Tlien it must be the interscetion of 3IN and PQ. 

Whence, AB is a straight line, 

397. Def. If a straight line meets a plane, the point of 
intersection is called tlie foot of tlic line. 

A straight line is said to be pei-jieiidlcular to a pliine 
ivhen it is perpend it- uhir to every straight line drawn in 
the plane tlironf;li it.s foot. 

A straight lini- is said to be pnrallel to a plane when it 
cannot meet the plane however far they may be protluced. 

Two planes are saiil to lie piiralli-.l to each otlier when 
they cannot meet however far they may be produced. 

39B. SCH. Tlie following; form of the second definition 
of § 397 is given for cimvenience of referenee : 

A perpendirvliiT to a plnne. is fierpeiuUcular to evert/ 
straight line drawn in the plane through its foot. 
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PR01*08iTION III. ThBOKEM, 

At a 'jioen point in a plane, one perpendicular to the 

can be draten, and but one. 




Let P be the given point in tho plane MN. 

To prove tliat a perpendicular ua-n be drawn to MN at P, 
and but one. 

At any point A of the straiglit line AB draw the lines 
AC and AD perpendiciilur to Ali. 

Let liS be the plane determined by AC and AD. 

Lot AE be any otlier straight line drawn throngh the 
point A in the plane RS; and draw tlie lino CED inter- 
seeting AC. AE. and AD in C, E. and D. 

rr(Mln(;i> 11 A to !>, ninking AlV = Ali. 

Draw liC, HE, JW. Jl'C. IVE, and ;."/>. 

In the triangles IICD and If CD, the side Ci) is common, 
. Ami since AC and AD ai« peq^ndionlar to 5^ at its 
middle i)oint, 

/fC = irc. and B/) = irD. 



[[fa 



|ier|>i'iiili'-iilar l>e erpcteil at tlii' iniilillo point ot A straight 
■ ]i"'ii' i'> III'' iM-rpcnilictilur is i.'r]iial]y distant from the 
ifs ot llic line.] (S*>, I.) 



Whence, A ]1CJ> = A li'CI). 

[Two trlan!;li-s are crinal wIh^ti X\w ilircc aides of o 
reapt^ctivoiy to tliu Ihruu siUus of tlic other.] 
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Now revolve triangle BCD about CD as an axis until it 
coincides with triangle B'CD. 

Tlieu B will fall at J^, and the line BE will coincide 
with ^A'i that is, BE = B'E. 

Hence, since the points A and E are each equally distant 
from B and £', AE ia perpendicular to BJf. 

[Two pointa, each equally distant from tbc extremities of a straight 
line, determine a perpendicular at its middle point.] (§ 43.) 

But AE is liny straight line drawn through A in BS. 

Then, AB is perpendicular to eeery straight line diawn 
through its foot in the plane BS. 

Whence, AB is perpendicular to BS. 

[A straight line la said to be perpendicular to a plane when it Is 
perpendicular to every straight line drairn In the plane tbrongh its 
toot.] (§397.) 

Now apply the plane BS to the plane MN so that the 
point A shall -fall at /'; and let AB take the position PQ. 

Then, PQ will be'[)eriieudicular to MN. 

Hence, a porpcndioular can be drawn %o MN at P. 

If possible, let PT be another perpendicular to M2f 
at P; and let the plane di'termined by PQ and PT inter- 
sect MN in the line UK. 

Then, Iwith I'Q and PT are [lerpendicular to HK. 

[A penx'iulieular to a plane is pen"'ndicular to every straight line 
drawn in tlie plane tliroiigh its toot.] (§ 388.) 

But in the plane IIKT, only one per|>endiciilar can be 
drawn to UK at P. 

e perpendicular to the 
(9 28.) 

Hence, but one perpendinular can be drawn to MN at P. 

400. COK. r. A utrnh/hf Ihifi pprpcil'nriilar to each of 
tiro stniiffht Ihii'.i at their point of intersection is perpen- 
dirnlnr to their phine. 

401. CoR. II. Frniii n i/iui-n /mint without a, plane, ons 
perpendicular to the plane e/in be drawn, and but one. 



K 
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The latter statement is proved 
as follows : 

If possible, let All and AC he 
two i)erpendi(!ular3 from A to ttie 
plane MN. 

Draw BC; then the tiiaiigle ABC will have two right 
angles. 

[A perpendicular to a plane Ja iwqiendiciilar to every straight line 
drawn in the jilane tlirough its foot.] (§ 308.) 

Bnt ttiis is impossible. 

I'hen but one periwndicular can be drawn from A to MN. 

^XJZ- Con. III. T/ie. jM'^imi'Iifiilur is the shortest line 
that can be drawn from a jHilnt lo a plune. 

Let AB be the perpendicular fmni A to the plane MN, 
and AC any otlicr straight line from A to MN. 

To prove AB <AC. 

Draw BC; then, since AB is pei-[)endiciilar U> BC, 
AB<AC. 

[TliP perpendicular is tlie shortest line that can bo drawn from a 
point to a etralglit tine] (g ih.) 

403. ScH. The distanre of a point fivin a ])lane signifies 
the length of the ]H'rpendiuiil;irfroin the point to the plane. 

1'roi'Ositio.v IV. Theorem, 

404. AH thr, jierjii-ntfli-ulurs to a xtralght live at a given 
point lie ill a plane /•erpeutlicii/ni- to the Une. 



Let AC and AI) be perjiendicnhir to the line AB at A. 



A 



^» 
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Then the plane MN, determined by AC and AD, is per- 
pendicular to AB. 

[A Btralgbt line perpendicular to each of two straight lines at their 
point of intersection la perpendicular to their plane.] (S^OO.) 

Let AE be any other perpendicular to AB at A. 

To prove that A£ lies in MN. 

Let the plane determined by AB and AE intersect JfJV 
in AE'; then, AB is perpendidular to AE'. 

[A perpendicular to a plane is perpendicular to every straight line 
drawn in the plane through its foot.] (§ 3&8.) 

But in the ]>lane ABE, but one perpendicular can be 
drawn to A B at A. 

[At B given point in a straight line, but one perpendicular to the 
line can be drawn.] (§ 28.) 

Then, A E' And AE coiucide, &nd A B lies in the jilane jVJV", 

405. Cor. I. ThTongh a given point in a alndijht line, a 
plane can be drawn jferpendicidar to the line., and but one. 

406. Cor. II, Through a given point irithont a straight 
line, a plane can be drawn perpendicular to the line, aiid.but 

Let C bo the given point with- 
out the straight line AB. 

To prove that a plane can Ite 
drawn through C periwndicular to 
AB, and but one. 

Praw CB perpendicular to AB, and let BD l>e any other 
perpendicular to AB at B. 

Then the plane determined by BD and BC will be a 
plane drawn through C perpendicular Xa AB. 

[A straight line perpendicular to each of two straight lines at their 
point of intersection Is perpendicular to their plane.] {% 400. ) 

But only one perpendicular can be drawn from C to AB. 

Hence, but one plane can be drawn through C perpen- 
dicular to AB, 
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Profositios V. Theorem. 

40?. If oblique lines be drawn from a point to a plane, 

I. Tifo oblique lines cutting off equal distaneeg from the 

foot of the perpend ifuln-r fi-om the point to the pUme are equal. 

IT. Of two oblique linen cuttinff off vtte'jiial distances from 

the foot of the perpendicular, the more remote is the greater. 




I, Let tlie obli<iiie lines AC and AD meet the plane MN 
at equal distances from the foot of the perpendicular AB. 

To prove AC = AD. 

Draw BC and BD. 

In the triangles ABC iiiul ABD. the side AB is common. 

Also, ZABC= ZABD. 

[A perpcnilicular to a plane ia peqiendkular to every straight line 
drawn in the plane tlirotigh Ita foot.] (5 3D8.) 

Aud hy hyjiotheais, BC = BD. 

Then, A ABC = A ABD. 

[Two triangles are equal when two sides and Ihe Included angle of 
one are equal respectively to two sides and the included angle of the 
other.] (9 03.) 

Wlicn.-e, AC = AD. 

[In eqital figures, the homologous parta are equal.] (S 66.) 

II. T>(it the line AE luiiet il/.V at a greater distance from 
if than J C. 

To prove AE > AC. 

Draw BE; on RE tiilte BF = BC, and draw AF. 
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Then, AF =, AC. 

[If oblique lines be drown (ram ft point to a piftne, two oblique 
lines cutting off equal distances from tbe foot of tlie perpendicular 
from the point to the plane are equal.] (g 407, I.) 

Kut, AE > AE. 

[If oblique lines be drawn from a point to a, straight line, of two 
oblique lines cutting off unequal distances from tbe foot of the per- 
pendicular, the more remote is tbe greater.] (§ * 

Whence, AJi > AC. 



^. 



Proposition VI. Theorem, 



406- (Converse of Prop. V,, I.) Tico equal oblique lines 
from a point to a plunt rut off equal dixfnirea from, the foot 
of the perpendicular from the point to the plane. 



J.etAC and AD be equal oblique lines, and AB the jier- 
peiidicular, from A to the jilaiie J/.V; and draw BC and BD. 

To prove BC =^ Bl>. 

In the triangles ABC and AHD, AB is common. 

And by hypothesis, AC ^ AD. 

Also, ABC and ABD are right angles. 

[.\ perpendicular to a plane Is i>cri"'n'l'f'ili'r 'o every straight line 
drawn In the plane through its foot.] (| 308.) 

^VliDncc, A ABC = A A BD. 

[Two right Iriannli's are equal when the bj-[>olenuse and a leg of 
one are equal respectively to the hyi>otenuse and a leg of the otliiT.] 

(S88.) 

Therefore, BC = BD. 
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409. Cob. (Converse of Prop. V., II.) If two unequal 
oblique lines be drawn from a point to a plane, the greater 
aits off the greater distance from the foot of the perpen- 
dicular from the point to the plane. 

(The proof is left to the student) 

Proposition VII. Tiieorek. 

41j0. If through the foot of a perpendicular to a plane a 
line be drawn at right angles to any line in. the plane, the 
line drawn from its intehection with this line to any point 
in the perpendicular will be perpendicular to the line in the 
plane. 




Let AB \>e perpendiculai' to the plane 3f.V. 

Draw JE peri>endicular to any line CD in Afy, and join 
E to any point B in AB. 

To prove BE per]>endicufar to CI>. 

On CD take KC = ED; and draw AC, AD, BC, and BD. 

Then, AC = AD. 

[Tf ft pcrpeniliciilar be erected at the middle point of ft stralglit 
line, any point In tlie perpendicular 1b equally distant from the ex- 
tremities of the line.] (5 40, I.) 

Therefore, BC = BD. 

[If oblique lines be drawn from a point to a plane, two oblique 
linos culling off equal distances from the foot of the perpendicular 
from tlie point to the plane are equal.] (§ 407, I.) 

Whence, BE is i>erpeudicular to CD. 

[Two poinla, each equally distant from the extremities of a straight 
line, (lelermiue a {wrpendiciilar at its middle point.] (S 43.) 




Proposition VIII. Theorem. 
41X. Two perpendiculura to the same plane are parallel. 




Let the lines AB and CD be perpendicular to the plane 

, To prove AB and CD parallel. 

Let A be any point of AB, and draw AD and BD. 

Also, draw DF in tlio plane MN perpendicular to BD. 

Then CD is perpendiculav to DF. 

[A perpendicular to a plane is perpendicular to every straight line 
drawn in the plane through its foot.] {% 396.) 

Also, AD is perpendicular to DF. 

[If through the foot of a perpendicular to a plane a line be drawn 
at right angles to any line In tbe plane, the line drawn from its inter- 
section with this line lo any point in the perpendicular wiii be per- 
pendicular to the line in the plane.] (§ 410.) 

Therefore, CD, AD, and BD, being perpendicular to DF 
at D, lie in the same plane. 

[All the perpendiculars to a straight line at a given point lie in a 
plane perpendicular to the line.] (§ 404.) 

Hence, AB and CD lie in the same plane. 

[A plane is a surface such that tlie straight line joining any tn-o 
of its points lies entirely in llie surface.] (§ S'.'i 

Again, AB and CD are perpendicular to BD. 

[A perpendicular lo a plane is perpeniliculnr to every straight line 
dran-n In the plane through its foot.] (S 3D8.) 

Whence, AB and CD are [Kirallel. 

(Two perpendiculars to the same straight line arc parallel.] (j 



"J 
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fi^ Cor, I, If one of two paralUh ia perpendicular to a 
jilan-e, the other is also j'erpendicular to theplane. 

Let the lines A B and CD be par- ^ ^ 

allel, and let AB be jieriieudicular to 
the plane jVX 

To prove CD peri^iulicularto J/^. 

A perpendicular from C to M2f 
will l>e parallel to AB. '^ 

[Two perpend iculara to the same plnne-src parallel.] (§411.) 

But through C, only one jtarallel ean be drawn to AB. 

[But one stralgbt line can be drawn through a given point parallel 
to a given straight Kn*;.] (§ 53.) 

ViTience, CD in perpendicular to Jlf-V. 




Jf eiirh of tiro straight lines is parallel to 
itralhl to eitrh other. 



«3. CoK 

a third, thei/ 

Let the lines JB and CD be paral- 
lel to EF. 

To prove Ali and CD parallel. 

Draw llie plane MX perpendicular 
to.E^. 

Then each of the lines Alt and CD 
is per])endicnlar to jI/.V. 

[If one of two paralli'lg is perpendicular 
also perpendicular to the plane.] 

Whence, AB and CD are jiarallel. 

[Two perpendiculars to the same jilane ar 




!, the other is 
(8 «a.) 




1. AVhat is the loons (§ 141) of the periM^ni'i'^ulars to a 
line.' Ali iit UiP i>oint ,1 ? 

2. Wliat i< till- IiK'iia of points oijually distant from Ihe eirc 



a plane bispcts a slraight line at rlpht angles, any point ii 
the plane ia equally distant from the extremities of the line. 
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Proposition IX. Theorbm. 

414. A stra I'ffht line parallel to a line in a plane is paral- 
lel to the plane. 



Let AB be parallel to the Hue CD in the plane MN. 
To prove AB parallel to MN. 

The parallels AB and CD lie in a plane, which intersects 
MN in the line CD. 
Henoe, if AB meets MN, it must Ije at some point of CD. 
But AB, lieing jmrullfl to CD, cannot meet it. 
Then AB and MN cannot meet, and are jjarallel (§ 397). 

Proposition X. Theorkm. 

415. If a straight line in parallel to a plane, the inlerse/y 
tion of the. phnte icitk any plane dratcn throuijh the line it 
parallel to the line. 



Let tlie line-^B be iiatalhd to the plane MN; and let CD 
lie the intersection of MN with a plane drawn through AB. 

To prove AB and CD pai-allel. 

Tiie lines AB and CD lie in the same plane. 

And since AB cannot meet tlie plane MN however fai 
they may be produced, it caTinot meet CD. 

Therefore, AB and CD are parallel (5 52). 
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e pat-allel, a parallel 



A B 



41£. Cor. If a line arid a jilune at 
to tlie line through any point of t/te 
plane lies in the jilaiie. 

Let the line AB he parallel to the 
plane MN; and through any point C 
of MN draw C£» parallel to AB. 

To prove that CD lies in MN. ^ 

The plane determined by AB and C interaeeta M.N in a 
parallel to AB. 

[If a atmight line U parallel to a plane, the intersection of the 
plane with any plane drawn through the line is parallel to the line.] 

(§415.) 

But through C, only one parallel can be drawn to AB. 

[Hut one straight line can be drawn through a given point parallel 
to a given straight line.} (S fi3.) 

Whence, CI> lies in MN. 



I'hoposition XI. Theorem. 



I 417. If two parallel plm 
intersections are parallel. 



i are cut bi/ a third plane, the 




Let the i)aralli'l planes MN and PQ be cut by the plane 
AI> in the lines AB and CD, respectively. 
To prove .iB and CD i>arallel. 

The lines AB and CD lie in the same plane. 
And since the planes MN and J'Q cannot meet however 
far they may he produced, AB and CI) cannot meet. 
Therefore, AB and CD are parallel (§ 62). 
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U8. Cor. Parallel lines included bettceen parallel planes 

Let AC aud BD be parallel lines included between the 
parallel planes MN and PQ. 

To prove AC = BD. 

Let the plane determined by AC and BI> intersect MN 
and PQ in tlie lines AB and CD. 

Then, AB and CD ai-e parallel. 

[If two parallel planes are cut by & third plane, tlie interaectio&e 
are parallel.] (§417.) 

Therefore, AC = BD. 

[Parallel linea included between parallel lines are equal.] (g 105.) 



•09. Tivo 
ire parallel. 



pKorosiTioN XII. Theorem. 

planes perpendicular to the savie straight line 



Let the planes MN and PQ be perpendicular to the 
line AK. 

To prove MN and PQ iiaralk'I. 

If MN aTid PQ are not iiarallel. they will meet if sufR- 
eiently pi'c«iiici'd ; let C be a i)oint in tlieir intersection. 

Tlipre will then be two planes drawn through C i>erpen- 
dieidar to Ali, which is impossible. 

[Througli a given point without a straight line, but one plane can 
be drawn ]>crpeiidlcular to the line.] (§ 406.) 

Whence, MN and PQ cannot meet, aud are parallel 
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Proposition XIII. Theorem. 

420- Jf f'ifh. of two intemi^rlhi'j lines is parallel to t 
plane, their plane is paniUel to the giceii plane. 



f ^ 

p, 

/ ..^-^ / 



Let AB and AC \»^ ]iaiiillel to the plane PQ. 

To prove tlieir plane MN parallel to PQ, 

Draw AD perpendicular to FQ. 

Through D draw I>E and DF parallel to AB and AC. 

Then, I>K and I>F lie in the phiiie FQ. 

[If a llni! and a plane are parallel, a i>araUel to the line tbrougU 
any point of tlie plane lies iu the plane.] (§ 416.) 

Whence, AT) is iicriwndiciilar to I)E and DF. 

[A per|>en(l[rulnr to n plane is perpendicular to every straight line 
drawn in the plane through its foot.] (S 388.) 

Therefore, AT> is perix-udicular to AB and AC. 

[A straight line pL-rpeniliciilar to one of two parolleb Is peipen- 
dicular to the otiier.] (§ 60.) 

Hence, AD is perpendicular to MN. 

[A straight line pen'^'i'dlcnliir to each of two straight lines at 
their point of intersection Is perpendicular to their plane] (g 400.) 

Then J/.V and FQ are ])arallel. 

[Tu'o planes periicndieular to the same straight line are parallel.] 
(§ 41fi.) 
EXERCISES. 

!s is parallel to 



4. A line parill.-l 
their intersectiun. 

a. A stniijrlLt hue 
line are juirallel. 



pack (if two intersecting plam 



.1,1 a pli. 



J pen>ondifuliir 



> the 81 



: straight 
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Proposition XIV, Theorem. . 



42L J stnii'jht lint 
planes is perpundlcala' 



pei-pendirular to one of two parallel 

to the other also. 




Let JfJV and PQ be parallel plaiies ; and let the line AD 
be perpendicular to FQ. 

To prove AD perpendicular to MN. 

Pass any two planes through AD, interaectiug MN in AB 
and AC, and PQ in DK and DF. 

Then AB is parallel to DE, and AC to DF. 

[If two parallvl planes arc cut by a third plane, tbe Intersections 
are parallel.] (S «7.) 

Hut AD is perpoiulicular to D£ and DF, 

[A perpendicular to a plane is perpemlicular to every straight line 
drawn in the plane through ita foot.] (§ 398.) 

Wlience, Af> is ptTpendicular to AB and AC. 

[\ straight line jierpendicular to one of two paralleU Is perpen- 
dicular to the other.] (| 56.) 

Therefore, AD is [wrpendiciilar to jtfiV. 

[A straight line perpendicular to each of two straight lines at 
tliL'ir point of intersection Is perpendicular to their plane.] (§ 400.) 

422. Cor. L Two pit rallel planes are everijwhere equally 
dUfiint (S 40;{). 
For all eoininon [wr|>fndi(.'ulars to th<" planes are parallel. 
[Two perpendiculars to the same plane are parallel.] (j 411.) 
Therefore they are all equal. 
[Parallel lines included between parallel planes are eqiuL] (} 418.) 
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^23. Cor. II. Through a given point a- plai 
drawn parallel to a given plane, and but one. 

Let A be tlie given point, and FQ „ 
the given plane. 

To prove that a plane can be drawn 
through A parallel to PQ, and but 
one. 

Draw AB perpendicular to PQ. 

Through A pass the plane MN i>eri>en(licular to AB. 

Then jWTV will be parallel to PQ. 

[Two planes perpeiulicular to the same straight line arc parallel.] 
(SJil>.) 

If anotlier i>l;Lne could be drawn through A jiarallel to 
PQ, it would be [lerjieudicular to AB. 

[A straight line perpenillcutar to one of two parallel ]>lancs is per- 
pendicular to the other also.] (§ 421.) 

It would then coincide with MN. 

[Through a given point in a straight line, but one plane can be 
drawn perpendicular to the llne.J (§ 405.) 

Then but one plane can be drawn through A jarallel to PQ. 



Proposition XV. Theorem. 

424. 1/ two angles not in the same plane have their aides 
pttraihl mill ertendtng in the same direction, they are etjiial, 

and their planes are parallel. 




Lpt 3f.V and PQ be the planes of the angles BAC and 
B'A'C; ;iiul let Ali and AC l)e parallel respectively to 
A'l^ and A'C, and extend in the same direction. 
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I. To prove Z BAC =Z B'A'C. 

Lay off AB=A-1S', and AC = A'C ; and draw AA', 
BIT, CC, BC, and B'C. 

Then since AB is equal aiid parallel to A'ff, the figure 
ABB'A' is a parallelogram. 

[If two sides of a quadrilateral are equal and parallel, the figure 
Is a parallelogram.] (S 100.) 

Whence, AA' is equal and ])arailel to BB". 

[The opposite sides of a parallelogram arc equal.] (| 104.) 

In like manner, AA' is equal and jarallel to CC. 

Therefore, BB" is equal and parallel to CC. 

[If each of two straight lines is parallel to a third, they are parallel 
to each other.] (S^l^O 

Whence, BB'CC is a parallelogram, and BC = B'C. 

Therefore, A ABC = A A' B'C. 

[Two triangles are equal when the tUrce sides of one are equal 
respectively lo the three sidea of tlie other.] (S 09.) 

Whence, Z BAC = Z B'A'C. 

[In equal figures, the homologous parts are equal,] (§ 60.) 

II. To prove MN parallel to PQ. 

The lines AB and AC are caeli pai-allel to the plane I'Q. 

[A straight line parallel to a line in a plane is parallel to the 
plane.] (§414.) 

Therefore, MN is parallel to FQ. 

[If each of two inti'rsecting lines ia parallel to a plane, their plane 
is parallel lo the given plane.] (§ 420.) 

EXERCISES. 

6. What is the locus of points equally distant from a given plane ? 

7. if two planes arc parallel, a line parallel to one of them 
tlirough any i>uint of tlie otiier lies in the other. 

8. If two planes arc parallel to a third plane, they are jHiraiiel to 
eaeh other. 

9. If a line is iiarallcl to a plane, it is everywhere equally distant 
from the plane. 
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Pboposition XVI. Thkobem. 

42S If two straiijkt lines are nit by three parallel plat 
the corresponding segments are proportiotial. 






To prove 



Let the ]>arallel planes MN, PQ, and RS intersect the 
lines AC and A'C in the points A, B, C, and A', B", C, 
respectively. 

AB _ A'ff 
BC B'C 

Draw AC 

Through AC and AC pajis a plane, intersecting FQ and 
BS in the lines BD and CC. 

Then BD is parallel to CC. 

' [If two parallel planes &rc cut by a third plane, the intersections 
are parallel.] 

Therefore, 

[A parallel to o 
proportionally.] 



From (1) and (2), 



AB _AII 
BC J)C'' 


(! 417.) 
(1) 


of a triBngle divides the otber 


two sides 




<S 2«-) 


AI} A'B' 
DC 'll'V 


<2) 


AB A'B' 

BC ifC 





Ex. 10. Tiirougli a given point a plane can be drawn parallel ti 
any tno straight lines in spn^e. (§ 414.) 





If two pl.ines meet in a straight line, the figure 
formed is called a diedral angle, or simply a 
diedral. 



The line of intersection of the planes is 
called the edije of the diedral, and the planes 
arc calleil its fnres. 

Thus, in the diedr.il formed by the planes 
BD and liF, BE is the edge, and BD and 
BF are the faces. 



427. A diedral may be designated by two letters on its 
edge; or, if several diedrals have a common edge, by four 
letters, one in eacli face and two on the edge, the letters on 
the edge being named between the other two. 

Thus, the above diedval may be designated BE, or ABEC. 

428- The plave anijle of a diedral is the angle formed 
by two straight lines drawn one in each 
face, i)eii>endicular to the edge at the same 
point. 

Tims, if the lines AB and AC be drawn 
in the faces I>K and DF, respectively, per- 
pendicular to DG at A, BA C is the plane 
angle of the diedral DG. 

^9. Let the lines A'lf and A'C be drawn i 
I>K and I)F, vcsjiertively, per])endicular to DG at A'. 
Theii, A'B" is parallel to AB, and A'C to AC. (S 54.) 
Whence, Z I^A'C = Z BAC. {% 424.) 

That is, the phmti aiiijle of a diedral is of the same mag- 
nitude <it ifli'itenr point of the edge it mat/ be drawn. 

430. Two diedrals are eqwd when tlieir faces may be 
made to coincide. 
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431. It is evident that two diedraU are equal when their 
plane angles are equal. 

432. Conversely, the plane antfl-es of equal diadra/s are 
equal. 

433- A plane perpendicular to the edge of a diedral inter- 
sects the faees in lines i)erpendicular to the edge (§ 398). 

Hence, a plane perpendicular to the edye of a diedral 
intergeetg the faces in lines which form, the plane angle of 
the diedral. 



434. Two diedrals are said to be adjacent 
when they have the same edge, and a com- 
mon face between themj as ABEC and 
CBEB. 

Two diedrals are said to be vertical when 
the faces of one are the extensions of the fiicea of the other. 



435. Through a given straight line in a ]>lane, a piano 
may be drawn meeting the given plane in such a way as to 
make the adjacent diedrals equal. (Compare § 27.) 

Each of the equal diedrals is called a right diedral, and 
the planes are said to be perpendicular to ea«h other. 

Thus, if the plane PQ l)e drawn 
meeting the plane MN in such a way 
as to make the adjaeent diedi'als 
PEQM and PHQN equid, each of 
the.sc is a right diedral, and 3/JV and / 
PQ are perpend iciilar to each other. 

436. Through a given line in a plane but one ])1ane can be 
drawn perpendicular to the given plane. (Compare § liS.) 

437. The prnjection of a point on a plane is the foot of 
the ijerix-ndicnlar drawn from the jMiint to the plane. 

The projection of a line on a plane is the locus (g 141) of 
the projections of ita points. 



DlEDIiALS. 



Proposition XVII. Theokeu. 



The plane angle of a right diedral is a right angle. 
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Let the {ilanes PQ aiid Mlii be periiendicular to each 
other, ami iiitorseet iii the line (^R. 

Let ABC and ABC be the plane angles of the diedrala 
FRQN and PKQM. 

To ](rovB ABC a right angle. 

Since PQ is jHTiJemlic^iilai- to MN, we have 

diedral I'UQN = diedral PItQM. (§ 435.) 

Whence, Z ABC = Z ABC. (§ 432.) 

Therefore, AliC \a a right angle. (§ 27.) 

439. Con, (Converse of Prop. XVII.) If the plane angle 
of a dieilral U a right angle, thefaeea of the diedral are per- 
pendieiilur to each other. 

Ijpt the jilanes PQ and MN iiitnrseet in the line QR. 

Lot AUG and ABC be the jilane angles of the dledrais 
PRQN and PRQM, and let ABC U'. a right angle. 

To prove PQ pcrjwndieiilar tJ> MN. 

Since ABC ia a rigiit angle, wi^ have 

Z ABC ^^ ABC. (§27.) 

"VVIienee, iliedral PRQX = diedral PRQM. (§ 431.) 

Therc'Ioro. PQ is jierpendicular to MN. (§ 435.) 



Ex. 11. Through .iny Riven straight iint^ a plai 
parallel to any otlier Btmight line. (§ 414.) 



a be drawn 
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rsopoaiTioN XVIII. Theorkh. 

440. If tteo idanes are perpendicular to earh other, a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other. 



a/' 

A 

M R 



Let the plane PQ be perpendieular to MN. 

Let QR be their intersection, and draw AB in the plane 
PQ perpendicular to QR. 

To prove AB perpendicular to J/jV. 

Draw BC in the plane MN perpendicular to QB, 

Then ABC is the plane angle of the diedml PRQ2f. 

(§ 428.) 

Whence, ABC is a right angle. (§ 438.) 

Tlierefore AB, being perpendicular to BC and BQ at B, 
is perpendicular to the plane MN. (§ 400.) 

4U- Cor. I. If two planes are perpendicular, a perpen- 
dicular to one of them at ani/ point of their intersection ties 
in the other. 

Let the plane PQ be perpendicular to MN; at any point 
B in their intersection QR, draw AB perpendicular to MN. 

To prove that AB lies in PQ. 

A line drawn in PQ per])endicular to QR at B will be 
perpendicular to MN. (S 440.) 

But at the point B, but one perpendicular can be drawn 
to MN. (S 399.) 

Hence, AB lies in PQ. 
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442. Cor. II. If two jilanes are perpendicular, a perpen^ 
dicular to one from, any point of the other lies in the other. 

Let tlie plane PQ be ijerpendicular to jUiV; and through 
any point A of PQ draw AB pei-pendicular to ATN. 

To prove that AB liea in PQ. 

A line drawn in PQ tlirough the point A, ]>erpendicnlar to 
tlie intersection QR, will be perpendicular to 3/.V. {§ 440.) 

But from the |>oint A, but one perpendicular can be drawn 
to My. (S 401.) 

Hence, AB lies in FQ. 

Proposition XIX, Theorbm. 

443. If a straight line is perpendicular to a plane, every 

plane drawn through the line is perpendi/Mlar to the plane. 
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Let the line AB l>e perpendicular to the plane MN\ and 
let PQ be any plane drawn through AB. 

To prove PQ |*r])endicular to MN. 

Let QR be the intersection of I'Q and MN, and draw BC 
in the plane MS i^erpondifiular to QR. 

Now AB is per|K'ndir-ular to BQ. (% 398.) 

Then ABC is the plane angle of the diedral I'RQX. 

(5 428.) 

Hut ABC is a right angle. (S 398.) 

Hence, I'Q in jx-rpendicnlar to MJV. (§ 439.) 

444. Cob. ,( plinit perpemliciilur to the edge of a diedral 
is perpendicular to its faces. 
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Pboposition XX. Theorem. 



445. A plane perjiendkidur to e<iek of two intersecting 
planes it perpendicular to their intersection. 




Ijet the planes PQ and RS be perpendicular to MN. 

To prove their intersection AB jwirpeudicular to MN. 

Ivet a ]ierpeiidicular be drawn to MN at B. 

This perpeudii^ular will lie in both FQ and RS. {§ 441.) 

It must therefore be their lino of intersection. 

Hence, AD is jierpendicular to MN. 



Proposition XXI. Theorem. 

"■Vf 446. Ereri/ jioint in tite hiae.rting }'l<ine of a diedral it 
equally distant from the fitcea of the dieilral. 




From any point 1' in the biseetiiig ])lane BE of the die- 
dial ABDC, druw ]'M iiml VX iierpeiidioular to AJ> and CD. 

To prove I'M = PN. 

Let the plains deterininiMl by PM and PN intersect the 
planes AP, BK, ami CI) in FM, FP, and FN. 
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The plane PMFN is ixsrpendicular to the pljiiics AD 
and CD. (S 443.) 

Then the pLane PMFN is perpeiwlicular to BD. (§ 445.) 
Tlierefore. I'FM and I'FN are the jilaite angles of the 
diedrals ABDK and CIIDK. (§ 433.) 

Whence, Z FFM = Z FFN. (§ 432.) 

Now in the right tiiauglfs P?'M s.ni\ FFN, PF is eommon. 
Also, Z FFM = Z i'^W. 

Thcirefore, A FFM = A FFN. (§ 70.) 

Whence, i'3/ = FN. (§ C6.) 

I'HOHISITION XXn. TllF.ORKM. 

447. If twit planes intersvr.t, the vertical dieilriils are 




Let the planes MN and PQ intersect in the line BS. 
To prove (liedral /'fi.SJV^=.diedral MHSQ. 
Let ABC and A'BC be the plane angles of the diedrals 
PBSN and MB.HQ. 
Then, Z ^J/iC = Z J'y.T'. (§ 3!>.) 

Whence, diedral PTJ.^iV — diedral MHfiQ. (S 431.) 

EXERCtSES. 
13. If tno parallel planes are cut by a tliini plane, tlin alternate- 
Interior ilitHlraU are ('(|tial. 

13. If a strai;;ht line is iiarallel to a plane, any plane perpendicu- 
lar to till' line ix )ieri>enilirii1nr to the plant'. 

14. II a plane lie ilrawn throiii;li a diagonal of a paralleloKnttn, tlie 
peq>enil[eulars to it from ILe exlreiiiitlea of the other diagonal an 



<. 
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Pbopositios XXIII. Theorem. 

448- Through a t/iven straight line without a jdane, a 
plane can be drawn perpendicular to the gloen plane, and 
but one. 




Let AB be the given line without the plane MN. 

To prove that a plane can be drawn through AB perpen- 
dicular to MN, and but one.. 

Draw AC i>e,rpeiidiciih»r to MN, and let AD be the plane 
determined by AB and AC. 

Then, AD is perpendicular to MN. (§ 443.) 

If more than one plants could be drawn through AB per- 
pendiculai' to MN, their coinmou intersection, AB, would be 
perpendicidar to MN. (S 445.) 

Hence, but one plane can be drawn through AB perpen- 
dicular to MN, unless AB is j)eri)enilic«lar to MN. 

Note. If tlie line /I /i Is pcrgx-'ndk-iilar lo JVT. nn indefinitely 
great numbt-r of planes cun be drawn through AIS perpoudlcular to 
MN (S 443). 

449. CoK. The projection of a sfrtiiijht line on a plane is 
a stritiijht line. 

Let CD be the projection of tiie straight line AS on the 
plane MN. 

To prov.- CD a straight line. 

Let a phnie b(^ drawn thnmgh AB jKirpendicuIar to MN. 

The perpendiculars ti) MN from all jioints of AB will lie 
in this plane. (S 442.) 

Therefore, CD is a straight line. (§ 396.) 



Proposition XXIV. Thbokem 

450. The angle between a straight line and its projection 
on a plane is the least tingle which it makes with anj/ line 
drawn in the plane through its foot. 




Let BC be the iirojection of t)ie line A£ on the plane M^. 

Let BD be any other line drawn through B in JfJV. 

To prove Z ABC < ZJBD. 

Lay off BB = BC, and draw AC and AD. 

Then in the triangles ABC and ABB, AB is common. 

Also, AC<AD. (S402.) 

Whence, Z ABC < Z ABB. (S 90.) 

451. ScH. ABC is called the angle between AB and MK 

EXERCISES. 
19. If two parallels meet a plane, the; make equal angtei with It. 

16. It a straight line Intenects two parallel planes, it makei equal 
angles wltli them. 

17. The angle between perpendiculars to the facea i>( a dledral 
from any point within the angle is the supplement of Its plane angle. 

la If BC la the projection of the line All upon the plane MN, 
and BD and BE be drawn in the plane making Z CBD = Z CBE, 
prove that Z ABD = Z ABE. 

19. If each of two Intersecting planes be cut by two parallel 
planes, not parallel to their intersection, their intenectlous with the 
parallel planes include equal angles. 
i,. 20. Tl^c line AB Is perpendicular to the plane UN at B. A line 
' is drawn from 11 meeting tlie line CD of the plane MS at B. It 
AE Is pe^K^ndlcula^ to CJ), prove that BE is perpendicular to CIt. 



'if^ 
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POLYEDEALS. 
Definitidns. 



452. If three or more planes meet io a common point, 

the figure formed ia called a polyedral 

angle, or simply oi polyedral, O 

The common point is called the vertex 
of the polyedral, and the intersections of 
the planes the edges. 

The portions of the planes included 
between the edges are called the faces 
of the polyedral, and the angles formed 
by the edges are called the face angles. 

Thus, in the polyedral O-ABCD, is the vertex; OA, 
OB, etc., are the edges ; the planes AOB, HOC, etc, are the 
faces; and the angles AOB, BOC, etc., are the face angles. 

453. A polyedral must have at least three faces. 
A polyedral of three faces is called a triedral. 

464. To show more distinctly the relative positions of 
the edges of a polyedral, it is customary to represent them 
as intersected by a plane, as shown in the figure of § 452. 

The plane ABCD is called the base of the polyedral. 

455. The polyedral is not regarded as limited by the 
base; thus, the face J0£ is understood to mean, not the 
triangle AOB, but the indefinite plane included between 
the edges OA and OB pi-oduced indefinitely. 



456. A polyedral is called c 
res polygon (S IL'O). 



ivex when its base i; 



457. Two polyedmls are called vertical when the edges of 
one are the prulongatiotis of the edges uf the other. 

458- Two polyedrals are equal when they can be applied 
to each other so that their faces shall coincide. 
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459- Two polyedrals are equal wlien tlie face angles and 
diedrals of one are equal respectively to the bomologoiu 
face angles and diedrals of 
the other, if the equal parts 
are arranged in the same 
order. 

Thus, if the face angles 
AOB, BOC, and COA are 
equiil respectively to the face 
angles A'O'B', B'O'C', and CffA', and the diedrals OA, OB, 
and OC to the diedrals ffA', fflf, and (/C, the triedrals 
0-ABC and O'-A'B'C' are equal; for they can evidently 
be applied to each other so that their faces shall coincide. 

460. Two polyedrals are said to be si/mmetrical when the 
face angles and diedrals of one are equal respectively to 
the- homologous face angles 
and diedrals of the other, if 
the equal parts arc arranged 
ia the reverse mrder. 

Thus, if the face angles 
AOB, BOC, and COA are 
equal resijectively to the 
face angles A'^B", SOC, and CaJV, and the diedrals 
OA. OB, and OC to the diedrals CA', C/H, and t/C, the 
trii'drals 0-ABC and O^-ABC arc symmetrical. 

46L It is evident that, in general, two symmetrical poly- 
edrals citnnot be placed so that their faces sliall coincide. 




EXERCISES. 

21. Tlic thrcp planes biaecting tho dlcilrals of a triedral meet in a 
connuon slralght Hni!. 

22. D <s any point In the pcrppnillcnlar AF from A to the «klc 
liV. of the triangle AUC. M DE be ilrawn perpend iautar to the 
plane of ABC, anil Gil be drawn through E parallel to BC, prove 
that AE Is perpendicular to Gil. (5 308.) 



TT 



X 
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Pkoposition XXV, Tmkobeh. 

462. The sutn of any two face angles of a trwdral t> 
greater than the third. 

NuTB. The theorem requires proof only In the caw wheR the 
third angle is greater than either of the otbere. 




In the triedral 0-ABC, let tlie face angle AOC he greater 
thau either AOIi or £0C. 

To prove Z AOB + Z BOC > Z AOC. 

In the face AOC, draw the line OD equal to OB, making 
ZAOD= ZAOB; and thrangli i? and D pass a plane 
cutting the faces <>f the triedral in AB, BC, and CA. 

Then in the triangles AOB and AOD, OA is common. 

And by construction, OB = 0I>. 
and ZAOB = Z AOD. 

Therefore, A AOB = A AOD. (§ 63.) 

Whence, AB = AD. (§66.) 

Now, AB + BG >AJ> + DC. (Ax. 6.) 

Or, since AB = AD, BC > DC. 

Then in the triangles BOC and COD, OC is common. 

Also. OB = OD, and BC > CD. 

Whence, Z BOC > Z COD. (§ 90.) 

Adding ZAOB to the first member of this ineqnality, 
and its equal Z AOD to t'.e .second member, ive have 
ZAOB + Z HOC > Z AOD + Z COD. 

Whence, Z AOB + ZBOC>ZAOC. 



POLTEDRALS. 



Pboposition XXVI. Thbobeh. 



463- The mm of the face angles of any convex polyedral 
is less than four right angles. 




Let 0-ABCDE be a convex polyedral. 

To prove /LAOB^^ BOC + etc. < four right angles. 

Let ABODE be the base of the polyedral. 

Let (y be any point within the polygon ABCDB, and 
draw (/A, 0B, <yC, 0D, and CfE. 

Then, A OAE -\-^ OAB":? ^OAB Jt /.ffAB. (§462.) 

In like manner, 

Z OBA+Z OBO^ffBA+ZCfBC; etc. 

Adding theaf inequalities, we have tlie sum of the angles 
at the bases of tlie triangles whose common vertex is 
greater than the sum of the angles at the ba^es of the 
triangles whose oominon vertex is (/. 

But the Hura of all the angles of the triangles whose com- 
mon vertex is is equal to the sum of all the angles of the 
triangles whose rommon vertex is (7. (§ 82.) 

Hence, the sum of the angles at is less than the sum 
of the angles at (X. 

Therefore, the sum of the angles at is less than four 
right angles. (S 37.) 



Ex. 23. Between two straight lines not In the lame plane k com- 
mon perpendicular can be dmwn. (Ex. U.) 






1-1 «V"-. 
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XXVII. Theorem. 

If two tnedrah hai'e ths fa4!e angle* of one equal 
respKi^ively to the fare nnijles of the other, 

I. They ai-e equal if the eqiutl parts occur m ike s'ime 

II, Thfi/ are symmetrical if the equal parts occur in tfie 

reverse order. 




1. In the triedrals 0-ABO and O'-A'WC, let 

^ AOB = z A'irir, z Boc = z. sac, 

vmAZ COA^Z C't/A'. 

To prove triedral 0-AIiC = trit'dral ff-A'ffC. 

Lay off the six cquiil distances OA, Oli, OC, (YA', <yBf, 
and aC'\ and diaw AB, BC. CA. A' If, JfC, and C'A'. 

Then, A VAB = A iyA'l^. {S C3.) 

Whence, AB = A'lT. (g 66.) 

Similarly, BC=irC', and CA = C'A'. 

Tiien'fore, A ABC = A A'B'C. (S 69.) 

l>raw OD and <yiy iicr[K'iidindar to ABC and A'lfC', 
res|iectively ; also, dniw AD and A'lY, 

The eqnal oblic^ne lines OA, OB. and OC meet the plane 
ABC at equal distances from D. (§ 408.) 

Hi'iicc, 7) is the Cfntro ()f the cironmserihed circle ot 
the triangle AltC; and .siniilaily, 7/ is the centre of the oir- 
cuniserilipil ciii'le of A'If(''. 

■ Nowai>i.ly (X-. CAT" to O-.l/JC, so that the points .^', B*, 
and C shall full at A, B, an.l C, and the imint 1/ at D. 
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Then the perpendiculjir (yiy will f:ill upon OB. (§ 399.) 

But the right triangles OAD and ffA'iy are equal, 

(§ 88.) 

Whence, (yi/ = OD, ami the jwiiit (/ will fall at 0. 

Therefore, the trieilrals 0-ABC aud O'-A'B'C" coincide 
thruughout, and are equal. 

II. In the triedrals 0-ABC and 0"-A"B"C", lot the 
angles AOB, HOC, and COA l>e equal resi»ectively to 
A"0"B", B"0''C", and C"0"A". 

To prove 0-ABC symmetrical to &'-A"B^'C". 

Construct (/-A'B^G' syiuinetrieal to 0"-A"It"C", having 
the angles A'<yif, If&C, and CCA' equal resiwctively 
t.. A"0"li", IfC'C", and C"0"A". 

Then the tiiedrals 0-ABC and O'-A'B'C' have tiie 
angles AOH, HOC. and COA ei|Kal resj^ctively toA'O'J!', 
B'O'C, and CCA'. 

Henci, tiiedrid O-J/fC = triedral C-A'lfC. (§ 464, 1.) 

Tlierefori', O-ABC is synimetriciil to (/'-A"Jt"C". 

465. OoK. jT/" two triedrals hare the fure avyha of one 
equal ri'x/mrtirefi/ to thefwe anijlesnf the other, their homol- 
or/ous tliedrah are equal. 

EXERCISES. 

24. Tuolrif^ilrnl!) flreri|iiBl when two fare angles Bn<1 the Included 
dicilml of one aru etjual respectively to two face angles and tlie la- 
cUiileil dludral of the otlior, and Hlmilarly arranged. 

25. Two (liedrals are equal when a face angle and the adjacent 
dleilrals of one an; eqnal respectively to a face at])-le and the adja- 
cent illedraU of tlic oilier, and similarly arranfnMl. 

• 26. .1 is any jMJint In tlio face KG of the dieilral DEFQ. 1/ AC 
be drawn perpendicular to the edRC Kf, anil All perpendicular to 
the face JiF, prove that the plane detennined by AC and ItC Is 
perpendicular lo F.F. 

27. From any point F. within Ihc diedral €A JST), EF and EC are 
drawn perpendicular lo the faces ABC and Alil), and Gil i>eriM;n- 
dlcnlnr to the face ABC at II. Prove FIf perpendicular to AB. 
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POLYEDBONS. 

DEFINITIONS. 

466. A polyedron is a solid bounded by planes. 

The bounding planes are called the facet of the polye- 
dron ; their intersections are called the edget, and the inters 
sections of the edges tlie vertices. 

A diagonal is a straight line joining any two vertices not 
in the same face. 

467. The least number of planes which can form a poly- 
edral is three (§ 453) ; hence, the least number of planes 
which can bound a [wlyedron is four. 

A polyedron of four faces is called a fe/rtiedron; of six 
faces, a hexaedron ; at eight faces, an oetaedroii ; of twelve 
faces, a dodeeaedron ; of twenty faces, an ieosaedron. 

468- A polj'edron is called convex when the section made 
by any plane is a convex polygon (§ 12(>). 

All jwlyedrona considered hereafter will be understood to 
be convex, 

469. The volume of a solid is its ratio to another solid, 
called the intil of volume, adopted arbitrarily as the unit of 
lira,™ (S 179,: 

470. Two solids are said to be equivalent when their 
Tohimes are cipuil. 



PBISJIS AND PABALLELOPIPEDS. 




PRISMS AND FARALLELOPIPEDS. 

47L A prism is a polyedron, two of whose iacea are 
equal polygons lying in parallel planes, 
having their homologous sides parallel, 
the other faces being parallelograms. 

The equal and parallel faces are called 
the bases of the prism, and the remaining 
faces the lateral facet; the intersections of 
the lateral faces are called the lateral edges, 
and the sum of the areas of the lateral faces the lateral area. 

The altitude is the perpendicular distance between the 
planes of the bases. 

472. The following is given for convenience of reference: 
The bases of a prism, are equal. 

473. It follows from the definition of g 471 that 
The lateral edges of a prism are equal and parallel, 

474. A prism is called triangular, quadrangular, etc., 
according as its base is a triangle, quadrilateral, ete. 

475. A right prism is a prism whose lat- 
eral edges are perpendicular to its bases. 

An ohlique prism is a prism whose lateral 
edges are not perjmndicular to its bases. 

476. A regular prism, is a right prism 
whose baso is a regular polygon. 

477. A trufteated prism is that portion of a 
prism included between the base, and a plane, 
not parallel to the base, cutting all the lateral 



478. A right section of a prism is the section 
made by a plaue per]>endicular to the lateral edges. 
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479. A jtarallelij'lped is a prism whose 
bases are i<aralleIot;riiius ; that is, all the 
faces are parallelograms. 

480. A riylit jmrallelojnped is a par- 
allelopiiied whose lateral edges are per- 
pendicular to its bases. 

48L A reetanffular p<ir(itlelujiij»!d is a 
right parallelopiped whoso bases are rect- 
ajigles ; that is, all the faces are rectangles. 

The dlmensioius aio the three edges whiuh 
meet at any vertex. 

482. A cube is a rectangular j)araltelopi|>ed Those six 
fiiees are all sijuai'es. 

Pkoposition I. Thkokem, 

483. T/ie sei^tionn of ir jirlsm miule hy t.wo panilld planes 
whkh cut all the latenil et/ffes, hk eiual iioli/gons. 




T*t tht^ parallel jihrncs CF anrl C'F' cut iill the lateral 
edges of Ihi- prism All. 

To jmivu that the scctimis CDKFG and C'l/JS'F'G' axe 
equal. 

We liave CJ> jariilliO t^) f'ly. DE to iVK', etc. (§ 417.) 

"Whence, VI> = ("I/, J>K=I/E', ttc. (§ 103.) 
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Then the polygons CDEFG and C'L'E'F'G' are mutu- 
ally equilateral. ' 

Again, Z CDE = A C'VE', 

Z BEE = Z L/E'F', etc. (§ 424.) 

Then the polygons CDEFG and C'VE'F'G' are mutu- 
ally equiangular. 

Therefore, CDEFG aud C'VE'F'G' are equal. (S 124.) 

464- Cur. The section of a prism, made by a plane par- 
allel to the base is equal to the base. 



Proposition II. Theorem. 

485. The lateral area of a prism is equal to the perimeter 
of a riff/U section inuUiplied by a lateral edge. 




Let DEFGII be a right section of the prism AC 
To prove 

lat are.a A C = {DE + EF + etc.) x AA'. 
AVe have DE |)er|>enilicuUr to AA'. (S 39&.) 

Whence, area AA'ITJi = DE X AA'. (5 310.) 

Similarly, area BVC'C = EF x BT^ 

= EF XAA'; etc. (§47^) 
Adding these equations, we liave 

lat. area AC = DE X AA' + EF x AA' + etc 
= (PE + EF+ etc.) X AA'. 

466- Cor. The laternl areit of a right prism is equal to 
the perimeter of the base multiplied bff the altitude. 
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Proposition III. Theobeh. 

487- Two prisms are equal when the faces includinif c 
Iriedral of one are equal rcsjiectively to the faces including 
a triedral of the other, and similarlt/ placed. 




In the prisms AH and A'H', let the faces ABODE, AO, 
and AL be equal respt-ctively to tlie fuees A'lfC'iyE', A'G', 
and A'L' ; tlie equal pacta being similarly placed. 

To prove the prisms equal. 

The angles EAB, JCAF, and FAB are equal respectively 
to the angles E'A'IT, E'A'F', and F'A'If. 

Then, triedral A-BEF = triedral A'-B'E'F'. (§ 464, I.) 

Then the prism A'll' may bo applied to Aff so that the 
vertices A', /C, C", L/, A", G', F\ and L' shall fall at A, B, 
C, D, E, G, F, and L, respectively. 

Now since the lateral edges of the prisms are parallel, 
the edge C'JI' will fall upon CII, and HK' upon DK. 

And since the point-t G', F', and L' fall at G, F, and L, 
th'e plunes of the upper bases will coincide. (§ 395, II.) 

Therefore, the jwints //' and K' fall at IF and K. 

Hence, the prisms coincide throughout, and are equal. 

488. Sen. The above demonstration applies without 
change to the case of two frt/nr'ited prinms. 

489- OoK. Tim rujlit prixms are cqiinl vJien they have 
equal hiisex and equal altifvdeg ; for by inverting one of the 
prisms if necessary, the equal faces will be similarly placed. 



< 
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pROPoarTioN IV. Theorem, 

490. An oblique priem is equivalent to a riifht prism, 
havinif for its luise u riykt section of the oblique prism, and 
for its altitude a lateral edge of the oblique prism. 




Let FGHKL be a right section of the oblique priam AD". 

Produce AA' to F\ making FF' = AA'. 

At F' pass the phme F'K' parallel to FGHKL, meeting 
the edges BB", CC, etc., produced at G', if', etc. 

To prove AI/ equivalent to the right prism FK'. 

In tlie truncated prisms AK and A'K', the faces FGIIKL 
and F'G'IVK'IJ are equal. {§ 472.) 

Therefore, A'K' may be applied to AK so that the ver- 
tices F', G', etc., shall fall at F, G, etc., respectively. 

Then the edges A'F', Ji'G', etc., will coincide in direction 
with AF, BG, etc. (§ 399.) 

But, since FF' = AA', we have AF = A'F'. 

Ill like mannpf, BG = B'G', CH= C'W, etc. 

Hence, the vertices .(', B", etc., will full at A, B, etc. 

Then, A'K' and AK coincide throughout, and are equal. 

Now biking from the entire solid AK' the truncated 
prism A'K', there rpmain.s the prism AV. 

And taking its equnl AK, there remains the prism FK'. 

Hence, AI/ and FK' are equivalent. 
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Provosition V. Thbobkm. 

491. The opposite faces of a paralielopiped are equal and 
parallel. 



Let ^(7 and A'C be the bases of the parallelopiped AC. 

To prove the faces AB" ami DC equal and parallel. 

AB is equal and parallel to DC, and AA' to Dff. (§ 104.) 

Hence, Z A'AB ^ Z DDC, 

and the faces AB' and DC are parallel. (§ 424.) 

Therefore, the faces AB" and DC are equal. (S 112.) 

In like manner, we may prove AD and BC equal and 
parallel. 

492. CoK. Either face of a parallelopiped may he taken 
at the base. \^ 

PkopositiO!* Vr. Tkkorem. 

493. TJie plane passed through two diagonally opposite 
edges of a parallelepiped divides it into two e-iuiealent trian- 
gvlar prisms. 




het AC he a parallelopiped. 
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Through the edges AA' and CC {lass a plane dividing 
AC into two triangular pi-isias, ABC-A' and ACD-A'. 

To prove AJSC-A' ■> A CD-A'. 

Let EFGIl be a right set-tion of the parullelopiped, cut- 
ting the plajie AA'C'i! in EG. 

Xow the plaiiea Alf and DC are parallel. 

Whi-nce, EF is i>arallel to Gil. 

In liko manner, EU is parallel to FG. 

Therefon', EFOH is a iiaralU'logram. 

Whence, A EFG = A EGH. 

Now, AJIC-A' is equivalent to a right prism whose base 
is EFG, and altitude AA'; and ACD-A' is equivalent to a 
right prism whose base is EGH,'saul altitude AA'. (§ 490.) 

But these two right prisms are equal. (S 489.) 

Therefore, ABC-A' o ACD-A'. 



(§ 491.) 
(§ 417.) 



(§ 106.) 



\r. 



Pkoi'Osition VII. Theoki 



494. The diagonah of a parattetopiped bUect each other. 




Let AC and A'C l>e diagonals of the parallelopiped AC. 
To prove that AC and A'C bisect each other. 
Draw AC and A'C. 

Then AA' Ls eqnal and [Kirallel to CC. (5 473.) 

Whence, the figure A.t'C'C is a parallelogram. (§ 109.) 
Therefore, .16" and A'C bisect each otiici' at 0. (§ 110.) 
In like manner, we may prove that any two ot the four 
diagonals AC, A'C, li/r. and RT) hiscet each other at 0. 
NOTK. The point O is called the centre of the parallelopiped. 
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Proposition VIII. Theohem. 

495. Two reetiinffulur parallel opipeds having equal bases 
are to each other as their altitudes. 

Note. The phrase " recta Dgular parallelepiped " In the above 
statement signlflea the volume of the rectangular paralleloplped. 

Case I. IlVten the altUudea are commeiisurable. 
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Let P and Q be two rectangular parallel opipeds, liaving 
equal bases, and eomniensuruhle altitudes AA' and BB". 

^"i-""" I -if- 

Lot JC be a eonimon measure of AA' and BB', and let it 
be contained 4 times in AA', and 3 times in BB". 



Then, 



AA' _ 
BB'~ 



(1) 

At tlie several points of division of AA' and BB" pass 
planes jierpeiidicnlar to these lines. 

Tlien the jiarallelopiped P will be divided into 4 parts, 
and the jwrallelopiped Q Into 3 parts, all of which [Kirts 



1 be ec^ual. 
Tliercforc, 



(S 489.) 
(2) 



i(l)and(2), wrhave 
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Case II. Wkea the altitudes are ineommetuurahU. 




Let P and Q be two reetangular parallelopipeds, having 
equal bases, and incommensui'able altitudes AA' and BB". 
P AA' 
Q^ BB'' 



To prove 



(§ 405, Case I.) 



Let AA' be divided into «ny imiuber of equal parts, and 
let one of these ]>arts bu applied to BB" as a measure. 

Since A.i' and BB' are inconi mensurable, a certain num- 
ber of the larts will ejcteiid from B to C, leaving a remainder 
CB" less than one of the parts. 

Pass the plane CD perj^ndicular to BB", and let Q' denote 
the rectangular parallelepiped BD. 

Then since AA' and BC are commensurable, 
f _AA' 
(/ BC 

Now let the number of subdivisions of AA' be indefinitely 
increased. 

Then the length of each part will !« indefinitely dimin- 
ished, and the remainder CR will approach the limit 0. 

Then, — will approach the limit ^, 

and —1^ will approach the limit — =,. 

By the Theorem of Limits, these limits are equal. (S 188.) 

Whence, ^-. = ^^' . 

' Q BB' 



274 SOLID GEOMETRY.— BOOK VU. 

496. ScH. Th« theorem may also be expressed: 
Two rectangular parallelopipeds having two ditneasions in 
common, are to each otiier €ia their third dimensions. 

Peoposition IX. Theoekm. 

497- Two rectangular parallelopipeds having equal alti- 
tudes are to each ot/ier a» their bases. 
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To prove 



Let P and Q be two rectangular parallelopipeds, having 
the dimensions a, b, c, and a', U, c, respectively. 

Q a'X V 

Let ^ be a rectangular paralleloptped having the dimen- 
sions a', h, and c. 
Tlien P and B, have the dimensions h and c in c 

Whence, * -?: = -;■ 



Whence, 



And R and Q have the dimensions a' and e in common. 

Q b'' 

Multiplying these equations, we liave 
P ^ aXb 
Q a'X b'' 

496. ScH. The theorem may also be expressed : 

Two reetanguliir parallelopipeds having onu dimension in 

common, are to each other as the products of their other two 

dimensions. 



PHISMH AND PARALLELOPIPEDS. ■i'o 

PHoi-fwiTioy X. Thkokkm. 

499. Any two reftatiQulur paralleloplpeda are to eaeft 
other as the products of their three dimensions. 



/ 




/ 








/ 




/ 



Lot P and Q Iw two rectangular paralleloplpeda, having 
the diniGnsioits a, h, r, and «', I/, <f, i-uspectively. 
To prove ^^J^.XiX-i. 

Let £ l>e a rectangular itaralleiopipud having the dimen- 
sions «', //, and c. 
Then i' and li have the dimension e in common. 

Whence, ~ = 4^,- (S 498.) 

And It and $ have the dimensions a' and &' in common. 

Whence, 7^ = %- (S 496.) 

Multijilyiny these eipiations, we have 

y u'xb'x-f' 



EXERCISES. 

1. Two rertangnlar iiaralli'loplpfiU Iiave tbe illnieiuiona 6, 8, 
anil 14, iiiKl 7, », ami D, rrspi'rtlvi'ly. What ia tlic ratio of their 

VullUlll'S ? 

2. Finil llic niUo of tlip voltinics of two rectangular parallelo- 
pipe<1s, wIium: ■liiiifimuiiH ar>^ S, I'J, anil £1, ami 14, IS, and U, 
respectively. 

.y^ 3. The dlBgonaU of a reciangular pantlleloplped are eqatl. 
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Fbofosition XI. Theoezm. 

^0^ If the unit of volume is the cube whose edge it the 
linear unit, the volume of a- rectangular parallelopiped u 
equal to the product of its three dimensione. 



/ 


/ 












/ 




/ '~ 


/ 




"x 





Let a, b, and c be the dimensions of the rectangular par- 
allelopiped P ; and let Q be the unit of volume, i.e., a cube 
whose edge is the linear unit. 



To prove 
We have 
But since ^ 



vol. P = o X * X e. 

Q IxlXl ^ 
is the unit of volume, 



(S 499.) 



(§ 469.) 



SOL CoK. I. The volume of a cube u equal to the cube of 
its edge. 

502. Cns. II. If c be taken as the altitude of the paral- 
lelepiped P, a xbia tlie area of its base. (§ 305.) 

Hence, the volume of a rectangular parallelepiped it equal 
to the product of its base and altitude. 

503. Sen. I. In all succeeding theorems relating to vol- 
umes, it is understood that the »nit of volume is the cube 
whose edge is thi' linear unit, and the unit of surface the 
square whose aide is tlie linear unit. (Comi)ape § 307.) 



PRISMS AND PARALLELOPIPEDS. 



277 



Bctaugulax 



504. t^cii. II. If the dimensions of the 
parallelepiped are multiples of tho linear 
unit, the truth of Prop. XI. may be seen 
by dividing tlie solid into cubes, each 
equal to the unit of volume. 

Thus, if the dimensious of the rectan- 
gular parallelopiped J" are 5 units, 4 units, 
and 3 units, respectively, the solid can evi- 
dently be divided into 60 cubes. 

In this case, CO, the number which expresses the volume 
of the reiitangular parallelopiped, ia the product of 5, 4, and 
3, the numbers which express the lengths of its edges. 



A^y^Cry 


s . ■< 




- -'} 



-V 



V 



EXERCISES. 
. Find the altitude of a rectangular parallelepiped, the dlmen- 
Blona of whose base arc 21 and 30, equivalent to a rectangular paral- 
lelopiped nliose dimensions are 27, 2H, and '■Ht. 

5. FiDil the edge of a i^iibe equivalent to a rcctftngular parallelo- 
piped whose iliniensions are in., 1 ft. 1) In., and 4 ft, 1 In. 

6. Find the volume, and the area of the entire surface, of a cube 
whose edge is -t^ in. 

7. Find tiie an'a of thp entire surfapR of a rectangular parallel- 
opiped, the illiiieuslons of whose base are 11 and 13, and volume 8&8. 

8. Find the volume of a rcrtangiilar parallelopiped, the dimen- 
sions of whose base are 14 and D, and the area of whose entire 
surface is 1)20. 

9. Find the dimensjona of tlic base of a rectangular parallel- 
epiped, the area of whose entire surface Is 320, volume 338, and 
altitude 4. 

10. TTow many bricks, each !) in. long, 2|^ in. wide, and 2 in. 
Illicit, will be required to build a wall 18 ft. long, 3 ft. high, and 
11 ill. thirk? 
^mJ" "^ 11- The spctlon of a prism made by a plane parallel to a lateral 
edpe is a pnrall<'loj;ram. 
V" 12. The square of a dlaRonal of a rectangi:1ar parallelepiped is 
equal to the sum of the squares of its dimensions. 

13. Find the length of the diagonal of a rectangular parallelo- 
piped whose dimensions are 6, 6, and 13. 
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PitorosiTiON XII. 

SOB. The ivliime of unij parallelopijjed is ejHo/ to the 
product of its base and altitude. 




Let AE be the altitude of the i>arallelopiped AC. 

To prove vol. AC = AlfUJ) x AE. 

Produce the edges AB, A'lf, J/C, and DC. 

On AB produced, take FG =AB\ and pass the planes 
FK' and GH' periieudiciiliU' to F'G, foniiiiig the riglit par- 
allelopi])ed FH'. 

Then, FH' is equivalent to AC. (S 490.) 

Produce the edges IIG, H'W, K' F', and KF. 

On IIG produced, take XM = JIG ; and piuss the planes 
NP" aiid ML' ]KTpt'nditi»ilar to NM, fi>rming the right 
jwirallelopiped LN'. 

Tlien, LN' i.s equivalent to FH'. (§ 490.) 

Whence, LN' is equivalent to AC 

Now since FG is jwrjwndicular to the jilane G}1', the 
])lanes LU and MH' are perpendiiuhir. (S -143.) 

But LMM' is the jdiine anglu of the diedral LMllW. 

(S 4.S3.) 

■\Vheiiop. LMM' is a right angle. (S 4:fS.) 

Therefore. LM' is n vectiiiigli-, and l.N' is a rertaiifudar 
parallel()pi|ipil. 

Whcnco, vol. LN' = iJn'/" X MW. (§ 502.) 
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That is, vol. AC = LM^P x MM'. (1) 

Hut the rectangle LMNP is equal to the rectangle FGHK; 
for tliey have equal bases MN and GU, and the same alti- 
tude. {§ 113.) 

And the rectangle FGHK is equivalent to the parallelo- 
gram A BCD; for they have equal bases FG and AB, and 
tlie same altitude. (g 311.) 

Therefore, LMNP is equivalent to ABCD. 

Again, MM' = AB. (§ 422.) 

Substituting these values in (1), we have 
vol. AC = ABCD X AE. 



PuorOSITION XIII. TlIEOREH. 

506. The vohime of a ti-iamjular prism 
product of its liase urid altitude. 



« equal to the 




Let AE be the altitude of the triangular piism ABC-0'. 
To prove vol. AliC-C = ABC X AE. 
Construct the parallelopiped ABCD-IX, having its edges 
parallel to AB, BC, and Bl!', respectively. 

Then, vol. ABC-C = 1 vol. AJiCV-D' (§ 493.) 

= iABCJ) xAH (S505.) 

= ABC X AE. (§ 106.) 

EXERCISES. 

14. Find tliP latPml area ami volume of a regular irianguUr 
priHin, each side of whose bane i<i '>, aiul wlinse altitude Is 6. 

15. The diagonal of a cube [s uqual tu its edge multiplied bf v^. 



X 
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Pkoposition XIV. Theorem. 

507. The volume of any prism ia equal to the product of 
its base and altitude. 




Any prism may be divided into triangular priams by 
passing plants' through one of the lateral edges and tlie 
CO [responding diagonals of the base. 

The volume of each triangular prism is equal to the 
product of its base and altitude (S 50C). 

Hence, the sura of the volumes of the triangular prisms 
is equal to the sum of their bases multiplied by their com- 
laon altitude. 

Therefore, the volume of the given prism is equal to the 
product of its base and altitude. 

508. Cor. I. Two prisms having equivalent bases and 
equal altitudes are equivalent. 

509. CoK. IT. 1. Tico prisms having equal altitudes are 
to each other us their baxes. 

2. Tiro prisms having equivalent bases are to each other 
as their altitudes. 

3. Ah>/ tiro prisms /ire to each other as the products of 
their bases hij their altitudes. 

Ex. 16. Find Hip laKinil arcn 
jirisiii, each side ot whose base is 



PTHAMIDS. 



Definitions. 




510- A pyramid is a polyedron bounded by a polygon, 
and a series of triangles haviug a common 
vertex; as 0-ABCDE. 

The polygon is called the base of the 
pyramid, and the cnmmoii vertex of the 
triangular faces is called the vertex. 

The triangular faces are called the lat- 
eral faces, and their intersectiODS the lat- 
eral edges. 

The Slim of tlie areas of the lateral faces is called the 
l/iteml area. 

531. The altitude of a pyramid is the perpendicular dis- 
taiK^e from the vertex to the plane of the base. 

S12. A pyramid is called triiinffiilar, quadningular, etc, 
according as its base is a triangle, qua«lrilateral, etc. 
Note. A triangular pp^mid is a tetraedron (§ 407). 

S13i A regitlnr pyramid is a pyramid 
whose base is a regular |)olygon, and whose 
vertex lies in the i>erpendioular erected at 
the centre of the base. 

514. The lateral edges of a regular pyra^ 
mid are equal. (§ 407, 1.) 

Whence, the lateral faces are equal isosceles triangles. 

(§ 09.) 

515. The slant height of a regular pyramid is the per- 
ppudicular distance from the vertex of the pyramid to any 
side of the base. 

Or, it is the straight line drawn from the vertex of the 
pyramid to the middle point of any side of the base. (§ 92.) 
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516- A trtttieaied pi/ramid is that portion of a ]>}'rainid 
included between tlie base, and a plane cutting all tbe 
lateral edges. 

517. A fniatum of a pyramid is a truncated pyramid 
whose bases aiti jiaralb'l. 

Tbe altitude of the frustum is the per- 
pendicular distance between the jilanes of 
its b:i3es. 

Tbe lateral faces. of a frustum of a pyr- 
amid are tra^tezoids. , (§ 417.) 

518. The lateral fncen of a fiiistum of a regular pyramid 
are eqnal. 

Tbe slant lietijht of a friistum of a regular pyramid is the 
altitude of any lateral face. 

rR(ll'0.>'ITION XV. TlIKOKEM. 

Sd. //'I jij/riimiilbc rut hi/ a piune iiiimlli-l to its base, 
I, T/ie I'ltend e<tifes and the attitude are diiuded piv- 

portiimdlly. 
II. The section is similar to the base. 




Let A'C be a planer parallel to the Iwise of tbe pyramid 
0-AIiCI), euttinj,' tbe fuces OMi. OltC. OCD. ami ODA 
in the lines J'^, B'C, C"I/, aud DA', and tbe altitude 
OF at i". 
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r ^ OA' Oir OC . OF' 

I. To prove = = etc. = 

^ OA OB OC OF 

Through pass the plane MN parallel to ABCD, 
r... OA' Oir OC' OF' r^AOK\ 

II. To prove the section A'B'C'iy similar to ABCD. 
We have A'B' parallel to AB, B'C to BC, etc. (§ 417.) 

Then, /:a'b'C'=/:abc, 

Z B'C'U =/LBCD, etc. (§ 424.) 

That is, the polygons A'B'C'U and ABCD are mutually 
equiangular. 

Again, the triangles OA'B' and OAB are similar. (§ 258.) 

T 11 OB B'C , 

In like manner, — — = — — - , etc. 

^^*' ^ = W'^^- (§519,1.) 

„^ ^'J?' ^C C'D^ . 

That is, the polygons A'B'C'U and ABCD have their 
homologous sides proportional. 

Therefore, ABfC'Df and ^^Ci> are similar. (§ 252.) 



520. Cob. I. We have 

area A'B 'C'D^ ^ TS^ 
area ABCD ~af^ 
But, from equation ( 1 ) of § 519, 

A!B! _^ OA' ^ OF' 
AB '^ OA OF ' 

area A'B'C'D^ OW^ 



(§ 323.) 



(§ 619, 1.) 



Whence, 

' area ABCD OP^ 

That is, the areas of two parallel sections of a pyramid 
are to each other as the squares of their distances from 
the vertex. 
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521. CoK. II. If two pyramids have equal altitude* and 
equivalent bases, sections parallel to their bases equally dis- 
tant from their vertices are equivalent. 

Let the bases of the 
pyramids 0-ABC and 
ff-A'S'C be equivaleut, 
and let the altitude of 
each pyramid be H. 

Let DEF and I/E'F' 
be sections parallel to 
the bases, at the distance 
h from the vertices. 

To prove BEF equivalent to I/E'F'. 

UKAlJFF h^ „„, HT^i-jyE'F' 




Kow, 



, aiid 



Whence, 



area ABC 

area DEF 



area A'JfC 
area I/E'F' 



^ 



area ABC area A'B'C 

But by hypothesis, area ABC = area A'B'C. 
Therefore, area DEF = area I/K'F'. 

:.:...■'■■ / 

Proposition XVI. Theorem, 

522. Two triangular pyramids having equal altitudes and 

equivaleut bases are equivalent. 




Let o-nbc and o'-dh'd be two triangular ]iyramids having 
equal altitudes and equivalent bases. 
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To prove vol. o-abc = vol. o'-a'b'(^. 

Place the pyramids with their bases in the same plane, 
and let PQ be their common altitude. 

Divide PQ into any number of equal parts ; and through 
the points of division pass planes parallel to the plane of 
the bases, cutting o-iibc in the sections def and ghk, and 
o'-a'Vc' in the sections dfe'f^ and (fh'k'. 

Then def is equivalent to cfV/', and ghk to g'h'k\ (§ 521.) 

With uhc, def, and ghk as lower bases, construct the 
prisms A, B, and C, having their lateral edges equal and 
parallel to ad*, and with d'e'f and g'h^k' as U2)per bases, 
construct the prisms 7/ and C", having their lateral edges 
equal and parallel to a'd\ 

Then, the prism B is equivalent to B^, (§ 508.) 

In like manner, C is equivalent to C". 

Hence, the sum of the prisms circumscribed about o-ahc 
exceeds the sum of the prisms inscribed in o'-a'b'cf by the 
prism A, 

But O'obc is evidently less than the sum of the prisms 
A, B, and C ; and it is greater than the sum of the inscribed 
prisms, equivalent to B' and C\ which can be constructed 
with def and ghk as upper bases. 

Again, o'-a'bV is greater than the sum of the prisms B' 
and C; and it is less than the sum of the circumscribed 
prisms, equivalent to A, B, and C, which can be constructed 
with a'^c', </V/', and g^h'kf as lower bases. 

Hence, the difference of tlie volumes of the pyramids 
must be less than the difference of the volumes of the two 
systems of prisms, and must therefore be less than the 
volume of the prism A, 

Now by sufficiently increasing the number of subdivisions 
of PQ, the volume of the prism A may be made less than 
any assigned vohime, however small. 

Therefore, the volumes of the pyramids cannot differ by 
any volume, however small. 

Whence, vol. o-abc = vol. o'-a!Vd. 



-S8 >()L11) (.KoMhlKV. i;(K)K \II. 

527. Tlie volume of any pyramid U tvywa/ to one-ihird the 
product of its bast and altitude. 




Any pyramid may be divided into triangular pyramids 
by passing planes through one of the lateral edges and the 
corresponding diagonals of the base. 

The volume of each triangular pyramid is equal to one- 
third the product of its base and altitude (§ 526). 

Hence, the sum of the volumes of the triangidar pyra- 
mids is equal to the sum of their bases multiplied by 
one-third their common altitude. 

Therefore, the volume of the given ])yramid is equal to 
one-third the product of its base and altitude. 



I. Cor. r. Two pyramids ha ring eqy I ralent bases and 
equal altitudes are etiulralent. 



). CoK. IT. 1. Two jiyramlds having etjnal altitudes 
are to earh other as their lutses. 

2. Two /pyramids having equivalent bases are to each other 
as their altitudes. 

\\. Any two pyramids are to each other as the products of 
their bases by their altitudes, 

530. ScH. The volume of any i)olyedron may be obtained 
by dividing it into pyramids. 



Proposition XX. Tbeobeh. 

"If 531. Two tetraedrons having a triedral of one equal to 
a triedral of the other, are to each other as the products of 
the edges including the equal triedrals. 




Let Y and V denote the volumes of the tetraedrons 
0-ABC and O-A'lfC, having the common triedral 0. 
To prove Y_ ^ _qAy^myJ>C 

Draw CP and C'P' ijerpendiciilar to the face OA'B'. 

Let their plane interseet OA'If in tlie line OPP'. 

Kow, OAB and OA'Jf are the l)ases, and CP and CP" 
the altitudes, of the triangular pyramids C-OAB and 
C'-OA'K. 

V OAB X CP 

V OA'S' X CP' 
_ OAB CP_ 

OA'B CP'' 
OAB _ OA XOJI 
OA'B' ' 



Whence, 



But, 



(5 629, 3.) 
(1) 
(5 322.) 



qA' X OB' ' 

Also, the right triangles OCP and OCP" are similar. 
(§2 

Whence, SL''. ^ Q{L . 

CP' OC 

Substituting these values in ( 1 ). we have 

V_ ^ OAX^OB 0C_ ^ OAxOBX OC 
V OA' XOB' OC OA' xOB' XOC' 



7.) 
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XXI. Theorem. 

532. The volume of a fniatum nf a pijramid is equal to 
the SUM of its bases and a mean proportional between its 
bases, viultiplied by one-third its altitude. 




Let Aiy be a fmsttim of any pyramid 0-ABCDE. 
Denote the aroa of the lower base by B, the area of the 
upper base by b, and the altitude by II. 
To prove vol. Al/ = (^ + 6 + VSx^b) x \ H. (g 232.) 
Draw the altitude OP, cutting A'liC'iyE' at P*. 
Now, vol. Aiy = vol. 0-AliCDE — vol. O-A' W C Ef E' 
= BxiOP-bxi,OP' (S 627.) 

= IiX\ (W + 0/-") - 6 X i OP' 
= BXJ7/ + iJXi OP"- hx\OP' 
= BX\JI+(B~b)Xi 01". (1) 

Hut, B:h = op'' ■• UP* . (5 520.) 

Taking the sqiiaro root of each term, we have 

Vli: Vb = OP: OP'. (5 242.) 

Then, V« - V/' : V^ = OP - OP' or // : OJ". 

(S 2:i7.) 
Whfnce, {VP — \% x OI" = ^b x ir. (§231.) 

Multiplyinji Imth nicmhi'vs 1>\- Vn + Vfi, 

(It - l>) X 01" = (Vli Xb+/.)xIT. 
f^uKstitutiiig in (1), we have 

yo\. Ajy = li X iff + iy_Bx~b + b) x^ff 
= (B + 6 + V.B X 6) X i J?; 






^- 
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The volume of a truncated triangular prism is equal 

to the product of a right section hij one-third the sunt of its 

lateral edges, 

rF 




Let GHC and DKL be right sections of the truncated 
triangular prism ABC-DEF. 
To prove 

vol. ABC-DEF = GHC xl(AD + BE + OF). 

Draw DM perpendicular to KL, 

The truncated prism is composed of the triangular prism 
GHC-DKL, and the pyramids D-EKLF and C-ABIIG, 

Now since the lateral edges of a prism are equal, 
vol. GHC^DKL = GHC X GD (§ 506.) 

= GHC X i {GD + HK+ CL). (1) 
Again, DM is the altitude of the pyramid D-EKLF. 

(§ 440.) 
Whence, vol. D-EKLF = EKLF X i DM 
= i (KE + LF) XKL Xh DM 
= iKL X DM X i {KE+LF). 
But, J KL X DM = area DKL = area GHC, (§ 313.) 
Hence, vol. D-EKLF = GHC X i {KE + LF), (2) 

In like manner, we may prove 

vol. C-ABHG = GHC xi{AG+ BH). (3) 
Adding (1), (2), and (3), we have 
\o\, ABC-DEF 



(§ 527.) 
(§ 317.) 



= GHC X i (-16? + GD + BH + HK 4- KE + CL + LF) 

= GHC X J {AD + BE + CF). 
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534. Cor. The volume of a truncated right triangular 
prism is equal to the product of its base by one-third the sum 
of its lateral edges. 

EXERCISES. 

17. Eftcb side of the base of a regular triangular pjrminld Is 6, 
and ToiuniB. 



Find its lateral edge, lateral 
i of tlie base of the regular 



and its altitude la 4. 
Let II be tlie cen 
triangular pyramid 0-ABC, and draw OD and 
AD; also, draw CDE perpendicular to AB, and 
join OE. 

riow,AD = AB -rVi (§357) =-^=2^8. 



VI 



Then, lat. edge OA 




= Vw)* + ad''= via + 12 = ■/25 = 2 V^. 

The slant ht. OE = Voj^- .-il''' = ViS-t 

Then, lat. area 0-ABC = vTs {§ 523). 

Again, CE = Vbc" - BE' = Via^~9 = ^/^ = 3 VS. 

Then, area ABC = Jx0x3v^CS 313) = 9 Vs. 

Whence, vol. 0-ABC = J x V^ x 4 (§ 526) = 12 i/3. 

18. Find the lateral edge, lateral area, and volume of a fruatnm 
of a regular quadrangular pyramid, the sides of whose bases are IT 
and 7, and whose altitude ig 12. 

Let and 0' be tlie centres of the bases 
of the frustum of a regular quadrangular 
pyramid AC. 

Draw OE and O'E perpendicular to AB 
and A'B', and E'E and A'G perpendicular 
to OE and AB; also, draw OfX and £^. 

Now, EF^ OE — O'E- = 8+ - ill = 5. 

Then, slant ht. JS£'=VjEf-' + E'F' = V-^ + 144 

Wlienee, laL area AC - 4 (OS + 28) x 13 (§ 524) = 624. 

Again, ^G = .1E-.1'A" = 8i-3i = 5; and -4'G = ^E' = 18. 

Whence, lat. eilfie AA' = VTlT;' + vl'(,'^= V25 + JM =vT«4. 

Again, ar.'a -IC'= 17^ = 280, and area vlC == 7= = 40, 

Then, a mean proportional l>etween tlie areas of the l>aaes 
= VT7^"x"7- = 17 X 7= lia 

Wlieuce, vol. AC ^ (:i80 + 411 + IHI) X 4 18 532) - 1828. 




>' 



Find the lateral edge, lateral area, and voliune 
\ 19. Of a regular triangular pyramid, each side of whose base Is 
12, and whose altitude is IS. 

' *20. Of a regular quadrangular pj'ramld, each side of wtioM l>ase 
whose altitude ia !i. 



22. Of a frustum of a regular triangular pyramid, the sides of 
whose liaseB are 18 and 0, and wliose altitude is 24, 

23. Of a frustum of a regular quadrangular pyramid, the sides of 
whose l>asea are and li, and whose altitude la 10. 



V 25. Find the volume of a truncated rlglit triangular prism, the 
■Ides of whose base are 5, 12, and I'l, and whose lateral edges are 
3, 7, and 5, respectively. 

^ 36. Find the voltunc of a truncated regular quadrangular prism, 
each side of whose base is K, and whose lateral edges, taken in 
order, arc 2, 0, 8, and 4, respectively. 

4 27. The volume of a cube Is i^} cu. ft. -^Vhat U Uu area of tta 
entire surface In square Inches? 

A 28. A iKix made of 2 In. planic, without a cover, measures on the 
outside 8 ft. 2 In. long, 2 ft. 3 in. wide, and 1 ft. (1 in. deep. How 
many cubic feet of material were used In Its construction ? 
y 29. Tlie volume of a 
triangle whose legs are '2 

30. Find the lati-rnl nri'n an<1 volume of a rlglit triangular prism, 
the sldi's of whose base are 4, 7, and <>, and whose altitude is 8. 
\ 31. Find the vulnmn of n truncated rl^ht triangular prinm. whose 
lateral iilges are II, 14, and IT, having tor its l>nse an Isoscolt^s tri- 
angle \vln)se sides an'. 10, i:t, and HI. 

', 32. The altitude of a pyramid Is 12 In., and lis base la a square 
in. on a sUIh. What ia Ihe area of a section parallel to the base, 
whose distan.v trinu lln' vi-rtcx is S in.? 

' . 33. The akltuile of a pyrandd Is 20 in., and Its base is a rectangle 
whose dimensions are 10 In. and !.'> in. ^Vliat ia the distance from 
the vertex of a section parallel to the base, whose area is 54 >q. ln.F 
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' s 34. The diagonal of a cube ie S V^. Find Its volume, and the area 
of ita entire surface. A Vft^ 

It 35. A trench is ViA ft. long, 2} ft. deep, 6 ft. wide at the lAp, and " 
5 ft. wide at the bottom. How many cubic feet ot water will It ■,>"- 

36. The volume ot a regular triangular prism la 00 VZ, and one 
aide of Its baae la 8. Find its lateral area. 

37. The lateral area and volume of a regular hexagonal prism are 
60 and 1.^ Vs, respectively. Find its altitude, and one side of its baae. 

3S. The slant licJght^nd lateral edge of a regular quadrangular 
pfTamld are 25 and Viili, respectively. Find its lateral area and 
Toliuue. 

39. The altitude and slant height of a regular hexagonal pyramid 
are IS and 17, respectively. Find its lateral edge and volume. 
-4... 40. The lateral edge of a fnistum of a regular hexagonal pyramid 
is 10, and the sid«s of its bases are 10 and 4, respectively. Fiud ita 
lateral area and volume. 
■yy, 41. ¥\nd the lateral area and volume of a regular quadrangular 
pyramid, the area of whose bnae is 100, and whose lateral edge is IS. 

43. Find the lateral area and volume of a frustiun of a regular 
triangular pyramid, the sides of wtiose bases are Vi and (t, and whose 
lateral edge is ri. 

43. The lateral edges of a frustum of a quadrangular pyramid 
are equal; and lis bases are rectangles, whose sides are 27 ami 15, 
and and 5, respectively. If the altitwle of the frustum is 12, And 
Ita lateral area and volume. 

44. Any straight line dran'n throi^h the centre of a paralleto- 
piped, terminating in a pair of opposite faces. Is bisected at that 

45. The lateral surface ot a pyramid is greater than its base. 

46. The volume ot a regular prism is equal to Its lateral area, 
multiplied by onc-lialf tlie aputhem of ll» base. 

47. The volume ot a regular jiyramid is pqual to its lateral area, 
multiplieil by one-tliinl tlic <listancc from the centre of its base to any 
lateral fare. 

48. It E, F, a, and U are Ibe middU- iwlnts of the etises Alt, 
AD, CF), and Hr. resiicctivily, of llie tetraedroii AIICI), prove that 
£FCm is a parallelogram. 



f^ 
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49, Find the area of the base of a regular quadranguUr pyramid, 

whose lateral facea are equilateral triangles, and whose altitude Is S. 

' 50. Two tetraedrons are uquai if two faeee and the Included 

dledral of one are equal, respectively, to two faces and the Included 

diedral of the other, if the equal parts are similarly placed. 

51. Two tetraedrons are equal if three faces of one are equal, re- 
spectively, to three faces of the other, if the equal parts are similarly 

-^ 53. Find the area of the entire surface and the volume of a trian- 
gular pyramid, each of whose e<^s is 2. 

53. The areas of the hases of a frustum of a pyramid are 12 and 
75, and Its altitude is 9. What is the altitude of the pyramid ? 

94., The sum of two opposite lateral edges of a truncated paral- 
leiopiped is equal to the sum of the other two lateral edges. 
~U~55. The volume of a truncated paralleloplped is equal to the 
area of a right section, multiplied by one-fourth the sum of the lat- 
eral edges. 

96. A plane passed through the centre of a paralleloplped divided 
it into two equivalent solids. 

57. If ABCD Is a rectangle, and EF any straight line not In iu 
plane parallel to AB, tlie volume of the solid bounded by the figures 
AHCD, ABFE, CDEF, ADE, and BCF, Is equal to 

i h X AD X (,2 AB + BF), 

where h is the perpendicular from E to ABCD. (§ 533.) 

\ Sa If ABCD and EFGn are rectangles lying in parallel planes, 

AB and BC being parallel to EF and FO, reapectiveiy, the solid 

bounded by the figures ABCD, EFGIf, ABFE, BCOF, CDUO, and 

DAEII, Is called a rpctamjiilar primiioid. 

ABCD and EFGH are called the hasex of the rectangular prismoid, 
and the perpendicular distance between them the altitude. 

Prove that the volume of a rectangular prismoid la equal to the 
sum of its bases, plus four times a section equidistant from the bases, 
multiplied by one-sixth the altitude. (Ex. 57.) 

59. Find the volume of a rectangular prismoid, the sides of whose 
bases are 10 and 7, and an<l !i, respectively, and whose altitude is 0. 

60. The volume of a triangular prism is equal to a lateral face, 
multiplied by one-half its perpendicular distance from any point in 
the opposite lateral edge. 
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61. The volume of a truncated right paiallelopiped Is equal to the 
area of its lower base, multiplied by the perpendicular drawn to 
the lower base from the centre of the upper base. 

62. The perpendicular drawn to the lower base of a truncated 
right triangular prism from tlie iulersection of the medians uf the 
upper base. Is equal to one-third the sura of the lateral edges. 

)1^ 63. The three planes passing through the iaterai edges of a tri- 
angular pyramid, bisecting the sides of the base, meet In a common 
straight line. 

64. A frustum of any pyramid is equivalent to the sum of three 

> pyramids, having for their common altitude the altitude of the fms- 

, turn, and for their bases the lower base, the upper base, and a mean 

I , proportional between the bases, of the frustum. 

■«J 65. A monument is In the form of a frustum of a regular quad- 

rangnlar pjiamtd 6 ft. In height, the sides of whose bases are 3 ft. and 

2 ft., respectively, siumaunted by a regular quadrangular pyramid 

2 ft. In height. What is its weight, at 180 lb. lo the cubic foot ? 

66. The dltitnde and lateral edge of a frustum of a regular tri- 
angular pyramid are 8 and 10, respectively, and each side of its upper 
base is 2 V^. Find its volume and lateral area. 



\l{: 



67. A railway embankment, 1C20 ft. in length, is 8) ft. wide at the 
top, 2H ft. wide at the bottom, and ft. 4 in. high. How many 
cubic yards of earthwork does It contain ? 

68. The sides of Ihe base, AB, BC, and CA, of a truncated right 
triangular prism ABC-DEF, are l-*), 4, and 12, respectively, and the 
lateral edges, AD, BE, and CF, are 15, 7, and 10, respectively. Find 
the area of the upjier base, DEF. 

69. If ABCD Is a tetraedron, the section made by a plane par- 
' ollel to each of the edges AB and CD is a parallelogram. (§ 416.) 

70. In a tetraedron ABCD, a plane Is drawn tlirough the edge CD 
perpendicular to AB, intersecting the Utna ABC a.nA ABD In CE 
and ED. If the bisector of the angle CED meets CD at F, prove 

CF : DF = area ABC : area A BD. 

71. The sum of the squares of the four diagonals of any paral- 
lelopi[)ed is equal to the sum of Hie sqimres of its twelve edges. 
(Ex.7-1, p. 2'.*fl.) 

72. If ilm four diagonals of a quadrangular prism pass throtigb a 
n point, tlic prism is a parallelopiped. 
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SIMILAR POLYEDRONS. 



\. Def. Two polyedrons are said to be similar when 
they are bounded by the same number of faces, similar 
each to each and similarly placed, and have their homol- 
ogous polyedrals equal. 



Proposition XXIII. Theorem. 



I. The ratio of ant/ two homologous edges of two similar 
polyedrons is equal to the ratio of any other two homologous 
edges. 





In the similar polyedrons AF and A^F'y let the edges AB 

and FF be homologous to the edges A^B^ and F'F\ 

m^ ^,^„^ AB FF 
10 prove — -— , = . 

^ A'B" F'F' 

The face -^ C is similar to A'C\ and DF to I/F'. (§ 535.) 

Whence, AIL = ^ = ^H , (§253, 1.) 

' A'B" C'U E'F' ^^ ' ^ 



537. CoR. I. We have 

area ABCB 



AB' 



area A'B'C'I/ A^' 
EF^ 



Zr>f 1,1 /i 



E'li 



(§ 323.) 



(§ 636.) 



Therefore, any two homologous fares of two similar pohj- 
edrons are to each other as the squares of any two homolo- 
gous edges. 
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Saa Cor. II. We have 

ABCB _ CDEF 



= ete. 



- ^ 



A'B'C'iy C'jyE'F' 
Whence, 

ABCD + CDEF + etc. ^ A& 

AlfC'iy + C'l/E'F' + etc. A'l^ 

Hence, the entire surfiieea of two stmilnr poli/edrniis 

each other as the squares of a hi/ two homologous edges. 



(§S37.) 



CS239.) 



Proposition XXIV. Theokeh. 

539. Two tetraedrons are similar when the faces includ- 
ing a triedral of one are similar to the faces including a tri- 
edral of the other, and similarly j'^aeed. 




In the tetraedrons ABCD and A'/l'VIX, let the faces 
ABC, ACD, and ADIi be similar to the faces A'l^C', 
AC'iy, and A'l/If, re.s|>eetively. 

To prove ABOD and A'IfC'iy similar. 

From the given similar faces, we have 

BC _ AC ^ CI> ^ AI> ^ JiD 

irc A'c c'ly A'jy iriy' 

Hence, the faces BCD and JfC'I/ are similar. (§ 259.) 

Again, since the angles BAC, CAT), and DAB are eqnal 
resiipctively to tlie anfjles JTA'C, C'A'D', and D'A'B', the 
triedrals A-ItCD and A'-B'C'I/ are e(]ual. (§ 464, I.) 

In liki' manner, any two hoini)lo(,'on.s triedrals are equal. 

Hence, MiCD iiiiA A' B'C'D^ are similar. (§ 535.) 
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540. Cor. If a tetraedron he cut hy a plane parallel to 
one of its faces, the tetraedron cut off is similar to the given 
tetraedron. 



Proposition XXV. Theorem. 

Two tetraedrons are similar when a diedral of one is 
equal to a diedral of tJie other, atid the faces including ths 
equal diedrals are similar each to each, and similarly placed. 





In the tetraedrons ABCD and ARC'iy, let the diedral 
AB h^ equal to AB^ \ and let the faces ABC and ABD be 
similar to ARC^ and ABfTf, respectively. 

To prove ABCB and AB^C'I/ similar. 

Let the tetraedron AB^C'If be applied to ABCD, so that 
the diedral AB! shall coincide with its equal AB, the point 
A falling at A, 

Then since Z BfAC =^ ABAC, and Z BfABf = Z BAB, 
the edge AC will coincide with AC, and A If with AD. 

Therefore, Z C'AD^ = Z CAD, 

Again, from the given similar faces, we have 

AC' ^ AB! ^ AD" 
AC AB AD ' 

Hence, the triangle CAD is similar to CAD, (§ 260.) 
Then, the faces including the triedral A-BfC'D are simi- 
lar to the faces including the triedral A-BCD, and similarly 
placed. 

Therefore, ABCD and A IT CD are similar. (§ 539.) 
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Pboposition XXVI. Theorem. 

542. Two similar polyedrons may be decomposed into the 
same number of tetraedrons, similar each to each, and simi- 
larly placed. 




two similar polyedrons, the vertices 



Let AF and A'F' 1 
A and A' being h 

To prove tliat they may be decomposed into the same num- 
ber of tetraedrons, similar each to each, and similarly placed. 

Divide all the faces of AF, except those having A as a, 
vertex, into triangles; and draw straight lines from A to 
their vertices. 

In like manner, divide all the faces of A'F', except those 
having A' as a vertex, into triangles similar to those in AF, 
and similarly placed. (§ 267.) 

Draw straight lines from A' to their vertices. 

The given polj'edrons are then decomposed into the same 
nnmber of tetraedrons, similarly placed. 

Let ABCF and A'B'C'F' be two homologous tetraedrons. 

The triangles ABC and BCF are similar to A'B'C and 
B'C'F', respectively. (§ 267.) 

And since the given polyedrons are similar, the homolo- 
gous diedrals BC and B'C are equal. 

Therefore, ABCF and A'B'C'F' are similar. (§ 641.) 

In like manner, we may prove any two homologous tetrae- 
drons similar. 

Hence, the given jjolyedrons are decomjKised into the 
same nnmlier of tetraedrons, similar each to each, and 
similarly placed. 
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Proposition XXVII. Theorem. 

543. Two similar tetraedrons are to each other as the 
cubes of their homologous edges. 





Let V and F' denote the volumes of the similar tetra- 
edrons A BCD and AB'C'iy^ the vertices A and A being 
homologous. 

V 



To prove 



Since the triedrals at A and A! are equal, we have 

V ABxACxAD 



F' A'B'xA'C'xA'jy 
AB AC_ AB 



Substituting in (1), we have 
F 



AB" 'AC'^ Aiy' 
AC AD AB 



tT>t 



AB 



AB ^ AB^ AB 



(§ 531.) 

(1) 
(§ 536.) 



^J5* 



AB' AB AB AW* 



544. Cor. Any two similar polyedrons are to each other 
as the cubes of their homologous edges. 

For any two similar polyedrons may be decomposed into 
the same number of tetraedrons, similar each to each (§ 542). 

And any two homologous tetraedrons are to each other as 
the cubes of their homologous edges (§ 543), or as the cubes 
of anv two homologous edges of the polyedrons (§ 536). 
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REGULAR POLYEDRONS. 



545. Def. a regular poli/edron is a polyedron whose 
faces are equal regular polygoas, aad whose polyedrals are 
all equal. 

Proposition XXVIII, Theoreu. 

546. Not more than five reffular convex poli/edront are 
possible. 

A convex polyedral must have at least three faces, and 
the sum of its face angles must be less than 360° (g 463). 

1. With equilateral trhnglea. 

Since the angle of an equilateral triangle is 60°, we may 
form a convex polyedral by combining either 3, 4, or 5 equi- 
latei-al triangles. 

Not more than 6 equilateral triangles can be combined to 
form a convex polyedral. (§ 463.) 

Hence, not more than three regular convex [lolyedroQS 
can be formed with equilateral triangles. 

2. With s'jitares. 

Since the angle of a square is 90°, we may form a convex 
jtolyiHlral liy combining 3 squares. 

Nijt moi'e -than 3 squares) can be combine<l to form a con- 
ve."c jMjlyt'dral, 

Honee, not moi'e than one regular convex polyedron can 
be formed witli squares. 

3. With regular pentagons. 

Since the angle of a regular jientigon is 108°, we may 
form a convex ]>olyedral by combining 3 regular pentagous. 

Ntit more than 3 regular pentagons can be combined to 
form a convex ]K)Iypdi'aI, 

Hence, not more than one regular convex jKilyedron can 
be forinoil with regular |wnt;igous. 

Sine*: the angle of a regular Iiexagon is 120°, no convex 
jiolyedral Ciin be formed by combining regular hexagons. 
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In like manner, no convex polyedral can be formed by 
combining regular polygons of more than six sides. 

Hence, not more than five regular convex polyedrons are 
possible. 

V/ 

Proposition XXIX. Problem. 



547. With a given edge, to construct a regular polyedron. 

We will now prove, by actual construction, that five regu- 
lar convex polyedrons are possible : 

1. The regular tetraedron, bounded by 4 equilateral tri- 
angles. 

2. The regular hexaedron, or cube, bounded by 6 squares. 

3. The regular octaedron, bounded by 8 equilateral tri- 
angles. 

4. The regular dodecaedron, bounded by 12 regular pen- 
tagons. 

5. The regular icosaedron, bounded by 20 equilateral tri- 
angles. 

1. To construct a regular tetraedron. 

Let AB be the given edge. 

Construct the equilateral triangle ABC, 

At its centre E, draw ED perpendicu- 
lar to -45(7; and take the point D so that 
AD = AB, 

Draw AD, BD, and CD, 

Then, ABCD is a regular tetraedron. 

For since A, B, and C are equally distant from E, 

AD = BD= CD, (§ 407, 1.) 

Hence, the six edges of the tetraedron are all equal. 

Then, the faces are equal equilateral triangles. (§ 69.) 

And since the angles of the faces are all equal, the trie- 

drals whose vertices are A, B, C, and D are equal. 

(§ 464, L) 
Therefore, ABCD is a regidar tetraedron. 
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rcube. 





2. To construct a regular Kexaedron, i 
Let AS be the given edge. 
Construct the square ABCD. 
Draw AE, BF, CG, aud DH, each equal 

to AB and perpendicular to ABCD. 
Draw EF, FG, GH, aud HE. 
Then, AG is a regular hexaedron. 
For by construction, its faees are equal squares. 
Hence, its triedrals are eiII equal. (§ 464, 1.) 

3. To constntct a regular octaedron. 
Let AB be the given edge. 
Construct the square ABCD; through 

it3 centre draw EOF perpendicular 
to ABCD, making OE = OF = OA. 

Join the points E and F to A, B, C, 
and D. 

Then, AEFC is a regular octaedron. 

For draw OA, OB, and OD. 

Then in the right triangles AOB, AGE, and AOF, 
" OA = 0B = OE = OF. 

Therefore, A AOB = A AGE = A AOF. (§ 63.) 

Whence, AB = AE = AF. (S 66.) 

Then the eight edges terminating at E and F are all 
equal. (§ 407, 1.) 

Thus, the twelve edges of tlie octaedron are all equal, 
and the faces are equal equilateral triangles. (g 69.) 

Again, \>y construction, the diagonals of the quadrilateral 
BEDF are equal, and bisect each other at right angles. 

Hence, BEDF is a square equal to ABCD, and OA is 
perpendicular to its plane. (g 400.) 

Thew-fore, the pyramids A-BEDF and E-ABCD are 
equal; and hence the [wljedrals A-HEDF and E-ABCD 
are equal. 

In like manner, any two polyedrals are equal. 

Hence, AEFC is a regular octaedi'on. 
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4. To construct a regular dodecaedron. 



fcl 


r^' 


/p.'' 


[K\ 


fX^A 


/]r\. 


^-^SN 



iK' 





Fig. 2. 

Let AB be the given edge. 

Construct the regular pentagon ABODE (Fig. 1). 

To ABODE join five equal regular pentagons, so in- 
clined as to form equal triedrals at the vertices A, B, C, 
D, and E. (§ 464, I.) 

Then there is formed a convex surface AK, com{)osed 
of six regular pentagons, as shown in the lower portion of 
Fig. 1. ' 

Construct a second surface A^K^ equal to AK, as shown 
in the upper portion of Fig. 1. 

The surfaces AK and A'K^ may be combined as shown 
in Fig. 2, so as to form at Z' a triedral equal to that at A, 
having for its faces the regular pentagons about the ver- 
tices F and F' in Fig. 1. (§ 464, I.) 

Then, ^A* is a regular dodecaedron. 

P^or since G^ falls at G, and the diedral FG and the face 
angles FGH and FGD^ (Fig. 2) are equal respectively to the 
diedral and face angles of the triedral Fy the faces about 
the vertex G will form a triedral equal to that at F, 

Continuing in this way, it may be proved that at each of 
the vertices /T, K, etc., there is formed a triedral equal to 
that at F. 

Therefore, AK is a, regular dodecaedron. 
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5. To construct a regular icosaedron. 




Ftg. 1. 



Let AB be tlie given edge. 

CoiLstruct tlie regular [wntagou ABCDE (Fig. 1). 

At its centre draw OF perpendicular to ABODE, mak- 
ing AF = AB. 

Draw AF, BF, GF, DF, and EF. 

Then F-ABCDE is a regular pyramid whose lateral 
faces are equal equilateral triangles. (§ 69.) 

Construct two other regular pyramids, A-BFEGS and 
E-AFDKG, each equal to F-ABCDE. 

Place them as shown in the upper portion of Fig. 2, so 
that the faces ABF and AEF of A-BFEQH, and the 
fares AEF and DEF of E-AFDKG, shall coincide with 
the eorresiKinding faces of F-ABCDE. 

Then there is formed a convex surface GC, composed of 
ten equilatftal triaiiglps. 

Construct a second surface G'C equal to GC, as shown in 
the lower portion of Fig. 2. 

Thi'U tlie surfaces GC and G'C may be combined as 
shown in Fig. .*!, so that the edges GH and HB shall coin- 
cide with O'H' and H'B", respectively. 

For sinee the dieiJrals AH, E'W, and F'JV are equal to 
the <lieclral» of the polyedial F, the faces about the vertices 
// and //' may be made to form a polyedral at H equal to 
that at/". (1469.) 
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Then since the diedrals FB, AB, UB, and F'B (Fig. 3) 
are equal to the diedrata of the polyedial F, the faces about 
the vertex B will form a polyedral equal to that at F. 

Continuing in this way, it may be shown that at each of 
the vertices C, D, etc., tliere is formed a polyedral equal to 
that at F. 

Therefore, (?(7 is a regular Icosaedroa. 

548- ScH. To construct the regular polyedrons, draw the 
following diagrams accurately on cardboard. 

Cut the figures out entire, and on the interior lines cut 
the canlboard half through. 

The edges may then be brought together so as to form 
the respective solids. 
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EXERCISES. 

73. If the volume of a pyramid whoB« altitude is 7 In. is 086 
CD. In., what is the volume of a similar pyramid whose attitude is 
12 in. ? 

74. If tlie volume of a prism wliose altitude Is 9 ft. is 171 cu. ft., 
what is tJie altitude of a similar prism whoae volume Is ^(^ cu. ft. ? 

75. Two bins of similar form contain, respectively, 375 and 048 
bushels of wheat. If the first bin is 3 ft 9 in. long, what is the 
length of the second P 

76. A pyramid whose altitude Is 10 in., weighs 24 lb. At what 
distance from its verteic must it be cut by a plane parallel to its bas« 
so that the frustum cut off may weigh Vi, lb. ? 

77. An edge of a polyedron is 5fl, and tlie homolc^ua edge of a 
similar polyedron Is 21. The area of the entire surfsce of the second 
polyedron ia 1:55, and its volume is 102. Find the area of the entire 
surface, and the volume, of the first polyedron. 

76. The area of the entire surface of a tetraedion is 147, and Its 
volume Is U8G. If the area of the entire surface of a similar tetrae- 
dron U 4S, what is its volunie ? 

79. The area of the entire surface of a letraedron Is 75, and its 
volume is 500. If the volume of a similar tetraedron Is 32, what Is 
the area of its entire surface ? 

80. The homologous edges of three similar tetraedrons are 3, 4, 
and 5, respectively. Find the homologous edge of a sinillar tetrae- 
dron equivalent to their sum. 

81. Stale and prove the converse of Prop. XXVI. 

82. The volume of a regular tetraedron Is e<|Ual to the cube of its 
edge multiplieil by 1*1 v5. 

83. The volume of a regular octaedron is equal to the cube of Its 
edge multiplied by J v^. 

84. The volume of a rCRiilar tetraedron Is 18 V5. Find the area 

85. The sum of the periiencliculars driinii to the faces from any 
point within a regular tetraedron is equal to [lie altitude of the 

tetraedron. 
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THE CYLINDER, CONE, AND SPHERE. 



DEFINITIONS. 

A mjlindrical surface is a surface generated by a 
moving straight line, which con- 
stantly intersects a given curve, 
and in all of its positions is paral- 
lel to a given straight line, not in 
the plane of the curve. 

Thus, if the line AB moves so 
as to constantly intersect the curve 
AD, and is constantly parallel to the line MN, not in the 
plane of the curve, it generates a cylindrical surface. 

550. The moving straight line is called the generatrix, 
and the curve the directrix ; any position of the generatrix, 
as EF, is called an eleme?it of the surface. 




A cylinder is a solid bounded by a 
cyliuilrical surface, and two parallel planes. 

The parallel planes are called the bases of 
the cylinder, and the cylindrical surface the 
lateral surface. 

The altitude of a cylinder is the perpen- 
dicular distance between the planes of its bases. 

NoTK. We shall use the phrase ** element of a cylinder" to sig- 
nify an element of Us lateral aurface. 




It follows from the definition of § 551 that 
The elements of a cylinder are equal and parallel. (§ 418.) 
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553. A riffH ci/linder is a cylinder wl>ose elements are 
perpendicular t<) its biues. 

A circular cyllniier is a cylinder whose base is a circle. 

The axi» of a ciicular cylinder is a straight line drawn 
tlirougli the centre of its base parallel to its elements. 

554- A right circular (cylinder is called a i-ylinder of revo- 
lution ; for it may be genei-ate<l by the revolution 
of n rectangle about one of its sides as an axis. 

555 Similar cylinders of revolution are cyl- 
iudera generated by tiie revolution of similar 
rectangles about homologous sides as axes. 

pKorosiTiON I. Theorem. 

556- A section of a cylinder made hij a plant 
throwjh an element is a parallel^graiH. 




Ijet ABCD lie a section of the cylinder AC, m;ide by a 
plane ])assing tlirough the element AB. 

To prove ABCl> a iiaralle Ingram. 

llraw CE in the jilane ABCD pamllel to AB. 

Then CE is an element of the lateral surface. (§ 652.) 

Tberefore, CE must bn the intei'section of the jilaue 
ABCD with t!ie hu.i^ral Mmfavo of the cylinder. 

Hence, CE coiut-idi's with CD, itnd CD is jtarallel to AB. 

Again, AD is paralh-l to BC. (g 417.) 

Therefore, ABCD is a parallelogriun. 
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557. Cor. A section of a right cylinder viade hy a plane 
passing through an element is a rectangle. 



Proposition II. Theorem. 
The bases of a cylinder are equal. 




Let AB' be a cylinder. 

To prove its bases AB and A'l^ equal. 

Let E', F\ and G' be any three points in the perimeter 
of A'B', and draw the elements EE', FF', and GG'. 

Draw EF, FG, GE, E'F', F'G% and &E'. 

Now, EE' and FF' are equal and parallel. 

Tlierefore, EE'F'F is a parallelogram. 

Hence, E'F' r= EF. 

Similarly, E'& = EG, and F'& = FG. 

Therefore, A E'F'& = A EFG. 

Then the base A'B' may be superposed upon AB so that 
the points E', F', and G' shall fall at E, F, and G. 

But E^ is any point in the perimeter of A'B', 

Hence, every point in the ])erimeter of A'B' will fall in 
the perimeter of AB, and AB^ is equal to AB, 



(§ 552.) 
(§ 109.) 
(§ 104.) 

(§ 69.) 



). CoR. I. The sections of a cylinder made hy two 
jmrallel />^«W65 cutting all its elements are equal. 

For they are the bases of a cylinder. 

560. CoR. II. A section of a cylinder made by a plane 
parallel to the base is equal to the base. 
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^ THE CONE. 

1!>EFINITI0NS. 

561- A conical surface is a surface generated by a moving 
straiglit line, wliieh constantly inter- 
sects a given curve, and passes through 
a givpn point not in the plane of the 
curve. 

Thus, if the line OA moves so as to 
constantly intersect the curve ABC, and 
constantly passes through the i)()iiit 0, 
not in the plane of the curve, it gener- 
ates a conical surface. 

562. Tlie moving straight line is called the generatrve, 
and the curve the directrie. 

The given point is called the vertex. ; and any position of 
the generatrix, as OB, is called an ehment of the surface. 

563. If the generatrix be sujiposed indefinite in length, 
it will generate two conical surfaces, O-A'li'C and 0-ABC. 

These are called the upper and lower nappes, respectively, 

564. A cone ia a -solid bounded by a conical surface, and 
a jjliine cutting all its elements. 

Tlie plane is called the bnse of the cone, and 
the curved surface the lateral sur/are. 

The altitude of a cone is the jx-rj^ndicular 
distance from the vertex to the piano of the 
ba.se. 

565. A rirmlitr rone is a I'cme whose base is a circle. 
Tlie axis of a circ'ular coiii^ is a straight line drawn from 



■I'ntre of tlie base. 



566. A right eii-i-uhir out 
s pcrjwLdicuIar to its base. 



Lcular cone whose axis 
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^ A right circular cone is called a cane of revolution, 
for it may be generated by the revolution of a 
right triangle about one of its legs as an axis. 



Similar cones of revolution are cones 
generated by the revolution of similar right 
triangles about homologous legs as axes. 




A frustum of a cone is that portion 
of a cone included between the base and a 
plane parallel to the base. 

The altit^ide of a frustum is the perpen- 
dicular distance between the planes of its 
bases. 




Proposition III. Theorem. 

570. A section of a cone made hy a plane passing through 
the vertex is a triangle. 




Let OCD be a section of the cone OAB, made by a plane 
passing through the vertex 0. 
To prove OCD a triangle. 

Draw straiglit lines in the plane OCD from to the 
points C and />. 

Tliese lines are elements of the lateral surface. (§ 562.) 

Th(*n they must be the lines of intersection of the plane 
OCD with the lateral surface of tlie cone. 

Therefore, OC and OD are straight lines, and OCD is a 
triangle. 



:) 1 (\ 



soi,ii> (.i;«)Mi;'i!;^ 
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581. A serf ton of a sp/iere viade by a plane is a rircle. 

P 




Let ABC be a section of the sphere APC made by a 
phiiie. 

To prove ABC a circle. 

Let be the centre of the s])here. 

Draw 0(y perpendicuhir to the phme ABC, 

Let A and B be any two ])oint3 in the ])erinieter of ABCj 

and di-aw OA, OB, C/A, and ffB, 

Now, OA = OB. (§ 575.) 

Whence, a.\ = (/B. (§ 408.) 

l^ut A and B are anif two points in the perimeter of 

ABC. 

Therefore, ABC is a cin-h^ 



I. Dkf. a great rircle of a sphere is a section made 
by a phme passing throngli the centre; P 

as ABC, 

A small circle is a section made bv a 
]>hine wlii(^h does not pass throngli the 
centre. 

The dianu'ter ])erpeiidicnLar to a circh^ 
of a spliere is c.alhxl tlie axis of the cir- 
cle, and its extremities are called the poles. 




\. CoK. r. The axis of a circle of a sphere passes 
through the centre of (he circle. 



^ 
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584. Cob. II. All great circles of a spliere are equal. 
For tlieir radii are radii of the sphere. 



Cor. III. Every great circle bisects the sphere and 
its surface. 

For if the parts be sejmrated, and placed so that their 
plane surfaces coincide, the spherical surfaces falling on 
the same side of this plane, the two spherical surfaces will 
coincide throughout; for all points of either are equally 
distant from the centre. 



Cor. IV. Any two great circles bisect each other. 

For the intersection of their planes passes through the 
centre of the sphere, and hence is a diameter of each circle. 

587. Cor. V. An arc of a great circle, less than a semi- 
cirannfei'ence, may be drawn between any two points on the 
surface of a sphere, aiid Init one. 

For the two points, together with the centre of the sphere, 
determine a plane which intersects the surface of the sphere 
in the arc required. 

XoTE. If the points lie at the extremities of a diameter of the 
sphere/an indefinitely great number of arcs of great circles may be 
drawn between them ; for an indefinitely great number of planes 
can be drawn through the diameter. 



Def. The distance between two points on the sur- 
face of a sphere is the arc of a groat circle, 
less than a semi-circumference, drawn be- b 

tween them. 

Thus, tlie distance between the points C 
and D is the arc CED, and not CFD, 




CoR. VI. An arc of a- circle may he 
dranm through any three points on the sur- 
face of a sphere. 

For the tliroe points determine a ])lane, which intersects 
the surface of the sphere in the arc required. 



;us 



.solJI) (.K()MK'l'i;V. r.ooK Vlll. 



rUorn^ri'loN \'l. TlIKolcKM. 

590. All points in the ciraimferenre of a circle of a sphere 
are e-mail y distant from each of its poles. 



I 



i~ ■ 



^ 




Let P and P' be the poles of the circle ABC of the sphere 
APa 

To prove that all jwiuts in the circumference ABC are 
equally distant (§ 588) from P, and also from P'. 

Let A and B be any two points in the circumference ABC, 

and draw the arcs of great circles PA and PB, 

Draw the axis PF^, intersecting the plane ABC at 0. 

Draw OAy OB, PA, and PB. 

Now is the centre of tlie circle ABC, (§ 583.) 

WlnMice, ().-/ = OB, (§ 14:1) 

Thert'fore, chord PA = chord PB, (§ 407, I.) 

Whence, ai-c PA = arc PB, (§ 157.) 

lUit A and B are /^rwy two i)oints in the circumfei*e!ice 
ABC. 

Hence, nil points in the circumference ABC are equally 

distant from P. 

In like manner, we may ])rove that all jxiints in the cir- 
cumference ABC are equally distant from i^. 

591. I>KF. The pol(/r (listmire of a cinde of a sphere is 
the distance ('§ 5SS) from the nearer of its ]>oles to the cir- 
cumferenre of the ('irch*. 

Thus, the judar distance of the circle ABC is the arc PA. 
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Cor. The polar distance of a great circle is a 
quadrant 

Let PA be the polar distance of the 
great circle ABC, 

To prove FA a quadrant (§ 146). 

Let be the centre of the sphere, 
and draw OA and OP, 

Tlien, Z POA is a right angle. 

(§ 398.) 
Therefore, the arc PA is a quadrant. (§ 191.) 

593. ScH. The term quadrantj in Spherical Geometry, 
usually signifies a quadrant of a great circle. 




1r 



Proposition VII. Theorem. 



594. If a point on the surface of a sphere lies at a quad- 
rant^ s distance from each of two paints in the arc of a great 
circle, it is the pole of that arc. 




Let P be a point on the surface of the sphere ^ C, at a 
quadrant's distance from each of the points A and B, 
To prove P the pole of the arc o| a great circle AB. 

Draw tlie radii OA, OB, and OP. 

Then since tlie arcs PA and PB are quadrants, the angles 
POA and FOB are right angles. (§ 191.) 

Then, PO is perjxMidicuhir to the plane OAB. (§ 400.) 
Therefore, P is the pole of the arc AB, 



r«» 
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NoTR. If the two points he at the extremltieH of s ilUmet«r, the 
theorem Is not uecessarily true ; for P is the pole of only one of 
the great circles wliiuh can be drawn through the points A aud C. 

I'KOPoaiTioN VIII. Theorem. 

595- A plane jierpeiidicular to a raditis of a sphere at its 

extremity is tangent to the sphere. 




Let the plane M2f be perpendicular to the radius OA of 
the sphere AC at its extremity A. 

To prove MN tangent to the spliere. 

Let B be any jroiiit of JITf exRejit A, and draw OB. 

Then, OB > OA. (% 402.) 

Whence, B lies without the sphere. 

Then every point of MN except A lies without the sphere, 
and J/JV is tangent to the sphere. (§ 579.) 

596. CoH. (fon verse of I'rop, Vlll.) A plane tnitgent to 
a sp/ierf is per/ien<l!c>rlar to the radius drawn to the point of 
contact. 

Let the plane MN be tangent to the sphere AC. 

To prove that J/,V is ])erpendiciilar to the radius OA 
drawn to the jioiut of egtitact. 

If My is tangent to the sphere at A, every [loiiit of 3/JV 
exrejit A lies without the sphci'c. 

Then oA is the shortest line that can be drawn fniui 
to MX. 

"Whence, OA is perpendicular to MN. (S 402.) 
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Proposition IX. Theorem. 
597. A sphere may he circumscribed about any tetraedron. 



K 




\\ 



Let ABCD be any tetraedron. 

To prove that a spliere may be circumscribed about it. 

Draw EK in the face A CD, and FK in the face BCD, 
perpendicular to CD at its middle point K, 

Let E and F be the centres of the circumscribed circles 
of the triangles ACD and BCD (§ 222). 

Draw EG and FII perpendicular to the planes ACD and 
BCD, 

Now the plane determined by EK and FK is perpen- 
dicular to CD. (§ 400.) 

Tlierefore, this plane is perpendicular to each of the 
planes ACD and BCD. (§ 444.) 

Then EG, being perpendicular to the plane ACD, lies in 
the plane determined by EK and FK. (§ 441.) 

In like manner, FH lies in this plane. 

Therefore, EG and FH must meet at some point, as 0. 

Since is in the perpendicular EG, it is equally distant 
from A, C, and D. (§ 407, I.) 

And since it is in the perpendicular FH, it is equally 
distant from B, C, and D. 

Hence, O is equally distant from A, B, C, and D; and the 
sphere described with as a centre, and OA as a radius, 
will be circumscribed about the tetraedron. 
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596< Cor. I. Sut one sphere can be ^reumscribed about a 

given tetraedron. 

For the centre of any circumscribed sphere must lie in 
the perpendicular drawu to each face at the centre of its 
circumscribed circle, (S 408.) 

599. Cor. II. T/ie p/nnes pei-pendiaitar to the edt;es of a 
tetraedron at their mitldle points meet in a common point. 



Proposition X. Theorem. 
GOO. A sphere may be inecrSied in any tetraedron. 




Let ABCD be any tetraedron. 

To prove that a sphere may be inscribed in it 

Draw the planes OBC, OCD, and ODB, bisecting the 
diedrala ABCD, ACDB, and ADBC, respectively. 

Then since is in the plane OBC, it is equally distant 
from the faces ABC and BCD. (S 440.) 

In like manner, is equally distant~from the faces ACD 
and BCD, and from the faces ABB and BCD. 

Hen(-e, is equally distant from the four faces of the 
tftrat'dron ; and the sphei-e described with na a centre, 
and the i)erpen(lii'ular from to either f;ice as a radius, 
will 1m? iiiseril)ed in t!ie tetraedron. 

6(Hl- Coil. T/ie pi'ines bisecting the diedrala of a tetraedron 

meet m a common point. 
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602. Definitions. The angle betwlBen two intersecting 
curves is the angle included between tangents to the curves 
at their common point. 

A spherical angle is the angle between two intersecting 
arcs of great circles. 



Proposition XL Theorem. 



^ 



603. A spherical angle is measured by the arc of a great 
circle described with its vertex as a pole, included between its 
sides produced if necessary. 




Let ABC and AB'C be arcs of great circles on the sur- 
face of the sphere AC whose centre is 0, 

Draw AD and AI/ tangent to ABC and ABfC. 

Then DAI/ is the angle between the arcs ABC and 
AB'C, (§ 602.) 

Draw the diameter AC\ also, draw OB and OB' in the 
planes ABC and AB'C perpendicular to AC, and let their 
])lane intersect the snrface of the sphere in the arc BB', 

To j)rove that Z DAI/ is measured by tlie arc BB', 

ZDAiy is the plane angle of the diedral BACB'. (§ 170.) 
Wlience, Z DAI/ = Z BOir. (§ 429.) 

But Z BpB' is measured by tlie arc BB', (§ 192.) 

Therefore, Z DAiy is measured by the arc BB^. 

604. Cor. The angle between two arcs of great circles is 
the plane angle of the diedral formed by their planes. 
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SPHEBICAL POLYGONS AND SPHERICAL PYRAMIDS. 

Uefisitions. 

605- A sjiheriral jwlygon is a ]>ortion of tlie surface of a 
sphere bounded by thrue or more arcs 
of great circles; an ABCD. ^ 

The bounding area are called the sides 
of tlie spherical polygon. 

The angles of the spherical polygon 
are tlie spherical angles {§ 602) formed 
by the adjacent sides ; and their vertices 
are called the vertices of the spherical 
polygon. 

A diagonal is an arc of a great circle joining any two 
vertices which are not consecutive. 

606. The planes of the sides of a splierical polygon form 
a polyedral, 0-ABCD, whose vertex is the centre of the 
sphere, and whose face angles A OB, BOC, etc., are meas- 
ured by the sides AB, BC, etc., of the spherical jjolygon 
(S 192). 

A splierical jwlygon is called convex when its correspond- 
ing jjolyedral is convex (§ 456). 

607. Since the sum of the face angles of any convex 
polyedral is l&ss than four right angles (§ 463), the sum of 
their measures is less tlian a cii-cu inference. 

That is, the sum of the sUles of a ronrex spherkul polygon 
is less than tite eircii inference of a great circle. 

60B. A spherirul pifromid is the solid hounded by a spher- 
ical polygon and the planes of its sides ; as 0-ABCD (§ 605). 

The centre of the sphere i.s called the vertex- of the spher- 
ical pyramid, and the spherical polygon ia called its base. 

609. The sides of a spherical polygon, being arcs, are 
usually measured in degrees. 
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610. A spherical triangle is a spherical polygon of three 
sides. 

It is called isosceles, equilateral, or right-angled in the 
same cases as a plane triangle. 

611. If, with the vertices of a spherical triangle as poles, 
arcs of great circles be described, a 

spherical triangle is formed which is ^<r:rr^«jC7' 

called the polar triangle of the first. 
Thus, if Ay B, and C are tlie poles 
of the arcs B'C, C'A', and A' IT, then B'\ 
AB^C is the polar triangle of ABC, 




The circumferences of which 
BfC, C'd', and A'B' are arcs, form 
by their intersection eight spherical triangles. 

Four of these, i.e., AB'C, A'B'C'% A'B"C\ and A'B"C", 
lie on the hemisphere represented in the figure, and the 
others lie on the opposite hemisphere. 

Of these eight spherical triangles, that is the polar 
triangle in which the vertex A' homologous to A, lies on 
the same side oi BC as the vertex A ; and similarly for the 
remaining vertices. 

613. Two spherical polygons are equal when they can be 
applied one to the other so as to coincide througliout. 

614. Two spherical polygons are equal when the sides 
and angles of one are equal resi)ectively to the homologous 
sides and angles of the other, if the equal parts are arranged 
in the same order. 

Thus, the spherical triangles >^ yi^' 

ABC and A'B'C are equal if the 
sides AB, BC, and CA are equal 
to A'B". irc\ and CA', respec- 
tively, and the angles A, B, and C to the angles A, B^, 
and C ; for they can evidently be applied one to the other 
80 as to coincide throughout. 
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615' Two spherical polygons are saiil to be xijmitietrical 
when the sides and angkii of one are equal respectively to 
the homologouB aides and angles of 
the other, if the equal parta are ar- 
ranged in, the reverse order. 

Thus, the spherical triangles ABC 
and A'lfC are symmetrical if the sides Ali, BC, and CA 
are equal to A'B", li'C, and C"A', resjiectively, and tlie 
angles A, B, and C to the angles A', B', and C 

1J7 616. It is evident tliut in general two symmetrical 
^ spherical triangles cannot be applied one to the other so 
fr as to coincide throughout. (Compare 5 G36.) 

Fropositio\ XII. Theobbm. 

617. If one spherical triuiigh is the polar triangle of an- 
other, t/irn tlio second spher-ieal triangle is the polar triungle 
of the first. 




Let A'J?C' he the polar triangle of ABC. 
To prove that ABC is the polar triangle ()f A'B'C 
Now B is the pole of the arc A'C. (S Oil.) 

Whence, A' lies at x qiiadriiiit's distance from B. (§ 5;)2.) 
Again, C is tlie i>ole of the arc A'l^. 
Whence, A' lies at a (^ladi-ant's ilistance from C. 
Therefore, A' is the pole of the arc BC. (§ 504.) 

In like manner, it may 1h' jiroved that 1^ is tlii' pole of 
the arc CA. and C of the avf AB. 

Then, ABC is the indar triangle of A'B'C 
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For the homologous vertices A and A^ lie on the same side 
of jyc (§ 612), and similarly for the remaining vertices. 

618. Def. Two spliorical triangles, each of which is the 
polar triangle of tlie other, are called polar triangles. 



T 



Proposition XIII. Theorem. 



63d. In two polar triangles, each angle of one is 7neas- 
ured hj the supplement of the side lying opposite the homolo- 
gons angle of the other. 




Let a, by c, and a', h', cf denote the sides, expressed in 
degrees, and A, B, C, and A% J5', C the angles, also ex- 
pressed in degrees, of the polar triangles ABC and A'B'C, 
To prove 

^ = 180° — a', 7^ = 180° — Z»', (7 = 180° — c', 
A' = 180** — a, iT = 180° - />, C" = 180° - c. 

Produce the arcs AB and AC to meet the arc B'C at 2> 
and K 

Then since B^ is the pole of the arc AE, and C" of the 
arc ADy the arcs B'HJ and CD are quadrants. (§ 592.) 

Therefore, arc jrJiJ + arc CD = 180°. 
That is, arc DE + arc B'C = 180°. 

But A is the pole of the arc B^C\ 

Whence, the angle A is measured by the arc DE, (§ 603.) 
Therefore, A + a' = 180°. 

Whence, A = 180° — a\ 

In like manner, the tlieorem may be proved for any angle 
of either triangle. 



SOLID GEOMETRY. — BOOK Till. 






PKO POSITION XIV. 



620- Tfie sum of any two aides of 
greater t}ian the third side. 



Theobeu. 

spherical triangle i 




Let ABC be a spherical triangle on tlie surface of a sphere 
whose centre is 0. 

To prove AB + AC> BC. 

Draw OA, OB, and OC; then in the triedral 0-ABC, 

ZAOB+^AOC>ZBOC. (S 462.) 

But the sides AB, AC, and BC are the measures of the 
angles AOB, AOC, and BOC, respectively. (§ 192.) 

Therefore, AB + AC > BC. 

Id like manner, we may prove 

AB + BC > AC, ^d AC + BC> AB. 



Proposition XV. Tiieorkm. 



621. The sum of the tivgles of a spherical ti-ianyle 
greater than two, and lesn than six, right angles. 




Let ABC be a splieric.il triangle. 
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To prov« A+B+ C> 180°, and < 540'*. 

Let A'BC be the polar triangle of ABC^ and denote its 
sides by a', h\ and c'. 

Then, A = 180° - a', 

B = 180° - y, 
and C = 180° - (/. (§ 619.) 

Adding these equations, we have ^ ^.^ ^, 

^ -j_ J5 + C = 540° - («' +y +c'). (1) 

Whence, ^ + i? + (7 < 540°. 

Again, the sum of the sides of the spherical triangle 
ABIC is less than the circumference of a great circle. 

(§ 607.) 
That is, a' + y + c' < 360°. 

Whence by (1), A-\-B-^C> 180°. 



Cor. I. A spherical triangle may have one, two, or 
three right angles, or one, two, or three obtuse angles. 

623. Def. a spherical triangle having two right angles 
is called a bi-rectangular triangle. 

A spherical triangle having three right angles is called a 
tri-rectangidar triangle. 

624. Cor, II. If three jAuyies he passed through the centre 
of a sphere in such a way that each is 
perpendicular to the other two, the sur- 
face is dit^uled into eight equal tri-rec- 
tangular triangles. 

For each angle of either spherical tri- 
angle is a right angle. 

Also, each side of either triangle is a 
quadrant. (§ 191.) 

Hence, the spherical triangles are all equal. (§ 614.) 




\. CoR. III. The surface of a sphere is eight times the 
surfojce of a trirrectangular triangle. 
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626- Def. Two spherical polygons on the same sphere, 
or equal spheres, are said to be mutually equilateral, or 
mutually equianyvlnT, when the sides or angles of one are 
equal respectively to tlie liomologous sides or angles of the 
other, whether taken in the same or in the reverse order. 



Pkopositio.v XVI. Theokem. 

627. If two spherical triangles on the same sphere, > 
equal spheres, are mutually equiangular, t/ieir polar ft 
angles are mutually equilateral. 





Let ABC and DBF be mutually equiangular spherical 
triangles on the same sphere, or on equal spheres ; the 
angles A and D being homologous. 

To prove that their polar triangles, A'JfC' and I/E'F', 
are mutually equilateral. 

The angles A anil D are measured by the supplements 
of the sides IfC and F'F', respectively. (§ 619.) 

But by hypothesis, /iA=iiD. 

Whence, ffC = E'F'. (§ 33, 2.) 

In like manner, any two homologous sides of A'l^C and 
JjfR'F' may be proved equal. 

Therefore, A'B'C and 1)1 E'F' are mutually equilateral. 



iherical tri- 



62a Cob. (Converse of Prop. XVI.) If tu- 

anyles on the sunm sphere, or equal spheres, -^.^ 

equilateral, their polar trianijhs are mutually equiatigul 

(The proof is left to the student ; compai-e § 627.) 
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Proposition XVII. Theorem. 



k Jf two spherical triangles on the same sphere, or equal 
spheres, have two sides and the included angle of one eqnal 
respectively/ to two sides and the included angle of the other j 
I. They are equal if the equal parts occur in the same 
order, 

II. They are symmetrical if the equal parts occur in the 
reverse order. 

D' 






I. Let ABC and DEF be spherical triangles on the same 
sphere, or equal spheres, having 

AB = DU, AC = DF, and Z A =ZD. 

To prove ABC and DFF equal. 

Superpose ABC upon DEF so that Z A shall coincide 
with Z D; the side AB falling upon DE, and AC upon DF, 

Then, since AB = DE a,n(l AC = DF, B will fall at E, 
and C at F; and the side BC will coincide with EF, (§ 687.) 

Hence, ABC and DEF coincide throughout, and are equal. 

II. Let ABC and D^E'F' be spherical triangles on the 
same sphere, or equal spheres, having 

AB = D^E\ AC = DfF\ and Z ^ =Z iX. 

To prove ABC and VE'F' symmetrical. 

Construct the spherical triangle DEF symmetrical to 
DfE'F', having DE = DfE', DF = D^F', andAD^/LD^. 
Then in the spherical triangles ABC and DEF, we have 

AB = DE, AC = DF, smd ZA=ZD. 

Whence, ABC and DEF are equal. (§ 629, 1.) 

Therefore, ABC is symmetrical to D^E'F'. 
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Pbopobitioh XVIII. Theorbm. 

630. If two tpherical triangles oh the same sphere, or 
equal spheres, have a side and two adjacent angles of one 
equal respectively to a side and two adjacent angles of the 
other, 

I. They are equal if the equal parts occur in the same 
order. 

II. They are symmetrical if the equal parts occur in the 

(The proof is left to the student ; compare § 6 



Proposition XIX. Theorem. 



^ 



631. If two spherical triangles on the saTne sphere, or 
equal spheres, are mutually equilateral, they are mutually 

equiangular. 





Let ABC and DBF be mutually equilateral splterical 

triangles ou equal spheres, the sides liC and EF being 
homologous. 

To prove ABC and DEF mutually equiangular. 

Let and 0' be the centres of the res]>ective spheres. 

Draw OA, OB, OC, CXD, CF, and O'F. 

The triedrals 0-ABC and ff-DEF have their homolo- 
gous face angles equal. (§ 192.) 

Therefore, diedral OA = diedral O'T). (§ 465.) 

lint the spherical angles BAC and EDF are the plane 
angles of the diednils OA and O'D. (§ 604.) 

Whence, Z BAC = Z EDF. (§ 432.) 



THE SPHERE. 



333 



In like manner, any two homologous angles of ABC and 
DEF may be proved equal. 
Whence, ABC and DEF are mutually equiangular. 



I. Cor. If two spherical triangles on the same sphere, 
or equal spheres, are mutually equilateral, 

1 . Th ey a re equal if the equal pa rts oeeu r in the same order, 

2. They are symmetrical if the equal parts occur in the 
reverse order. 

Proposition XX. Theorem. 

633. Iftxoo spherical triangles on the same sphere, or equal 
spheres, are mutually equiangular, they are mutually equilat- 
eral. 





Let ABC and DEF be mutually equiangular spherical 
triangles on the same sphere, or equal spheres. 
To prove ABC and DEF mutually equilateral. 

Let A'lrC be the polar triangle of ABC, and D^E'F' of 
DEF, 

Then since ABC and DEF are mutually equiangular, 
A'lrC and D^E'F' are mutually equilateral. (§ 627.) 

Then A'B'C and DE'F' are mutually equiangular. (§ 631.) 

Therefore, their polar triangles, ABC and DEF, are mutu- 
ally equilateral. (§ 627.) 

634. CoR. If two spherical triangles on the same 8j)here, 
or equal spheres, are mutunlly equiangular, 

1. They are equal if the equal parts occur in the same order, 

2. They are symmetrical if the equal parts occur in the 
reverse order. 
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Proposition XXI. Theorem. 

635. In an isosceles spherical triangle, the angles oppo^ 
site the equal sides are equal. 




In the spherical triangle ABC, let AB = AC. 
To prove Z B = /. C. 

Let AH be an arc of a. great circle bisecting the side SC. 
Then in the spherical triangles ABD and ACI>, the side 
AD is common ; alao, AB ^ AC, and BD = CD. 
Then ABD and ACD are mutually equiangular. (§ 631.) 
Whence, Z B = Z C. 

636. Cor. I. Two symmetrical (§ 615) isosceles spherical 
triangles are equal ; for they can be apjilied one to the 

other so as to coincide throughout. 

637. CoR. II. (Converse of Prop. XXI.) If tioo angles 
of a spherical triangle are equal, the sides opposite are equal. 

In the spherical triangle ABC, let 
ZB = ZC. 

To prove AB = AC. 

Let A'JfC be the polar triangle of 
ABC. 

Then, A'l}' is the supplement of Z C, 
and A'C of Z B. 

Whence, A'B" = A'C. 

Therefore, Z C = Z IC. 

But AB is tho supplement of Z C, and AC of Z B'. 

Wlience, AB = AC. 
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Proposition XXII. Theorem. 

I. In any sjfherical triangle, the greater side lies oppo- 
site the greater angle. 




In the spherical triangle ABC, let Z ABC be > Z (7. 
To prove AC> AB. 

Let BD be an arc of a great circle making Z CBD = ZC, 
Tlien, BD = CD, (§ .637.) 

But, AT) + BI) > AB, (§ 620.) 

Therefore, AD + CD > AB. 

That is, AOAB, 



I Cor. (Converse of Prop. XX 11.) In any spherical 
triangle, the greater angle lies opposite the greater side. 

In the spherical triangle ABC, let AC be > AB, 
To prove Z ABC >ZC, 

If Z yi/^C were < Z C, AC would be < ^^. (§ 638.) 

And if ZABC were equal to Z C, AC would be equal to 
AB. (§ 637.) 

But each of these conclusions is contrary to the hypothesis 
that J C is > AB, 

Hence, ZABC>ZC, 



r 



EXERCISES. 



1. If the 8ide8 of a spherical triangle are 77^, 123^ and 95°, how 
many degrees are there in each angle of its polar triangle ? 

2. If the angles of a spherical triangle are 8(i°, 13 r, and 08°, how 
many degrees are there in each side of its polar triangle ? 
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Pbopobition XXIII. Theorem. 

640. The shortest line on the sitr/aee of a sphere between 
two given points is the are of a ffreat circle, not greater 
than a semt-drcumferenee, which joins the points. 




Let AB be an arc of a great circle, not greater than a 
semi-circumference, which joins the given points A and B. 

To prove AB the shortest line on the surface of the 
sphera between A and B. 

Let C he any point in the arc AB. 

Let J>CF and JiCO be arcs of small circles, having .<4 
and S respectively as poles, and AC and BC as polar 
distances. 

The arcs DCF and ECG have only the point C common. 

For let F be any other point in the arc DCF, and draw 
the arcs of great circles AF and BF. 

Then, AF + BF > AC + BC. (S 620.) 

Subtracting arc AF from the first member of the ine- 
quality, and its equal JC from the second member, we have 
BF > BC. 

Therefore, F lies witliout the small circle FCG, and the 
arcs I>CF and ECG have only the ]ioint C common. 

We will next prove that the shortest line on the surface 
of the sphere from Aio B must pass through C. 

Let ADEB be any line di'awn on the surface of the 
sphere between A and B, not i)assiiig through C, and cut- 
ting the arcs DCF and ECG at D and E, respectively. 

Then, whatever the nature of the line AD, it ia evident 
that an equal line can be drawn from A to C. 






k \ 
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In like manner, whatever the nature of the line BE, an 
equal line can be drawn from B to C, 

Hence, a line can be drawn from ^ to J5 passing through 
C, equal to the stmi of the lines AD and BE, and conse- 
quently less than the line ADEB by the portion DE, 

Therefore, no line which does not pass through C can 
be the shortest line between A and B, 

But C is any point in the arc AB. 

Hence the shortest line front A to B must pass through 
every point of AB, 

That is, the arc of a great circle AB is the shortest line 
which can be drawn on the surface of the sphere between 
A and B. y/ 

EXERCISES. 

3. Any point in the arc of a great circle bisecting a spherical 
angle is equally distant (§ 588) from the sides of the angle. 

[Prove, by §§ 629, II., and 33, 1, the equality of the arcs of great 
circles joining the i>oint to the poles of the sides of the angle.] 

4. State and prove the converse of Ex. 3. 

5. The sum of the angles of a spherical hexagon is greater than 
8, and less than 12, right angles. 

6. The sum of the angles of a spherical polygon of n sides is 
greater than 2 n — 4, and less than 2 7i, right angles. 

7. The sides opposite the equal angles of a bi-rectangular tri- 
angle are quadrants. 

8. State and prove the converse of Ex. 7. 

9. Any side of a spherical polygon is less than the sum of the 
femaining sides. 

19. The arc of a great circle drawn from the vertex of an isos- 
celes spherical triangle to the middle point of the base, is perpen- 
dicular to the base, and bisects the vertical angle. 

11. How many degrees are there in the polar distance of a circle, 
whose plane is 5 \/2 units from the centre of the sphere, the diame- 
ter of the sphere being 20 units ? 

% 12. The polar distance of a circle of a sphere is 60°. If the 
diameter of the circle is 6, find the diameter of the sphere, and 
the distance of the circle from its centre. 



"TT 
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MEASUREMENT OF SPHERICAL POLYGONS. 

64L Der. a lune ia a portion of the suifiice of a sphere 
bounded by two semi-circumferences of 
great circles ; as A CJiD. 

Tlie angle of the lune is the angle in- 
cluded between its bounding arcs. 

642. It is evident that two lunes on the 
game sphere, or equal spheres, are equal 
when their angles are equal. 

643. A spherical wedge is the solid bounded b; a lune 
and the planes of lits bounding arcs. 

The lune is called the haae of the spherical wedge. 




Pboposition XXIV. Theorem. 

644. The spherical triangles corresponding to a pair of 
vertical triedrals are symmetrical. 




Let A OA', BOir, and COC be diameters of the sphere .4 C. 
To prove the spherical triangles ABC and A'SC sym- 
metrical. 

The angles AOB, BOC, and CO A are equal respectively 
to the angles A'OB'. JfOC, and C'OA'. (§ 39.) 

Then, AD = A'/i', liC = IfC, and CA = C'A'. (5 192.) 

But the equal parts of ABC and A'B'C are arranged in 
the reverse order. 

Therefore, ABC and A'l^C are symmetrical. (S C32, 2.) 
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Propositio!J XXV. Thborch. 
645. Two symmetrical spherical IriangUe are equivalent. 




Let AA', BB", and CC be diameters of the M]>here AB. • 

Then the Bplietioal triangles ABC and A'B'C are sym- 
metrical. (§ 644.) 

To prove area AhC = are.a A'BC. 

Let P be the pole of the small circle passing through the 
)>oiiita A, B, and C, and draw the arcs of great circles PA, 
PB, and PC. 

Then, PA = PJi = PC. (§ 590.) 

Draw the diameter of the sphere PP. 

Also, draw the ares of great circles P'A', P'B', and P'C. 

Then the spherical triangles PAB and P'A'B are sym- 
metrical, (g 644.) 

lint the spherical triangle PAB is isosceles. 

Therefore, PAB is equal to P'A'B'. {% C36.) 

In like maimer, we may prove PBC equal to P'BC, 
and PCA equal to P'C A'. 

Tl>eu the sum of the aieas of the triangles PAB, PBG, 
Mid PCA is equal to the sum of the areas of P'A' If, P'BC, 
and P'C A'. 

That is, area ABC = area A'BC. 

646. Sen. If P and P" fall without the spherical tri- 
angles ABC and A'fCC. we should take the sum of tlie 
areas of two isosceles splierical trianjfles, diminished by 
the area of a third. 
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Fboposition XXyi. Theobbm. 

€47. Ttco lune* on the lame sphere, or equal tpkeres, are 

to each other as their angles. 

Note. The word *> Ume," In the above statement, sEgniflea the 
area of the lune. 

Case I. When the ang}«a are commensurable. 




Let ACBD and ACBE be two lunes, whose angles CAD 
and CAE are commensurable. 

ACBD ^ ZCAD 
ACBE Z CAE' 



To prove 



Let CA a be a common measure of the angles CAD and 
CAE, and let it be contained 5 times iu CAD, and 3 times 
in CAE. 

A CAD ^ 5 

Z CAE 3' 



Then, 



(1) 



Producing the several arcs of division of the angle CAD 
to B, the lune ACBD will be divided into 5 parts, and the 
lune ACBE into 3 parts, all of which parts will be equal. 

(5 642.) 
Then, ACBD ^5 

ACBE 3 ^^> 

From (1) and (2), we have, 

ACBD ^ Z CAD 
ACBE Z CAE' 
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Case II. When the angles are incommensurable. 




Let A CBD and A CBE be two lunes, wliose angles CAD 
and CAE are incommensurable. 

ACBD A CAD 



To prove 



AC BE Z CAE 



Let Z. CAD be divided into any number of equal parts, 
and let one of these parts be applied to Z. CAE as a 
measure. 

Since CAD and CAE are incommensurable, a certain 
number of the parts will extend from AC to AE', leaving 
a remainder E'AE less than one of the parts. 

Produce the arc A?y to B, 

ACBD ZCAD 



Then, 



(§ 647, Case I.) 



ACBE' ZCAE' 

Now let the numl:)er of subdivisions of the angle CAD be 
indefinitely increased. 

Then the magnitude of each part will be indefinitely 
diminished, and the remainder E'AE will api)roach the 
limit 0. 

Then, ^^^^ will approach the limit A^^ 
' ACBE' ^^ A CBE' 

. Z CAD .„ , .. y ., Z CAD 
and will api)roach the limit ;; — 

Z CAE' ^ ^ Z CAE 

By the Theorem of Limits, these limits are equal. (§ 188.) 

ACBD Z CAD 



Whence, 



A CBE Z CAE 
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64a Cob. I. The surface of « lune U to the surface of 
the spliere as tke angle of the lune is to four right angle». 
For the surface of a spliere laay be regarded aa a lune 

whose angle is equal to four right angles. 

649. Coic. II. Let L denote the area of a lune; A the 
numerical measure of its angle n'ferrcd to a riglit angle as 
the unit; and T the area of a tri-itctaugular triangle. 

Then the area of the aiirface of the sphere is 8 T. (§ 625.) 

Whence, s^^T' (§648-) 

- That is, X = 2 A x T. 



Hence, if the unit <if mcisure for angles Ix the right angle, 
the area of a lune is e'/vat to tirirn it^ augJc, multiplied by 
the arct of a tri-rertangnlar trinntjle. 

Thus, if the area of the surface of a sphere is 72, the 
area of a tri-rectaiigiihir triangle is \ of 72, or 0. 

Then, if the angle of a lune on this sphei-e is 5()°, or g of 
a right angle, its area is Y* "^ ^i "' H). 

650- SoH. It may be proved, exactly as in § C47, that 

The volume of a sjilicricnl irtvlge is to the volume of the 
sphere as the angle of the lune which forms its base is to four 
right angles. 

It follows from the al)Ove that 

If the unit of measure for angles is the right angle, the 
volume of a spherical wedge is eijuid to twice the angle of 
the tune which forms its base, multiplied by the volume of 
■ a tri-rert'tngulur pyramid. 

NoTB. A M-rfctanifular pyramid is a spherkal pyramid whose 
base Is a tri-rcctangnlar triangle. 

651. Dkk. Tht' s/ihcriral excess of a aphci'ical triangk is 
the excess of tin' sum of its angles alMive two ri,i,'ht angles. 

Thus, if the angles of a splirriwil trianglir are T.-'i'', 80°, and 
05°, its spherical excess is 05° + 80° + '.)o° — 180', or 00°. 
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Pkoposition XXVII. Theorem. 

652. If the unit of measure for angles is the right angle, 
',he area of a spherieal Iriangle is equal to its spherical excess, 
multiplied by the area of a tri-rectangular triangle. 




Let A, B, and C denote the numerical measures of the an- 
gles of the spherical triangle AJiC referred to a right angle 
as the unit ; and T the ai'ea of a tri-rectangular triangle. 
To prove area A/tC = (A + B + - 2)x T. 
Complete the cirenmfereiices ABA'B", ACA'C, and 
BCB'C; and draw the diameters AA', RB", and CC. 
Then since ABA'C is a lune whose angle is A, we liave 

area^/fC+ai-ea.I'BC = 2^ X 2" (§649). (1) 
And since BAB^C is a lune whose angle is B, 

area ABC + area AB'C = 2B xT. (2) 

Now A'lfC and ABC are symmetrical. (§ C44.) 

Whence, area A'B'C = area ABC. (§ 645.) 

Adding area ABC to both members, we liave 

area ABC + area A'B'C = area of lune CBC'A 

= 2C XT. (3) 

Adding (1), (2), and (3), and observing that the sum of 
the areas of ABC, A'BC, AB'C, and A'B'C is equal to the 
area of the surface of a henii.sphere, or 4 T, we have 
2area JBC + 4r= (2 A + 2 B + 2 C)x T. 
Then, area ABC + 2 T = (A + B + C)X T. 
Or, area. ABC = (A + B+ C—2)x T. 
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653- Son. I. Let it ha retjuired to tiiid the area of a 
splierical triangle whosu angles are 11)5°, 80", aiid 95°, od 
a sphere the area of whose surface is 144 sq. iu. 

The aphtriual excess uf the spherical triangle is 100°, or 
^ referred to a right angle as the unit. 

And the area of a tri -rectangular triangle is J of 144, or 
18 sq. in. 

Hence, the required area is V '^^ ^^< °^ 20 sq. in. 

654- Sen. II. It may be ]>i'Oved, as in g 652, that 

If the unit of measure for angles is the right angle, the 
volume of a trhtnijiihir spherlral pyramid is equal to the 
spherical ercexx of Hx base, miiltijilied bij the volume of a 
tri-rectangular pyramid. 

EXERCISES. 

13. Find the area of a spherical triangle whose angles are 103°, 
112°, and 127°, on a sphere the area of whose surface is 100. 

14. Find the volume of a triangular spherical pyramid the 
angles of nhose base are 112", 1111% and 134°; the volume of the 
sphere being 11)2. 

15. ^Tliat Is the volume of a splierii-ol weilge the angle of whose 
base Is 127° W, if the volume of the s|)here is 112 ? 

16. The area of a lune is 2K^ »{. In. If the area of the surface 
of the spliPre la 120 sq. in., what is the angle of tlie hme ? 

17. Whnt is the ratio of the areas of two splierieal triangles on 
the sumo splii-n-, wlmse angles are 1'4', V.IV, and 14(1°, and 87°, 1(B°, 
and 118°, rcsjH'cIiveiy ? 

18. The area of a sphei'ii'al triangle two of whose angles are 78° 
and (HP, is 341. If the area of ilip surface of the splirrc Is 234, what 

^s the othi-r angle? 
' '^^ 19. The volume of a Iriangnlar spherical pyramid tlie angles 
■ ^, of whose base are KB", 12(1°, and 147°, la (JOj; what is the volume 
'^ of the sphere ? 

20, If two slraighl lines are. tangent to a sphere at the same point, 
their plane is tiingt-nt to th<^ s[ihuri'. 

21. The sum of the an.'S of great circle.t drawn froTii any |K>int 
within a spherli'al triungli' to the extremities of any side, is teiis than 
the snin of tlio other two sides of the trlnnglc. 
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Proposition XXVIII. Theorem. 



V 



If the unit of measure for angles is ths right angle^ 
the area of any spherkal polygon is equal to the sum of its 
angles, diminished hy as many times two right angles <w the 
figure has sides less two, multiplied by the area of a trirrect- 
angular 'ti*iangle. 





Let K denote the area of any splierical polygon ; n the 
number of its sides ; « the sum of its angles referred to 
a right angle as the unit ; and T the area of a tri-rect- 
angular triangle. 

To prove if = [5 — 2 (n — 2)] X T. 

The spherical polygon may be divided into spherical 
triangles by drawing diagonals from any vertex ; the num- 
ber of such spherical triangles being equal to the number of 
sides of the spherical polygon, less two. 

Now the area of each splierical triangle is equal to the 
sum of its angles, less two riglit angles, multiplied by T. 

(§ 652.) 

Hence, the sum of the areas of the spherical triangles is 
equal to the sum of their angles, diminished by as many 
times two right angles as there are triangles, multiplied 
bv T. 

But the immber of triangles is tj — 2. 

Therefore, the area of tlie s])herical polygon is equal to 
the sum of its angles, diminished by n — 2 times two right 
angles, multiplied by T. 

That is, V A' = [5 — 2 (n — 2)] X T. 
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656. ScH. It may be proved, .is in g 6S5, that 

If the unit of mensiire for angles is the right angle, the 
volume of any spherical pyramid ii equal to the sum of the 
angles of its base, diminished by as many times two right 
angles as the base has sides less two, viultij/lied by the volume 
of a tri-rectangiil'ir pyramid. 

657. Cor. Let i* tkiiote the volume of a Sjiherical pyra- 
miil i and let A' denote the area uf the Iwise, n the number 
of its sides, and s tlie sum of its angles i-eferrcd to a right 
angle as the unit. 

Let V represent the volume of the sphere ; S the area of 
its surface ; T the aiva, of a tri-reetangidai- triangle ; and T' 
the volume of a tri-i-ectangular pyramid. 

Then, p = [, _ 2 (« - 2)] X T', (§ 656.) 

and A- = [s - 2 (n - 2)] X T. (§ 606.) 

Also, V = ST', and S =8T. 

Whence by division, 

iL=Il -u^^ = 11 
K 2' ' ■ " 'S T ' 

Therefore, :^ = Z.. 

That is, the volume of a spherical pyramid is to Us base 
as the volume of the spihere is to its surface. 

EXERCISES. 

V 23. Find Ilie area of a sphoricnl hexagon whose niiglfs nrc 120°, 
18lt°, I4iP, l-'i-j", 1IJ2', and 167°, on a siiherc tlie area of whose sur- 
face Is 280. 

23. Find the volume of a ponlagonal splicrii-al pyraiutd Ibe 
angles of mliose liase are 101)°, 12fl°, 137", IM", and 108"; the volume 
of the sphere being IHO. 

24. The arcs of great elreles hisectinf; Ihr angles of a Bpliorleal 
triangle nieoL in a iHiiiil ei|iia]ly iliatnnl from Llic Hides uf the 
triangle. (Kxa. .1, 4, ].. :W7.) 

29, A clrelc may l>e inscribed in any spherical triangle. 
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^ 26. State and prove the theorem for spherical triangles analogous 
to Prop. IX., I., Book I. 

27. State and prove the theorem for spherical triangles analogous 
to Prop, v., Book I. 

28. State and prove the theorem for spherical triangles analogous 
to Prop. LI., Book I. 

n -^ 4^/ 29. The volume of a quadrangular spherical pyramid, the angles 

of whose base are 110°, 122°, 135% and 140°, is 12f cu. ft. What is ^ 
the volume of the sphere ? 

^ "^ \^ 30. The area of a spherical pentagon, four of whose angles are \y 
112°, 131°, 138®, and 168°, is 27. \i the area of the surface of the 
sphere is 120, what is the other angle ? 

31. If the side AB of a spherical triangle ABG is equal to a. 
quadrant, and the side BC\& less than a quadrant, prove that Z ^ is 
less than 90°. 

32. If VAy PB, and PC are three equal arcs of great circles 
drawn from a point P to the circumference of a great circle ABC, 
prove that P is the pole of ABC, 

33. The spherical polygons corresponding to a pair of vertical 
polyedrals are symmetrical. 

V 34. Either angle of a spherical triangle is greater than the dif- 
ference between 180° and the sum of the other two angles. 

35. If a polyedron be circiunscribed about each of two equal 
spheres, the volumes of the polyedrons are to each other as the areas 
of their surfaces. 

36. If ABC and A^B'C are a pair of polar triangles on a sphere 
whose centre is O, prove that the radius 0/1' is perpendicular to the 
plane OBC. 

37. The intersection of two spheres is a circle, whose centre lies y 
in the line joining the centres of the spheres, and whose plane is 
perpendicular to this line. 

'T' 38. The distance between the centres of two spheres, whose radii 
are 25 In. and 17 in., respectively, is 28 in. Find the diameter of 
their circle of intersection, and the distance of its plane from the 
centre of each sphere. 
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MEASDKEMBNT OF THE CYLINDBB, CONB, 
AND SPHERE. 



THE CYLDTOER. 
Dkfinitions, 

656. A prism is said to be inscribed in a cylinder when 

its basea are inscribed In the bases of the cylinder. 

A prism is said to be cireuniacrihed about a cylinder ■when 
its bases are circumscribed about the bases of the cylinder. 

The lateral area of a cylinder is the area of its lateral 
surface. 

A right section of a cylinder is a section perpendicular to 
its elements, 

659. If a re^lar [wlygnn be inscribed in, or circumscribed 
alxiiit, a circk', and the number of 
its sides be indehuitely increased, 
its perimeter and area approach the 
circumfei-ence and area of the circle 
respectively as limita {% 303), 

Hence, if a- jirimn ichose base is a 
reffii/'ir jmlijgitn he inscribed in, or 
clrcitmaenhcd about a circvlar cylin- 
der (§ 553), and the number of its 
fiieex lie indcfnitelij inercised, 

1. Tl,e l-iti-nil area of the prism 
upprnaches the /■tt,-r;l area if the ri/Hndcr as a limit. 

'2. The rohiiiie if f/ie jirism upprom-hes tha volume <if the 
cylinder as a limit. 
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3. The perimeter of a right section of the prism ap- 
proaches the perimeter of a right section of the cylinder as 



a limit. 



Proposition I. Theorem. 



660. The lateral area of a circular cylinder is equal to 
the perimeter of a right section, multiplied by an element. 




Let S denote the lateral area, F the perimeter of a riglit 
section, and £ an element, of a circular cylinder. 
To prove S = FxK 

Inscribe in the cylinder a prism whose base is a regular 
polygon. 

Let aS' denote its lateral area, and P' the perimeter of a 
right section. 

Then since the lateral edge of the prism is U, we have 

S' = P'xE. (§ 485.) 

Now let the number of faces of the prism be indetinitely 
increased. 

Then, S' approaches the limit S, 

and P* xE approaches the limit P xE. 

(§ 659, 1, 3.) 

By the Theorem of Limits, these limits are equal. (§ 188.) 

Therefore, S = PxE, 

661. CoR. I. The lateral area of a cylinder of revolution 
is equal to the perimeter of its base multiplied by its altitude. 
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662. CuH. II. Lot S denote t)ie lateral area, T the total 
area, JI the altitude, ami K the nulius of the base, of a 
cylinder of revolution. 

Then, S = 2wltlf. (§368.) 

And r = 2 tA'// +2wlt* (S 371.) 

Proposition II. Toeokkm, 

663. The volume-of a circnlar ct/linder is equal to the 
product of its base and altitude. 




Let V denote the vohinie, IS the area of the base, and II 
the altitude, of a circular cylinder. 

To prove V = li X I{. 

Iiisciibe in the cylinder a prisni ivho.'ie base is a tegular 
prilygon ; let V denote its volume, and If tlie area of its ba^e. 

Then since the altitude of the jirisnt is //, we have 

V' = irx Jf. (S 507.) 

Kow let the number of faces of the \m?.m be indefinitely 
iiirreused. 

Tlien, J" appro.tchea the limit V. (§ 659, 2.) 

And- ir X Jt apiiroaclies the limit li x II. (S 363, II.) 

Therefore, V = It X Jf- (§ 188.) 

664. Ci.it. Let J' denote the volume, II the altitude, and 
li tlie radiu-H of the base, of a circular cylinder. 
Thon, V = irlim. ' (§ 371.) 
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Proposition III. Tueorem. 



The lateral or total areas of two similar cylinders of 
revolution are to each other as the sqiuires of their altitudes, 
or as the squares of the radii of their bases ; and their vol- 
nmes are to each other as the cubes of their altitudes, or as 
the cubes of the radii of their bases. 





Let S and s denote the lateral areas, T and 7 the total 
areas, V and v the volumes, H and h the altitudes, and R 
and r tlie radii of tlie bases, of two similar cylinders of 
revolution (§ 555). 

To prove S T H^ H^ 



s 



h' 



and 



V 

V 



III 






Tlie generating rectangles are similar. 

H R 



Whence, 



Then, 
S ^ 2 irRH 
8 2 irrh 



h r 
^ If + R 
h + r 



(§ 253, II.) 
(§ 239.) 



and 



t 2 vr (Jt '\. r) r r r^ h^ 



V 

V 



IT 



R'lr 



irr'h 



(§6(>4)=f xf=f =^r 



xh 
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Y^ THE CONE. 

Definitions. 



666. A pyramid is said to be hiscriiied in a cone vhea 
its base is inscribed in the base of the cone, aiid its vertex 
coincides witli the vertex of the cone. 

A pyramid is said to be circumscribed about a eone when 
its base is circumscribed about tlie base of the cone, and its 
vertex coincides with the vertex of the cone. 

A frustum of a pyramid is said to be inserihed in a 
fritsfum of (I cone when its bases are inscribed in the 
bases of tlie fnistum of tlie cone. 

A frustum of a pyramid is said to be circuTnscribed about 
a fmattnn of ti cone when its ba.ses are circumscribed about 
the bases of the frustum of the cone. 

The lateral area of a cone, or frustum of a cone, is the 
area of its lateral surface. 

The xl'int heiyhf of a cone of revohition is the straight 
line drawn from the vertex to any point in the circumfer- 
ence of the l)aKC. 

The slant height of a frustum of a cone of revolution is 
that portion of the slant height of the cone included between 
the bases of the friistum. 

667. It may l>e proved, exactly as 
§ 659, that y^/i 

If a pyramid vhose base is a repilar yY//j l 

polygon he inscribed in, or circumscrihed j'/./-W .( 
about, a- circnlar eone (S 565), and the 
number of i/s faces be indefnitely in- 

1. The lateral area of the pyramid approaches the lat- 
eral area of the rone as a limit. 

2. The rolumc of the pi/ramld approaches the volume of 
the cone, as a limit. 
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668. It follows from § 667 that 

If a frustum, of a pyramid whose base is a regular polygon 
he inscribed in, or circumscribed about, a frustum of a circu- 
lar cone, a7id the number of its faces be indefinitely increased, 

* 

1. The lateral area of the frustum of the pyramid ap- 
proaches the lateral area of the frustum of the cone as a limit. 

2. The volume of the frustum of the pyramid approaches 
the volume of the frustum of the cone as a limit. 

Proposition IV. Theorem. 



^ 669. The lateral area of a cone of revolution is equal to 
the circumference of its base, multiplied by one-half its slant 
height. 




Let S denote the lateral area, C the circumference of the 
base, and L the slant height, of a cone of revolution. 

To prove S=CxhL, 

Circumscribe about the cone a regular pyramid; let S 
denote its lateral area, and C" tlie j.)erimeter of its base. 

Then since the sides of the base of the pyi-amid are bi- 
sected at their points of contact, the slant height of the pyr- 
amid is the same as the slant height of the cone. (§ 515.) 

Therefore, S' =C' X^L. (§ ^'^^^ 

Now let the number of faces of the pyramid be indefi- 
nitely increased. 

Then, S' approaches the limit S, (§ 667, 1.) 

And C X^L approaches tlie limit C X i X. (§ 363, I.) 
Therefore, S=Cx{L, (§ 188.) 
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G70. Cor. Let S denote the lateral area, T the total 
ai'ea, L the slant height, and It the radius of the base, of a 
cone of revolution. 

Then, 5' = 2,r-B X 4 -£ (5 368) = wBL. 

And T=wJiL + wB*{% 371) = «■ 2i(L + £). 



Proposition V. Thkorem. 



671. The volume of a circular cone x. 
the product of its base and altitude. 



lal to OTie-third 




Let V denote the volume, B the area of the base, and J7 
the altitude, of a circular cone. 

To prove V^iBxff. 

Inscribe in the cone a pyramid whose base is a regular 
polygon ; let V denote its volume, and B' the area of its 
base. 

Then, r' = i if X //. (S 527.) 

Now let the number of faces of the -pyramid be indefi- 
nitely increased. 

Then, V approaches the limit V. (§ 667, 2.) 

And ^ If X -11 approaches the limit ^ li x H. 

(§ 363, 11.) 

Therefore, F = J ^ X -ff- (§ 188.) 

672. Cor. Let V denote the volume, II the altitude, and 
E the raalius of the base, of a circulai- cone. 
Then, y=\,rK^}[. (§371.) 
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Proposition VI. Theorem. 

673. The lateral or total areas of two similar cones of 
revolutio7i are to each other as the squares of their slant 
heights, or as the squares of their altitudes, or as the squares 
of the radii of their bases ; and their volumes are to each 
other as the cubes of their slant heights, or as the cubes of 
their altitudes, or as the cubes of the radii of their bases. 





Let aS^ and s denote the lateral areas, T and t the total 

areas, V and v the volumes, L and I the slant heights, H 

and h the altitudes, and R and r the radii of the bases, of 

two similar cones of revolution (§ 5C8). 

n, S T L^ m R^ 

To prove 



and 



s t l' h^ r»' 
V ^ U ^ i/« ^ R^ 



V r h^ r^ 
The generating triangles are similar. 

/v ^ i? ^ ^ ^ L + R 
I r h I '\' r 
Tlien, 



Whence, 



s 



IT 



JiL 



irrl 



(§ (u 0) = 



r r r^ l'^ h^ 



t Trr (/ 4- /•) r r r^ r ///* 



and 

V 



J wi'^h 
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Proposition VII. Theorem. 

674. The lateral area of a frustmn of a cone of revolution 
is equal to one-half the sum of the circumferences of its bases, 
multijplied by its slant height. 




Let S denote the lateral area, C and c the circumferences 
of the bases, and L the slant height, of a frustum of a cone 
of revolution. 

To prove S=\ {C + c) X L. 

Circumscribe about the frustum a frustum of a regular 
pyramid. 

Let S^ denote its lateral area, and C and c' the perime- 
ters of its bases. 

Then since the sides of the bases of the frustum of the 
pyramid are bisected at tlieir points of contact, the slant 
height of the frustum of the pyramid is the same as the 
slant height of the frustum of the cone. (§ 515.) 

Therefore, S' = l(C' + c')x L. (§ 524.) 

Now let the number of faces of the frustum of the pyra- 
mid be indefinitely increased. 

Then, S^ approaches the limit ^S^. (§ 6G8, 1.) 

And 
J (C + c*') X ^ approaches the limit ^ (C + c) X L, 

(§ 303, I.) 
Therefore, S=]^{C + c)x L- (§ 188.) 
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676. Cor. I. The lateral area of a frustum of a cone of 
ret^olution is equal to the circumference of a section equally 
distant from its bases, vixiltiplied by its slant height, 

676. Cor. II. Let S denote the lateral area, L the slant 
height, and R and r the radii of the bases, of a frustum 
of a cone of revolution. 

Then, .S' = J {2irR + 2irr) X L {% 368) = ir{R + r) L. 

Proposition VIII. Theorem. 

677. The volume of a frustum of a circular cone is equal 
to the sum. of its bases and a mean proportional between its 
bases, multiplied by one-third its altitude. 




Let V denote the volume, B and b the areas of the bases, 
and // the altitude, of a frustum of a circular cone. 

To prove F = (7i + Z» + ^WyTb) X h H, 

Inscribe in the frustum a frustum of a pyramid whose 
base is a n^giYlar polygon ; let F' denote its volume, and B^ 
and // the areas of its bases. 

Then, V = (/?' + // + VJVxl^') X i //. (§ 532.) 

Now h^t the number of faces of the frustum of the pyra- 
mid be indefinitely increased. 

Then, V ap])roaches the limit V, (§ 668, 2.) 

And (B' + b' + Vli' X b') X J /^ ai)proaches the limit 

{B + b + VifxH) X i //. (§ 363, II.) 

Whence, V={B+b + ^/Bxb) X J iT. (§ 188.) 



] 
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©78- OoR. Let V ilenoto the volumf, H tho altituilc,, and 
R and r the radii of the bases, of a fnistum of a circular 

Then, li = irB', ami b = rr'. (§ 371.) 

"VVlionct?, V/i~xl = Vw^'lPr^ = xAV. 

Thercforts V = (wli' + "-r* + nlir) x J i/ 



tT 



EXERCISES. 



. Flnil the lutcral arva, tiitat un^a, nnd voltimi! of a cylinilcr of 
ruvolutioii, the iliaiiiutiTof whose base Is lH, an<l whu8<! allltuilc is ID. 

2. Fiiiil the lati-ral area, total aiva, and vohiiiie of a cone of 
revolution, the radius of whose base is 7, and whose slant height 
Is 25. 

3. Find the lateral area, total area, anit volume of a frustum of 
a cone of revolution, the diameterx of wliose bases arc 1(1 ami U, and 
whose altitude is 12. 

4. Find the attilu'te .iml diameter of the base of a cylinder of 
revolution, whose lateral area is ll>8n anil volume -'■(M n. 

5. Find the volume of a eoni! of revolution, whose slant height 
is 21) and lateral area .'i80 it. 

6. Find the Iati;ral area of a cone of revolution, whose volume is 
3201 and allltiKle lr>. 

7. Find the volume of a cylinder of revolution, whose total area 
lal70;iandaltiliide VI. 

8. Th<^ attitude of a cone of revolution Is 27, and the radius of 
its hmw Is Id. What is the diameter of the base of an et|uivalent 
cflinder of revolution, whose altitmie is lit ? 

9. The area of tho entire surfaci^ of a frustum of a cone of revo- 
lution is :100 n, and the nulll of Its bases are 11 and r,. Find its lat- 
eral area and volume. 

10. The volume of a frusluiii of a cor 
alllLude is (iO, and the rndlus of Its lowet 
of ilK upper base ami It-' lateral area. 

11. Find the altitude and lateral aira of a eone of revolution, 
whose volume Is HOO .7. anil whose slant height Is to the diameter of 
its baxc as IM to 10. 
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THE SPHERE. 
Definitions. 

679. A zone is a poi-tiou of the surface of a sphere in- 
cluded between two i)arallel planes. 

The circumferences of the circles which bound the zone 
are called the ha^ies^ and the perpendicular distance between 
their planes the altitude, 

A zone of one base is a zone one of whose bounding ])lanes 
is tangent to the sphere. 

680. A splierical segment is a portion of a sphere included 
between two parallel planes. 

The circles which bound it are called the bases, and the 
perpendicular distance between them the altitude. 

A spherical segment of one base is a spherical segment 
one of Avhose bounding i)lanes is tangent to the sphere. 

681. If the semicircle ^Cii''^ be revolved about its diam- 
eter AB as an axis, and CD and lUF are 
perpendicular to AB, the arc CE gener- 
ates a zone whose altitude is J)F, and 
the figure CEFD a spherical segment 
whose altitude is DF. 

Tlie arc AC generates a zone of one 
base, and the figure AC J) a spherical 
segment of (me base. 




If a semicircle be revolved about 
its diameter ^s an axis, any sector gener- 
ates a solid cxilled a spherical sector. 

Thus, if the semicircle ACDB be re- 
volved about ^7? as an axis, the sector 
OCD generates a spherical sector. 

The zone generated by the arc CI) is. 
called the base of the spherical s(?ctor. 
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IX. Theorem. 

683. Tlie area generated bt/ the revolution of a ntniitjht 
line (iliout an axU in its plane, not parallel to itself, is equal 
to its projection on the axis, multiplied by the circamferenee 
of a circle, whose radius is tlie, per2)ettdicular ererted at the 
middle point of the line and tei'minating in the axis. 




Let the straight line AB be revolved about the axis FM 
in its plane, not parallel to itself. 

Let CZ) be the projection of AB on FM, and JSF the per- 
pendicular erected at the middle point of AB, terminatiug 
in the nxin. 

To prove area vlB* = Ci) X 2«i.'/'. (§368.) 

Draw AG perpendicular to BD, and KJf i>eri>endicular 
to CI>. 

TliL' surface generated by AB is the lateral i 
frustum of a cone of revolution, whose bases ar 
by AC and IW. 

Then, area AB = AB X 2 jtAV/. 

But tin; ti'iangles ABO and Jii'JI are similar. 

AVbence, I^^ = W 

Therefore, All X FJ/ = A <! X EF 

= CD X KF. 
Then, area A I! = CDx'i -rEF. 



urfaco of a 
J generated 



(S 073.) 
(S 261.) 



(S 231.) 
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684. If an isosceles tnungle be revolved about an axis in 
its plane, not j^arallel to its base, which passes through its 
vertex without intersect 'nig its surface, the volume generated 
is equal to the area generated by the base, multiplied by one- 
third the altitude. 




Let the isosceles triangle OAB be revolved about the axis 
OF in its plane, not parallel to AB*, and draw the altitude 
00, 

To prove vol. OAB * = area AB X i 00. 

Dra\v^Z> and BE perpendicular to OF] and produce BA 
to meet OF at F. 

Now, vol. OBF = vol. OBE + vol. BEF 

= i irBE'' xOE + ^ ttBE'' X EF (§ 672.) 

= J ■jtBE'' X (0E+ EF) = J ^BE X BE X OF. 

But BE X OF = 00 X BF\ for each expresses twice the 
area of the triangle OBF, (§ 313.) 

Hence, vol. OBF = J irBE xOC X BF. 
But wBE X BF is the area generated by BF. (§ 670.) 
Wlience, vol. OBF = area BF X i 00. (1) 

Similarly, vol. OAF = area AF X i OC. (2) 

Subtracting (2) from (1), we have 

vol. OAB = (area BF - area AF) X ^ 00 
= area ^^ X J 00. 



• The expression •♦ vol. OAB " is used to denote the volume generated by OAB, 



l^ 



362 SOLID GEOMETRY. — BOOK IX. 

pROrOSlTIOM XI. TllKOKEM. 

685. The area of the surface of a sphere is equal to its 
diameter multiplied by the circumference of a tfreat circle. 




Let be the ci'iitre of the semicirrle AI>J! ; and let the^.^ 
Bpliere be generated by the rcvohitioii of ADH about AB *9^ 
au axis. 

I^et R denote the radius of the sphere. 

To prove that the area of the surface of the sphere is 
AB X 2wii. 

Divide the arc AVB into four equal arcs, AC, CD, HE, 
and Elt; and draw the chords AC, CD, I>E, awA Eli. 

Also, draw CC, DO, and EE' jierpendicular to AB, and 
OF perpendicular to AC. 

Then, area AC = AC X 2 tOF. (§ 683.) 

Also, area C7) = CO X 2TrOF; etc. 

Ailding tliese equations, we have 

area generated by broken line ACDEB 

= {AC' + C'O + otc.)x 2 ,rOF= AH x2nOF. 

Now let the subdivisions of the arc ADB be bisected 
iniletinitely. 

Then the ai-ea generated by the broken line ACDEB 
approaches the area generated by the ojz ADB as a limit. 
(§ 3(!3, I.) 

And .(/.' X 2irOF a(Jiiroaches .-J7J X 2 ir7t as a limit. 

(§ 364, 1.) 

Then area generated by arc ADB =: AB x 2 itJi. (S 188.) 
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I Cor. I. Let *S^ denote tlie area of the surfjice of a 
sphere, E its radius, and I) its diameter. 

Tlien, >Sf = 2 ie X 2 TT^ = 4 wE^ 

That is, the area of the surface of a sphere is eqwil to the 
square of its radius viultiplird hy 4 ir. 

Again, S = ir X (2 RY = irlA 

That is, the area- of the surface of a sphere is equal to the 
square of its diameter multijdied hy tr, 

687. CoK. ir. Let S and S' denote the areas of the 
surfaces of two spheres, it and Bf their radii, and D and 1/ 
their diameters. 

S_ ^ A-frR' ^ R^ 

S' 4 'ttR'' R'' ' 



Then, 
and 



(§ G86.) 



That is, the areas of the surfaces of two sphcius are to 
each other as the squares of their radii, or as the squares of 
their diameters. 



688. Cou. III. Let O be the centre of the arc AB\ and 
draw A A and BB' perpendicular to the 
diameter OM, 

It may be proved, as in § (SSb, that the 
Jirea generated by the revolution of the 
arc A B about OM as an axis is equal to 

A'lr x27rR, 
where R is the radius of the arc. 

Tliat is, the area of a none is e^jual to its altitude multiplied 
by the circumference of a great circle. 
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EXERCISES. 

12. Find the area of tho surface of a sphere whoso radius is 12. 

13. Find tho area of a zone whoso altitude is 1:5, if tlie radius of 
the sphere is ir». 

14. The surface of a sphere is equivalent to four great circles. 
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Proposition XII. Theobbh. 

689. The volume of a sphere is equal to the area of its 
arface multiplied by one-third its radius. 




Let be the centre of the semicircle ADB) and let the 
sphere be generated l»y tlie revolution of ADB about AB as 
an axis. 

Let R denote the radius of the sphere. 

To prove that the volume of the sphere is equal to tlie 
area of its surface, multiplied by J R. 

Divide the arc ADB into four equal area, AC, CD, DE, 
and EB; and Avuw the chords AC, CD, DE, and EB. 

Draw OC, OD, and OE; also, OF perpendicular to AC. 

Then, vol. OAC = area AC y.\OF. (§ 684.) 

Also, vol. OCD = area CD X i OF; etc. 

Adding these equations, we have 

volume generated by polygon ACDEB 

= (area AC + area CD + etc.) X i OF 
= a,Yi-a. ACDEB X \0F. 

Now let the sulxlivisions of the arc ADB be bisected 
indefinitely. 

Then the volume generated by the polygon ACDEB 
approaches the volume generated by tlie semicircle ADB 
as a limit (S 363, 11.) 

And the area generated by ACDEB x \ OF approaches 
the area generated by the arc ADB X 1 li as ii limit. 

{SS 363, I., 364, 1.) 
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Then volume generated by ADB 

= area generated by arc ADB X k B- (§ 188.) 

690. Cor. I. Let V denote the volume of a sphere, B 
its radius, and D its diameter. 

Then, r = 4 ttB' X i i? (§ 086) = J irB^ 

That is, tite volume of a sphere is equal to the cxibe of its 
radius multiplied by J tt. 

Again, F = J jt X (2 ^)» = J 7rZ)». 

That is, the volume of a sphere is equal to the cube of its 
diameter multiplied by J tt. 

691. CoR. II. Let V and V denote the volumes of two 
spheres, B and B^ their radii, and D and // their diameters. 

V _^ ttB^ _B^ 



Then, 
and 



(§ 690.) 



That is, the volumes of two spheres are to each other as the 
cubes of their radii^ or as the cubes of their diameters. 




692. Cor. III. Let OAB be a sector of a circle. 
It may be proved, as in § G8i), that the 

volume generated by the revolution of 
GAB alx)ut the diameter OM as tan axis, 
is equal to the area generated by the arc 
AB, multiplied by J B, where B is the 
radius of the arc. 

That is, the volume of a spherii^al sector is equal to the 
area of the zone irJtich forms its base, multiplied by one-third 
the radius of the sj^here. 

693. CoR. 1\. Let h denote the altitude of the zone 
which forms th(». base of the si)herical sector of § 692. 

Then, vol. GAB ^ h x 2 ttB X i B (§ 688.) 

= 8 wBVi. 



V 
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694. Cor. V. Let P denote the volume of a spherical 
pyramid, and K the area of its base ; also, let V denote the 
volume, S the area of the surface, and R the radius, of the 
sphere. 

Then, ^, = J (§ 657) = \^^ (§§ 686, 690) = J R. 

Whence, P = Kx^R. 

That is, the volume of a sphencal pyramid is equal to the 
area of its base multiplied by one-third the radhis of the 
sphere. 



T 



Proposition XIII. Problem. 
To find the volume of a spherical segment. 




Let be the centre of the arc ADB, 
Draw A A' and BJ^ pei-pendicular to the diameter OM. 
To find the volume of the spherical segment generated by 
the revolution of the figure ADBB'A' about OM as an axisC 

Let AA' = /, Bir = r, A'jr = //, and OA = R. 
Draw OA, OB, and yl/i; also, draw OC perpendicular to 
AB, and AE perpendicular to Blf. 

Now, vol. ADBB'A' = vol. ACBD + vol. ABB'A\ (1 ) 
Also, vol. ACBD = vol. OADB — vol. OAB. 
r>ut, vol. OAD/i = § irRVi. (§ 693.) 

And vol. OAB = area AB x \ OC (§ 684.) 

= h x27rOC X J OC (§ 683.) 

= 5 w~OC\. 
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Then, 

But, 

Then, 
Now, 



vol. ACDB = ^irR'h — 15 ir'OC\ 



i?2__ 0C'' = AC'' 



2 



(§ 274.) 



= {^ABy^\AB\ 



vol. ACDB = lirX \ Air X A = J wAIih. 



~J-r,-2 



yi 



(§ 273.) 



(§ 07S.> 



AB^ = />'/;" + AI;!^ 

= (r _ /)2 + /i2. 

Then, vol. A CDB = J tt [(r - //' + ^''] ^'• 
Also, vol. ABB' A' = J tt {r' + /-^ + r/) //. 

Substituting in ( 1 ), we have 

vol. ADBirA' 

= i ^ [C'*- O' + ^^'] /^ + 1 ^ ('•' + '•" + ^'^) ^' 

= J ^ (r2— 2 r/ + /-^ + /i*-* + U /-^ + 2 /•"'* + 2 r/) h 
= J ^ (3 r2 + 3 /-^ + A-^) A 




I. CoK. If r denotes the radius of tlie base, and h the 
altitude, of a spherical segment of one base, its voUime is 



J irrVi + J 7rh\ . 



« 



EXERCISES. 



15. Find the volume of a ai)hcre whose radiiLS is 12. 

16. Find the vohime of a spherical sector the altitude of whose 
base is 12, the diameter of the sphere being 25. 

17. Fiml the volume of a spherical segment, the radii of whose 
bases are 4 and 5, and whose altitude is 0. 

^ 18. Find the radius and volume of a sphere the area of whose 
surface is 324/i. 

• 19. Find tlie diameter and area of the surface of a sphere whose 
volume is ^^5;^, 

20. The surface of a sphere is equivalent to the lateral surface of 
its circumscribed cylinder. 

X 21. The volume of a sphere is two-thirds the volume of its cir- 
cumscribed cylinder. 

^ 22. A spherical cannon-ball 9 in. in diameter is dropped Into a 
cubical box filled with water, whose depth is 9 in. How many cubic 
Inches of water will be left in the box ? 
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N 23. What is the angle of the base of a spherical wedge whose 
volume is ^ tt, if the radius of the sphere is 4 ? 

^ 24. Find the area of a spherical triangle whose angles are 126°, 
133°, and 156°, on a sphere whose radius is 10. 

^ 25. Find the volume of a quadrangular spherical pyramid, the 
angles of whose base are 107°, 118°, 134°, and 146°; the diameter of 
the sphere being 12. 

26. The surface of a sphere is equivalent to two-thirds the entire 
surface of its circumscribed cylinder. 

J^ 27. The volume of a cylinder of revolution is equal to its lateral 
area multiplied by one-half the radius of its base. 

28. Prove Prop. IX. when the straight line is parallel to the axis. 

29. Find the area of the surface and the volume of a sphere, 
Inscribed in a cube the area of whose surface is 486. 

\4 30. How many spherical bullets, each J in. in diameter, can be i 

lormed from five pieces of lead, each in the form of a cone of revo- ^ ^V 
lution, the radius of whose base is 5 in., and whose altitude is 8 in. ? ^Ur 

N 31. Find the volume of a sphere circumscribing a cube whosey 
volume is 64. ^f 

^ 32. A cylindrical vessel, 8 in. in diameter, is filled to the brim 
with water. A ball is immersed in it, displacing water to the depth 
of 2^ in. Find the diameter of the ball. M 

^(^ 33. The radii of the bases of two similar cylinders of revolution 
are 24 and 44, respectively. If the lateral area of the first cylinder 
is 720, wliat is the lateral area of the second ? 

34. The slant heights of two similar cones of revolution are 9 
and 15, respectively. If the volume of the second cone is 625, what 
is the volume of the first ? 

^ 35. The total areas of two similar cylinders of revolution are 32 
and 162, respectively. If the volume of the second cylinder is 1458, 
what is the volume of the first ? 

-^^■^36. Tlie volumes of two similar cones of revolution are 343 and 
512, respectively. If the lateral area of the first cone is 106, what Is 
the lateral area of the second ? 

'^ 37. If a sphere 6 in. in diameter weighs .351 ounces, what is the 
weight of a sphere of the same material whose diameter is 10 in. ? 

-^^ 38. If a sphere whose radius Is 12 J in. weighs 3125 lb., what Is 
the radius of a sphere of the same material whose weight is 819i lb. ? 
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39. The altitude of a frustum of a cone of revolution is 8^, and 
the radii of its bases are 5 aud 3. What is the diameter of an 
equivalent sphere ? 

\ 40. Find the radius of a sphere whose surface is equivalent to the 
entire surface of a cylinder of revolution, whose altitude is 10^ and 
radius of base 8. 

^ 41. A cubical piece of lead, the area of whose entire surface is 
384 sq. in., is melted and formed into a cone of revolution, the radius 
of whose base is 12 in. Find the altitude of the cone. 

42. The volume of a cylinder of rc^volution is equal to the area of 
its generating rectangle, multiplied by the circumference of a circle 
whose radius is the distance to the axis from the centre of the 
rectangle. 

43. The volume of a cone of revolution is equal to its lateral 
area, multiplied by one-third the distance of any element of its 
lateral surface from the centre of the base. 

44. Two zones on the same sphere, or on equal spheres, are to 
each other as their altitudes. 

45. The area of a zone of one base is equal to the area of the 
circle whose radius is the chord of its generating arc. 

46. If the radius of a sphere is /?, what is the area of a zone of 
one base, whose generating arc is 45° ? 

V^47. If the altitude of a cone of revolution is 24, and its slant 
height 25, find the total area of an inscribed cylinder, the radius of 
whose base is 2. 

^48. Find the area of the surface and the volume of a sphere cir- 
cumscribing a cylinder of revolution, the radius of whose base is 9, 
and whose altitu<lc is 24. 

49. A cone of rovolution is circumscribed about a si)here whose 
diameter is two-thirds the altitude of the cone. Prove that its 
lateral surface and volume are, respectively, thn*e-halves and nine- 
fourths the surface and volume of the sphcn*. 

50. If the altitude of a cone of revolution is three-fourths the 
ra<lius of its base, its volume is equal to its lateral area multiplied by 
one-fifth the radius of its base. 

51. A cone of revolution is inscribed in a sphere whase diameter 
is J the altitucle of the cone. Prove that its lateral surface and vol- 
ume are, respectively, J and 3^ the surface and volume of the sphere. 
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52. If the radius of a sphere is 25, find the lateral area and vol- 
ume of an inscribed cone, the radius of whose base is 24. 

53. If the volume of a sphere is ^^ n, find the lateral area and 
volume of a circumscribed cone whose altitude is 18. 

/ 54. Find the volume of a spherical segment of one base whose 
altitude is 6, the diameter of the sphere being 30. 

V 55* ^ circular sector whose central angle is 45° and radius 12, 
revolves about a diameter perpendicular to one of its bounding 
radii. Find the volume of the spherical sector generated. 

56. Two equal small circles of a sphere are equally distant from 
the centre. 

57. A square whose area is A, revolves about its diagonal as an 
axis. Find the area of the entire surface, and the volume, of the 
solid generated. 

V 58. How many cubic feet of metal are there in a hollow cylindri- 
cal tube 18 ft. long, whose outer diameter is 8 in., and thickness 
1 in.? 

V 59. The altitude of a cone of revolution is in. At what dis- 
tances from the vertex must it be cut by planes parallel to its base, 
in order that it may be divided into three equivalent parts ? 

60. Given the radius of the base, R, and the total area, T, of a 
cylinder of revolution, to find its volume. 

61. Given the diameter of the base, D, and the volume, F, of a 
cylinder of revolution, to find its lateral area and total area. 

62. Given the altitude, H, and the volume, F, of a cone of revo- 
lution, to find its lateral area. 

63. Given the slant-height, L, and the lateral area, 5, of a cone 
of revolution, to find its volume. 

64. Given the area of the surface of a sphere, 8, to find its 
volume. 

65. Given the volume of a sphere, F, to find the area of its 
surface. 

66. A right triangle whose legs are a and b revolves about its 
hypotenuse as an axis. Find the area of the entire surface, and the 
volume, of the solid generated. 

67. The panillel sides of a trapezoid are 12 and Z^, respectively, 
and its non-parallel sides are 10 and 17. Find the volume generated 
by the revolution of the trapezoid about its longest side as an axis. 
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68. Find the diameter of a sphere in which the area of the sur- 
face and the volume are expressed by the same nuuibers. 

69. An equilateral triangle, whose side is a, revolves about one of 
its sides as an axis. Find the area of the entire surface, and the 
volume, of the solid generated. 

70. An equilateral triangle, whose altitude is h, revolves about 
one of its altitudes as an axis. Find the area of the surface, and the 
volume, of the solids generated by the triangle, and by its inscribed 
circle. 

71. Find the lateral area and volume of a cylinder of revolution, 
whose altitude is equal to the diameter of its base, inscribed in a 
cone of revolution whose altitude is ft, and radius of base r. 

72. Find the lateral area and volume of a cylinder of revolution, 
whose altitude is eqiuil to the diameter of its base, inscribed in a 
sphere whose radius is r. 

73. An equilateral triangle, whose side is a, revolves about a 
straight line drawn through one of its vertices parallel to the oppo- 
site side. Find the area of the entire surface, and the volume, of 
the solid generated. 

^ 74. If the radius of a sphere is /?, find the circumference and area 
of a small circle, whose distance from the centre is h, 

*^75. The outer diameter of a spherical shell is in., and its thick- 
ness is 1 in. What is its weight, if a cubic inch of the metal weighs 
ilb.? 

76. A regular hexagon, whose side is «, revolves about its longest 
diagonal as an axis. Find the area of the entire surface, and the 
volume, of the solid generated. 

77. The sides Ali and liC of a rectangle A BCD are 5 and 8, 
respectively. Find the volumes generated by the revolution of the 
triangle ACD about the sides AB and BC as axes. 

78. The sides of a triangle are 17, 25, and 28. Find the volume 
generated by the revolution of the triangle about its longest side as 
an axis. 

79. The cross-section of a tunnel 2| miles in length is in 
the form of a rectangle y<l. wi<le and 4 yd. high, surmounted 
by a semicircle whose diameter is ecjual to the width of the rec- 
tangle. How many cubic yards of material were taken out in its 
construction ? 
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80. A frustum of a circular cone is equivalent to three cones, 
whose common altitude is the altitude of the frustum, and whose 
bases are the lower base, the upper base, and a mean proportional 
between the bases of the frustum. (§ 677.) 

^_ 81. The volume of a cone of revolution is equal to the area of its 
generating triangle, multiplied by the circumference of a circle 
whose radius is the distance to the axis from the intersection of the 
medians of the triangle. 

^^J52. If the earth be regarded as a sphere whose radius is 1?, what ^yl ^ 
is the area of the zone visible from a point whose height above the " 
surface is U? 

83. The sides AB and BC of an acute-angled triangle ABCy are 
V241 and 10, respectively. Find the volume generated by the revo- 
lution of the triangle about an axis in its plane, not intersecting 
its surface, whose distances from A^ B, and C are 2, 17, and 11, 
respectively. 

84. A projectile consists of two hemispheres, connected by a cyl- 
inder of revolution. If the altitude and diameter of the base of the 
cylinder are 8 in. and 7 in., respectively, find the number of cubic 
inches in the projectile. 

85. A tapering hollow iron column, 1 in. thick, is 24 ft. long, 
10 in. in outside diameter at one end, and 8 in. in diameter at the 
other. How many cubic inches of metal were used in its construc- 
tion ? 

86. If any triangle be revolved about an axis in its plane, not 
parallel to its base, which passes through its vertex without inter- 
secting its surface, the volume generated is equal to the area gener- 
ated by the base, multiplied by one-third the altitude. 

87. If any triangle be revolved about an axis which passes through 
its vertex parallel to its base, the volume generated is equal to the 
area generated by the base, multiplied by one-third the altitude. 

88. A segment of a circle whose bounding arc is a quadrant, and 
whose radius is r, revolves about a diameter parallel to its bounding 
chonl. Find the area of the entire 8iu*face, and the volume, of the 
solid generated. 

89. Find the area of the surface of the sphere circumscribing a 
regular tetraedron whose edge is 8. 
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ANSWERS 



TO THE 



NUMERICAL EXERCISES. 



NoTBi Those answers are omitted which, if gircn, would destroy the utility 

of the problem. 



Page 16. 
6. 24*». 7. 63^ SCy, 20** SO'. 8. 22** SO', 15r» 30'. 

9. zr. 

Page 41. 
27. ^ = 20°, i? = 60^, C = 100°. 

Page 44. 
31. ^ = 112° SO', B = 33° 45', C= 33°45'. 

Page 68. 
96. 7. 

Page 97. 
15. 52° SO'. 17. 96°. 18. 164°. 

Page 98. 
21. 28° 45'. 22. 44° SO'. 23. 12». 

Page 99. 
26. 54° 30'. 26. 178°. 

Page 101. 
29. 112° 30'. 42. 83°, 89° SO', 97°, 90° SO', 74° W. 

Page 102. 

65. ZAED = U°ZO\ ZAFB = l(JPZOr. 

68. 114° 30', 89° SO', 65° 30', 90° SO'. 



GEOMETRY. 



12. 15. 



Page 103. 

70. or scr, 89<' scr, 82<> scr, do° 3(y. 

Page 126. 
1. 112. 2. 42. 3. }^. 4. 6S. 

Page 132. 
5. 3t, 2i. 6. llf, 18f. 

Pace 138. 
7. 19f,25t. 

Page 141. 
9. 4 ft. In. 10. 12. 

Page 145. 
13. 37 ft. 1 in. 14. 47 ft. 6 in. 

16. 1 ft. 9.21 + in. 



16. 4.33 + 



Page 147. 
18. 58. 19. 24. 

Page 153. 

21. 21. 24. 18. 27. 48. 28. 10. 29. 13i. 

30. 12.727 +. 31. 45. 

Page 154. 
33. 17f. 36. 50. 40. \/l29, 2V2I, \^0l. 41. 3i. 

, Page 155. 
46. 36. 48. 63. 49. 3 and 4; U and 3|. 55. 24. 
56. 17. 57. 21, 28. 58. 8V^. 59. 12, 4. 

Page 156. 
61. 3'/3. 62. 14. 69. 21. 72. 70 and 99; 65 and 117. 

Page 165. 
1. 4:3. 



2. 30} ft. 



Page 167. 
3. 8 ft 9 in. 4. 14, 12. 6. 6 ft 11 In., 20 ft 9 in. 
6. 26 yd. 1 ft. 

Page 169. 
7. 6 sq. ft 60 sq. in. 



ANSWERS. 

Face 172. 
8. 2 sq. ft. 48 sq. in. 9. 243. 

Page 175. 
11. 210; 16J, 24H, 15. 12. 73. 



13. 117. 



Pa«e 177. 
18. y Vs. 19. 3 V3. 20. 2 ft. 10 in. 22. 120. 25. 210. 

26. 18. 

Face 178. 

27. lift. 28. 6. 29. AVS, 30. 1260. 34. 160. 36. 17. 

36. 624. 38. 540. 39. 28. 42. 4^. 43. 30, 16. 

• Tsge 179. 
44. 36|. 47. ^V2,llV2. 48. 54. 61. 39,45. 62. 1010. 

53. 336. 

Page 207. 
29. 9.- 30. 64:121. 31. 13. 32. fV2. 

Page 211. 

34. 15.708, lft.63.5. 35. Area, 452.3904. 

36. Circumference, 50.2056. 49. 35.6048. 60. 36.81424. 

51. 9.827. 

Page 212. 
52. 10.2102. 53. 72. 54. 160.7968. 55. 1.2732. 

66. 201.0024. 67. 18.8400. 58. 60.2050. 

59. 37.0992, 0.4248. 60. 25.1328, 35.5377. 61. 9.06. 

62. 1300.0a50 sq. ft. 63. 120.00 ft. 64. 67 in, 

65. 57.205^+. 66. 2.658. 67. 6.64. 

Pace 224. 
55. IOVT. 

Pace 825. 
61. 8. 65. IH- 

Pace 228. 
91. 48a 
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Page 275. 
1. 4:3. 2. 2:5. 

Page 277. 

4. 42. 5. 1 ft. 9 in. 6. 34f| cu. in. ; 631 sq. in. 7. 574. 

8. 1008. 9. 12 and 7. 10. 1944. 13. 17. 

Page 279. 
14. Volume, 50 Vz. 

Page 280. 
16. Volume, ^^V^, 

Page 293. 

19. v^, 18\/237, I8OV3. 20. iVlB, 3\/i09, 15. 

21. \/97, 12\/93, 72 V3. 22. 4 VIST, 504 V3, 936 >/3. 

23. 6V3, 56V26, 503 J. 24. 4Vl0, 72 V31), 672 Vs. 

25. 150. 26. 320. 27. 2400 sq. in. 28. 3JS5 cu. ft. 

29. 770. 30. Volume, 48 Vs. 31. 840. 32. 86 sq. in. 

33. 12 in. 

Page 294. 

34. 512, 384. 35. 1705. 36. 144. 37. 10, 1. 

38. 700, 1568. 39. jV57, 640 V3. 40. 42V\n, 624 V3. 

41. 240, ^pVlIO. 42. 108, 21V39. 43. 768,2340. 

Page 295. 
49. 50. 52. 4\/3, J\/2. 53. 15. 59. 438. 

Page 296. 
66. I68V3, 15\/2l9. 67. 5700 cu. yd. 
68. Yv^- 
Page 308. 
74. Oft. 75. 4 ft. 6 in. 76. 5\^in. 
78. 128. 79. 12. 80. 6. 84. 36^3. 

Page 337. 
11. 45°. 12. 4V3, V3. 

Page 344. 

13. 36. 14. 44. 15. 89 J. 16. 86^24'. 17. 3:2. 18. 108^ 

19. 220. 



65. 96001b. 



73. 3456 cu. In. 
77. 960,3072. 
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29. 60 cu. ft. 



Page 346. 
22. 6tH. 23. 36i. 

Fasre 347. 
30. 153°. 38. 30 in., 8 in., 20 in. 

Page 358. 



1. 288;r, 460n, 1296,i. 2. 175/r, 224;i, 392/r. 3. 143,7, 216;r, 388/r 

4. 14, 12. 5. 2800;r. 

6. 13(5 71. 7. 300 TT. 8. 24. 9. 160 7r, 536 7r. 

10. 4, 1159 7z. 11. 24,260 71. 

Page 363. 
12. 576-1. 13. 416 TT. 

Page 367. 
16. 1250.1. 17. '600 It. 18. Volume, 972 tt. 



15. 2304 TT. 

19. Area of surface, 225 n. 



22. 347.2956 cu. in. 



Page 368. 

23. 56° 15'. 24. 130 /r. 25. 58 ti. 29. SI n,^^n, 

30. 8192. 31. 32 n V^. 32. 6 in. 33. 2420. 
34. 135. 35. 128. 36. 256. 37. 1625 oz. 38. 8 in. 

Page 369. 



71 

48. 900 71, 4500.1. 



39. 7. 40. 4i. 41. ^ in. 46. TtJi^ (2 - y/li). 

3/1 

47. ^^n. 



Page 370. 

52. 900 /r, 6144.7. 53. ^J^/r, ^pi. 54. 408 7i. 
55. 576/1 V'2, 57. nA V2, J ;iA V'2A. 58. 2.7489 +, 

60. 



59. 3 v^l) in., 3 \/iS in. "'^ ^* ^' ~ - ''''^' 



61. 



4V HV+ fi 7>3 



63. 



D ' 2D ' 



62. 



2 

11 



66. 



3 n-^ U V^ 



64. ?J^'. 65. y/mnV\ 



67. 1216 71. 



6 



GEOMETRY. 



Page 371. 

69. na^V'S, \na\ 
70. By triangle, ti/*-, i nh^; by inscribed circle, J nh^, ^ nhK 

4 Tir^h^ 2 /irs/i' 



71. ^, 

(2 r + A)2 (2 r + h^ 

72. 2 /ir2, J 7ir8 v^. 73. 2 /ra^ V3, ^ na«. 

76. 2 nd^ V3, 71 a3. 77. *i^ rr, ^^ /r. 

79. 167803.08. 

Fasre 372. 

83. 1440 71. 



75. 67.3698 + lb. 
78. 2100/1. 



82. 



^nir-H 



R + H 
86. 7238.2464. 



84. 487.4716. 

88. 2 7ir2 (1 4- >/2), J ^r^ \/2. 

89. 06 /r. 
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Wells's Mathematical Series. 

ALGEBRA. 
Wells's Essentials of Algebra (1897) .... $x.xo 

A new Algebra for Secondary Schools. With or without answers. 

Wells's Academic Algebra ..... 1.08 

This popular Algebra is intended for High Schools and Academies. It is full in its 
treatment of Factoring and contains an abundance of carefully selected problems. 

Wells's Higher Algebra ...... 1.3a 

The first half of this book is identical with the corresponding pages of the Academic 
Algebra. The latter half treats more advanced topics. 

Wells's College Algebra . . .1.50 

A thoroughly modem text-book for colleges and scientific schools. The latter half 
of this book, beginning with the discussion of Quadratic Equations, is also bound 
separately, and is known as Wells's College Algebra, Part II. $1.32. 

Wells's University Algebra .1.3a 

GEOMETRY. 

Wells's Essentials of Geometry — Plane (1898), 75 cts.; Solid 

(1899)", 75 cts.; Plane and Solid (1899). . . .1.25 

This new text is the latest in the series. It offers a practical combination of more 
desirable qualities than any other Geometry ever published. 

Wells's Elements of Geometry — Revised 1894. — Plane, 75 cts.; 

Solid, 75 cts.; Plane and Solid ..... 1.25 

In his critical analysis of this work the author calls attention of instructors to some 
forty-nine points which are worthy of special consideration. 

Wells's Syllabus of Plane and Solid Geometry .20 

To accompany the author's Elements of Geometry. 

TRIGONOMETRY. 

Wells's New Plane and Spherical Trigonometry (1896) . $x.oo 

For colleges and technical schools. With Wells's New Six Place Tables, $1.35. 

Wells's Plane Trigonometry. . . . • '75 

An elementary work for secondary schools. Contains Four Place Tables. 

Wells's Essentials of Plane and Spherical Trigonometry . .90 

For secondary schools. The chapters on Plane Trigonometry are identical with 
those of the book described above ; to these are added three chapters on Spherical 
Trigonometry. Edition containing Tables, $1.08. 

Wells's New Six Place Logarithmic Tables . .60 

The handsomest tables in print. Large page. 

Wells's Four Place Tables . . . . . .25 

Correspondence regarding terms for introduction 
and exchange is cordially invited, 

D. C. Heath & Co., Publishers, Boston, New York, Chicago 



English Literature. 



The Arden Shakespeare. The plays in their literary aspect, each with introduction, tnteiv 
pretative notes, glossary, and essay on metre. 40 cts. 

Burke's American Orations. (A. J. George.) Five complete selections. 50 cts. 

Bums'S Select Poems. (A. J. George.) 118 poems chronologically arranged, with intro* 
duction, notes and glossary, llluistrated. 75 cts. 

Coleridge's Principles of Criticism. (A.J. George.) From the Biographia Literaria, 
With portrait. 60 cts. 

Cook's Judith. With introduction, translation, and glossary. Cloth. 170 pages. |i.oo. 
Student' s Edition, without translation. Paper. 104 pages. 30 cts. 

Cook's The Bible and English Prose Style. 40 cts. 

Corson's Introduction to Browning. A guide to the study of Browning's poetry. Also 
has 33 poems with notes. With portrait of Browning. $1.00. 

Corson's Introduction to the Study of Shakespeare. A critical study of Shakespeare's 
art, with comments on nine plays, ^i.oo. 

Davidson's Prolegomena to Tennyson's In Memoriam. A critical analysis, with an index 
of the poem. 50 cts. 

DeQuincey's Confessions of an Opium Eater. (G. A. Wauchopb.) A complete and 
scholarly edition. 50 cts. 

Hall's Beowulf. A metrical translation. 75 cts. Student's edition, 30 cts. 

Hawthorne and Lemmon's American Literature. Contains sketches, chai-acterizations, 
and .selections. Illustrated with portraits. $i.ia. 

Hodgkins's Nineteenth Century Authors. Gives full list of aids for library study of 26 
authors. A separate pamphlet on each author. Price, $ cts. each, or $3.00 per hun- 
dred. Complete in cloth. 60 cts. 

Meiklejohn's History of English Language and Literature. For high schools and 
colleges. A compact and reliable statement of the essentials. 80 cts. 

Moulton'sFourTears Of Novel-Reading. A reader's guide, sects. 

Moulton's Literary Study of the Bible. .An account of the leading forms of literature 
represented, without reference to theological matters, ^a.oo. 

Plumptre's Translation of Aeschylus. With biography and appendix. $1.00. 

Plumptre'S Translation of Sophocles. With biography and appendix. ^1.00. 

Shelley's Prometheus Unbound. (Vida D. Scudder.) With introduction and notes. 

60 Ct.S. 

Simonds's Introduction to the Study of English Fiction. With illustrative selections. 
80 cts. lirit'/rr Edition, without illustrative selections. Boards. 30 cts. 

Simonds's Sir Thomas Wyatt and his Poems. With biography, and critical analysis of 
his poems. 50 cts. 

Webster's Speeches. (A.J.George.) Nine select speeches with notes. 75 cts. 

Wordsworth's Prefaces and Essays on Poetry. (A. J. George.) Contains the best of 

Wordsworth's prose. 50 cts. 

Wordsworth's Prelude. (A. J. George.) Annotated for high schools and colleges. Never 

before puMishcd nlonc. 75 cts. 

Selections from Wordsworth. (A. J. George.) z68 poems chosen with a view to illus- 
trate the growth of the poet's mind and art. 75 cts. 

See also our list of books in Higher English and English Classics. 

D. C. HEATH & CO., Publishers, Boston, NewYork, Chicago 



Heath's English Classics. 



Addison's Sir Rozer de Coverley Papers. Edited, with introduction and notes, by W. H. 
Hudson, Professor of English Literature in the Lcland Stanford Junior University. 
Cloth. 232 pages. Nine full-page illustrations and two maps. 40 cts. 

Burke's Speech on Conciliation with America. With introduction and notes by Andrew 
J. Geurgk, Master in the Newton (Mass.) High School. Boards. 119 pages. 25 cts. 

Carlvle'S Essay on Bums. Edited, with introduction and notes, by Andrew J. George. 
Cloth. 159 pages. Illustrated. 30 cts. 

Coleridge's Rime of the Ancient Mariner. Edited by Andrew J. George. The text of 
1817, together with facsimile ot the original text of 1798. Cloth. 150 pages. Illustrated. 
30 cts. 

Cooper'sLast Of the Mohicans. Edited by J. G. Wight, Principal Girls' High School, 
New York City. With maps and illustrations. In preparation. 

DeQuincey'S Flight of a Tartar Tribe. Edited, with introduction and notes, by G. A. 
Walxhope, Professor of English Literature in the University of South Carolina. 
Cloth. 112 pages. 30 cts. 

Dryden'S Palamon and Arcite. Edited, with notes and critical suggestions, by William 
H. Crawshaw, Professor of English Literature in Colgate University. Cloth. icO 
pages. Illustrated. 30 cts. 

George Eliot's Silas Marner. Edited, with introduction and notes, by (i. A. Wal'ch , 
Professor of English Literature in the University of South Carolina. Cloth. 000 p: 
00 cts. 



Hi\ 



Goldsmith's Vicar of Wakefield. With introduction and notes by William Hbnrv 
SON. Cloth. 300 pages. Seventeen full-page illustrations. 50 cts. 

Macaulay's Essay on Milton. Edited by Aldbrt Prrrv Walker, editor of Milton's 
'* Paradise Ixist," Master in the English High School, Hoston. Ready soon. 

Macaulay'sEssay on Addison. Edited by Albert Perrv Walker. Ready soon. 

Milton's Paradise Lost. Books I and II. With selections from the later books, with in- 
troduction, suggestions for study, and glossary by Albert Perry Walker. Cloth. 
388 pages. Illustrated. 45 cts. 

Milton's Minor Poems. Lycidas, Comus, L'Allegro, 11 Penseroso, etc , e<lited, with 
introduction and suggestions for study, by Albert Perry Walker. Cloth. 000 
pages. Illustrated. 00 cts. 

Pope's Translation of the Iliad. Books I, VI, XXII, and XXIV. Edited, with intro- 
duction and notes, by Pall Shorey, Professor in the University of Chicago. In prepar- 
ation. 

Scott's Ivan hoe . In prepa ration. 

Shakespeare's Macbeth. Edited by Edmind K. Chamuers, lately of Corpus* Christi 
College, Oxford, \xi^^ic A rd en Shakespeare itx'\^s. Cloth. 188 pages. 40 cts. 

Shakespeare's Merchant of Venice. Edited by H. L, Withers. In the Arden Shake- 
speare series. Cloth. 178 pages. 40 cts. 

Tennyson'sEnoch Arden and the two Lock sley Halls. Edited, with introduction and 
notes, by Calvin S. Brown, Professor in the university of Colorado. Cloth. 168 i>.iKes. 
35 cts. 

Tennyson's The Princess. With introduction and notesby Andrrw J. (>h<>rge. Master 
in the Newton (MassJ High School. Cloth. 236 pages. Illustrated. 40 cts. 

Webster's First Bunker Hill Oration. With introduction and notes by Andrew J. 
George. Boards. 55 pages. 30 cts. 

See also our lists of bot^ks in English Literature and Higher English. 

D.C. HEATH & CO.,Publishcrs, Boston, New York, Chicago 



Higher English. 



Bray's History of English Critical Terms. A vocabulary of 1400 critical ' 

terms used in literature and art, with critical and historical data for their study. 
Cloth. 351 pages, ^i.oo. 

Cook's Judith. With introduction, translation and glossary. Cloth. 170 pages, 
^i.oo. 5/w^tfM/' J iS^///<7n, without translation. Paper. 104 f»ges. 30 cents, 

HalPs Beowulf. A metrical translation of this ancient epic. Octavo. 118 pages. 
Cloth, 75 cents. Paper, 30 cents. 

Kluge and Lutz's English Etymology. A select glossary for use in the 
study of historical grammar. Cloth. 242 pages. 60 cents. 

HacEwan's The Essentials of Argumentation. A systematic discussion of 
principles, with illustrative extracts ; full analysis of several masterpieces, 
and a list of propositions for debate. Cloth. 430 pages. $1.12; 

Meiklejohn's The English Language. Part I— English Grammar ; Part i; — 
Ha) Composition and Versification; Part III — History of the English Lan- 
Ha- guage; Part IV— History of English Literature. Cloth. 396 pages. 3i.2o. 

Meiklejohn's English Grammar. Contains Part I and II of Meiklejohn's The 
English Language, with exercises. Cloth. 276 pages. 80 cents. 

O'Conor's Rhetoric and Oratory. A manual of precepts and principles, with 
masterpieces for analysis and study. Cloth. 352 pages. ^1.12. 

Pearson's The Principles of Composition. Begins with the composition 
as a whole. Paragraphs, sentences and words are treated later, and in this 
order. Cloth. 165 pages. 50 cents. 

Strang's Exercises in English. Examples in Syntax, Accidence, and Style, 
for criticism and correction. New edition, revised and enlarged. Cloth. x6o 
pages. 45 cents. 

William's Composition and Rhetoric. Concise, practical, and thorough, with 
, little theory and much practice. Cloth. 344 pages. 90 cents. 

Monographs on English. 

Bowen's Historical Study of the 0-vowel. Cloth. 109 pp. . . . ^1.25 

Genung's Study of Rhetoric in the College Course. Paper. 32 pp. . . ' .25 

Ilempl's Chaucer's Pronunciation. Stiff Paper. 39 pp .50 

Huffcut's English in the Preparatory School. Paper 28 pp. . . . .25 

Woodward's Study of English. Paper. 25 pp .25 

See also our list of books in Elementary English ^ 
English Literature and English Classics, 

D. C. HEATH & CO.,Publishers, Boston, New York, Chicago 



Science. 



Ballard's World of Matter. A guide to mineralogy and chemistiy. $i.oa 

Benton's Guide to General Chemistry. A manual for the laboratory. 35 cts. 

Beyer's Laboratory Hanoal in Biology. An elementary guide to the laboratory study 
of animals and plants. 80 cts. 

Chute's Physical Laboratory Manual. A well-ba)anced course in laboratory physics, re- 
quiring inexpensive apparatus. Illustrated. 80 cts. 

Chute's Practical Physics. For high schools and colleges. $i.x2. 

Clark's Methods in Microscopy. This book gives in detail descriptions of methods that 
will lead any careful worker to successful results in microscopic manipulation. $x.6o. 

Coit'S Chemical Arithmetic. With a short system of analysis. 50 cts. 

Colton's Physiology. Experimental and descriptive. For high schools and colleges. Illus- 
trated. $1.12. 

Colton's Physiology , Briefer Course. For earlier years in high schools. Illustrated. 00 cts. 

Colton's Practical Zoology. Gives a clear idea of the subject as a whole by the careful 
study of a few. typical animals. 80 cts. 

Grabfleld and Bums' s Chemical Problems. For review and drill Paper. 25 cu. 

Hyatt's Insecta. Illustrated. $1.35. 

Omdorff's Laboratory Manual. Contains directions for a course of experiments in 
Organic Chemistry, arranged to accompany Remsen's Chemistry. Boards. 35 cts. 

Remsen's Organic Chemistry. An introduction to the study of the compounds of carbon. 
For students of the pure science, or its application to arts. $f .ao. 

Roberts's Stereo-Chemistry. Its development and present aspects. $1.00 

Sanford's Experimental "Psychology. Parti. Sensation and Perception. $1.50. 

Shaler's First Book in Geology. For high school, or highest class in grammar school. 
$1.00. Bound in boards for supplementary reader. 60 cts. 

Shepard'S Inoreanic Chemistry. Descriptive and (qualitative; experimental and induc- 
tive; leads the student to observe and think. For high schools and colleges. $i.xa. 

Shepard'S Briefer Course in Chemistry, with chapter on Organic Chemistry. For schools 
giving a half year or less to the subject, and schools limited in laboratory facilities. 80 cts. 

Shepard'S Laboratory Note-Book. Blanks for experiments; Ubles for the reactions of 
metallic salts. Can be used with any chemistry. Boards. 35 cts. 

Spalding's Introduction to Botany. Practical exercises in the study of plants by the 
laboratory method. 80 cts. 

Stevens's Chemistry Note-Book. Laboratory sheets and cover, with separate cover for 
permanent file. 50 cts. 

Venable's Short History of Chemistry. $x.oo. 

Whiting's Physical Measurement. I. Fiftv measurements in Density, Heat, Light, and 
Sound. II. Fiftv measurements in Sound, Dynamics, Magnetism, Electricity. Ill, 
Principles and Methods of Physical Measurement, Physical Xaws and Principles, and 
Mathematical and Physical Tables. IV. Appendix. Parts I-IV, in one vol., ^.00. 

Whiting's Mathematical and Physical Tables. Paper. 50 cu. 

Williams's Modem Petrography. Paper, as cts. 

For elementary rtforks see our list of 
books in Elementary Science, 

D.C.HEATH ^ CO., Publishers, Boston, New York, Chicago. 



